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We study dynamical dark energy models within Einstein’s theory by means of matter
perturbations and the growth index γ. Within four-dimensional General Relativity, we
assume that dark energy does not cluster, and we adopt a linear ansatz for the growth

index to investigate its impact on the deceleration parameter, q, and on the dark energy

equation-of-state parameter, w. Following this approach, we identify a relationship be-
tween q0 (today’s value of q) and γ, which to the best of our knowledge is new. For w(z),

we find that in most of the cases considered it crosses the -1 line (quintom) ending at a
present day value w0 > −1. Furthermore, we show that an analytic expression for w(z)

may be obtained in the form of order (4,4) (or higher) Padé parameterizations.

Keywords: Dark energy; General Relativity; Evolution of perturbations; Growth index.

1. Introduction

Brightness measurements of supernovae over a wide redshift range 25 years ago

surprisingly revealed consistency with an accelerating Universe.1,2 Current cosmic

acceleration can be simply explained through a new fluid component of the Universe

dubbed Dark energy (DE),3 whose origin and nature present a pressing challenge

to current theoretical Cosmology. Einstein’s General Relativity (GR)4 framework

applied to a Universe containing only radiation and non-relativistic matter pro-
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vide cosmological equations whose solutions do not allow for accelerating solutions.

Instead, such a behavior of the Universe is allowed when a positive cosmological

constant5,6 is introduced into Einstein’s equations, which together with collision-

less dark matter constitute the basis of the ΛCDM model.

The standard cosmological model (ΛCDM model) is consistent with a broad

range of observational tests, however since some time now it has been facing two

discrepancies, one related to the cosmological constant problem,7–9 and the other

concerning the value of the Hubble constant, H0. On the latter, the value of H0

needed to fit the CMB anisotropy measurements and the one calculated from

the distances and recession velocities of low red-shift galaxies, differ significantly,

see e.g.10–13—dubbed ”Hubble tension”. The value of the Hubble constant found

by both the PLANCK Collaboration14,15 and the Atacama Cosmology Telescope

(ACT),16 H0 = (67− 68) km/(Mpc sec), is about 10% lower than the value deter-

mined using local galaxies, H0 = (73 − 74) km/(Mpc sec).17–19 If the discrepancy

between the two measurements of H0 turns out to be real, then it might be indica-

tive of the need of new physics.20–22 For recent reviews on challenges for the ΛCDM

model see.23,24

An independent determination of the Hubble constant,25 might be possible using

the second order Taylor expansion for the luminosity distance as a function of red-

shift, dL
17,26

dL(z) ≈ z

H0

[
1 +

z

2
(1− q0)

]
. (1)

This provides us with an allowed range for the deceleration parameter, q0,26 de-

rived from a q0 − j parameterization, where j is the jerk parameter (or one of the

two statefinders). The determination of the Hubble constant through simultaneous

observations of red-shift and luminosity distance can be achieved by studying in-

spiraling neutron star binaries, where the absolute distance of the source can be

determined by gravitational waves measurements,27 while short gamma-ray bursts

signatures in the electromagnetic band may allow the determination of red-shift.28

Several dark energy models have been proposed as possible alternatives to the

ΛCDM model in an attempt to solve, or at least to alleviate, the cosmological con-

stant problem and the tension associated to the Hubble constant. Those models

may be, broadly speaking, classified into two categories. First, modified gravity

models, where additional terms and/or curvature corrections are added to GR at

cosmological scales, e.g. f(R) theories of gravity,29–32 brane-world models,33–35 and

Scalar-Tensor theories of gravity.36–40 Second, dynamical equation of state (EoM)

parameter w < 1/3 models, e.g, quintessence,41 phantom,42,43 quintom,44,45 tachy-

onic46 or k-essence.47 For an excellent review on the dynamics of dark energy see

e.g.48

Depending on the details of the underlying theory of gravity and/or the prop-

erties of the assumed DE model, the evolution of linear matter perturbations may

be affected in several ways. Even if two DE models predict the same late-time
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accelerating expansion of the Universe, they still may differ in how matter per-

turbations49,50evolve and grow with time. This fact could provide an additional

important way to discriminate at low red-shift between various DE models, see

e.g.38,51–56 It is therefore important to characterize as accurately as possible the

growth of matter perturbations. In particular, a quantity that has been extensively

studied over the years in the literature is the so called growth index, γ, introduced

by Wang and Steinhardt in Ref.57 As a matter of fact, the growth rate of matter

perturbations may be probed by means of three-dimensional weak lensing surveys.58

In this work we study in detail the growth of matter perturbations, and give

a thorough discussion on the correlation between a linear ansatz for the growth

index with both the deceleration parameter and the DE equation-of-state parameter.

Contrary to the common approach, in which one first adopts a concrete DE model

and then solves the equation for the matter density contrast to compute the growth

index, here we follow the inverse approach. Namely, first we assume that the growth

index is not a constant (namely characterized by a non-vanishing derivative), and

then investigate its impact on properties of dark energy, integrating numerically

the equation for matter perturbations assuming a homogeneous (i.e. it does not

cluster) dark energy. What is more, we use here a relatively new constraint on

the deceleration parameter (to be defined in the next section), q0 = −0.50 ± 0.08,

coming from standard sirens to put bounds on the growth index, see the discussion

in section 3 after eq. (22).

The present article is organized as follows: In the next section we briefly review

the spatially flat Friedmann-Robertson-Walker Universe at background level as well

as the basics of linear cosmological perturbation theory. In section 3 we show and

discuss our main numerical results. Finally, in section 4 we summarize our work

with some concluding remarks. We adopt the mostly positive metric signature,

(−,+,+,+), and the speed of light in vacuum is set to unity, c = 1.

2. Theoretical framework

2.1. Background evolution

The set of cosmological equations governing the expansion history of a spatially

flat, homogeneous and isotropic Universe may be found e.g. in.59 Although they

are standard textbook expressions, to set the notation and for self-completeness,

we collect here the definitions and the equations we will be using for the numerical

analysis to be presented below in section 3.

On the gravity side, a spatially flat, isotropic and homogeneous Universe is

described by a Robertson-Walker metric59

ds2 = −dt2 + a(t)2δijdx
idxj , (2)

where t is the cosmic time, while a(t) is the scale factor. On the matter side, a

perfect fluid with total pressure p and total energy density ρ, is characterized by an
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energy-momentum tensor given by59

Tµν = diag(−ρ, p, p, p) (3)

Within Einstein’s theory the cosmological equations are found to be the two

Friedmann equations as well as the continuity equation59

H2 =
8πG

3
ρ (4)

ä

a
= −4πG

3
(ρ+ 3p) (5)

0 = ρ̇+ 3H(ρ+ p), (6)

where an over dot denotes differentiation with respect to t, and H ≡ ȧ/a by defini-

tion is the Hubble parameter.

Next, the deceleration parameter, q, is defined by

q ≡ − ä

aH2
= −1 + (1 + z)

H ′(z)

H(z)
, (7)

where z = −1 + a0/a is the red-shift, and with a0 = 1 being the present value of

the scale factor.

Finally, introducing for convenience dimensionless quantities, E ≡ H/H0 and

Ωm ≡ ρm/ρc, with H0 being the Hubble constant, and where ρc ≡ 3H2

8πG is the critical

density, the first Friedmann equation takes the form

E(a)2 = Ωm,0a
−3 + (1− Ωm,0)F (a) (8)

w(z) = −1 + (1 + z)
F ′(z)

3F (z)
(9)

neglecting radiation at late times, where Ωm,0 is today’s matter normalized density,

while w(z) is the DE equation-of-state parameter as a function of the red-shift. In

the following, the independent variable will be taken to be either the scale factor or

the red-shift, instead of the cosmic time.

2.2. Linear cosmological perturbations

Now we briefly review linear cosmological perturbation theory within General Rel-

ativity, see e.g.60,61

The main goal is to solve the perturbed Einstein’s field equations

δGµν = 8πG δTµν . (10)

For scalar perturbations, relevant to the growth of structures, the metric tensor

takes the form

ds2 = −(1 + 2Ψ)dt2 + (1− 2Ψ)δijdx
idxj , (11)
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where the potential Ψ is the metric perturbation. Regarding the cosmological fluid,

the perturbed stress-energy tensor takes the form

δT 0
0 = −δρ, δT ij = δp δij . (12)

The full set of coupled equations for the perturbations of the system ”metric tensor

plus perfect fluid” may be found e.g. in.62–64

Any perturbation g(t, ~x) depends both on time and spatial coordinates, and it

satisfies a linear partial differential equation. However, after performing a Fourier

transform, the density contrast, δk = δρm/ρm, with k being the wave number, for

pressure-less matter satisfies the following linear ordinary differential equation65–67

δ̈k + 2Hδ̇k − 4πGρmδk = 0 (13)

within linear perturbation theory, δk � 1, for sub-horizon scales, k/(2πa) � aH,

assuming that only non-relativistic matter clusters. It is not difficult to verify that

during matter domination

a(t) ∼ t2/3, H(t) =
2

3t
(14)

the matter density contrast grows linearly with the scale factor, δk(a) ∼ a.

If now the scale factor is taken to be the independent variable, the equation for

δ may be take equivalently the following form

δ′′(a) +

(
3

a
+
E′(a)

E(a)

)
δ′(a)− 3

2

Ωm
a5E(a)2

δ(a) = 0, (15)

where for simplicity we drop the sub-index k, and a prime now denotes differentia-

tion with respect to the scale factor.

Finally, the growth index, γ, is defined by

f ≡ d ln δ

d ln a
=
a

δ

dδ

da
(16)

f = Ωγm. (17)

During the epoch of matter domination, since in the matter era δ ∝ a, it is not

difficult to verify that f(a) = 1. Furthermore, the equation for δ may be written

down equivalently as a new equation for f(a) as follows

af ′(a) + f(a)2 + f(a)

(
2 + a

E′(a)

E(a)

)
=

3Ωm(a)

2
. (18)

3. Numerical results

In the simplest case in which the DE equation-of-state is a constant, w(z) = w, it

turns out that there is an impressive agreement between the numerical result and

an analytic approximation, and at lowest order it is computed to be66

γ =
3(w − 1)

6w − 5
(19)
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around z ∼ 1. This reduces to γ = 6/11 for the special case corresponding to the

ΛCDM model (for which w = −1). In full generality, however, the growth index

evolves with time, and it is a function of red-shift, with a non-vanishing derivative

γ′(z) ≡ dγ(z)/dz. In an attempt to further improve on the analytic approximation,

in50,66 the authors considered an expansion to first order in z of the form

γ(z) = γ0 + γ1z, (20)

which could have interesting observational consequences, and which is characterized

by two parameters. Those may be identified with the present values of the functions

γ(z), γ′(z)

γ0 = γ(z = 0), γ1 = γ′(z = 0). (21)

As already mentioned, in the present work instead of adopting a specific DE

model, i.e. a given parameterization w(a) or w(z), we assume, following,50,66 that

the evolution of matter perturbations implies a linear growth index on the red-

shift space of the form eq. (20) valid at low red-shift in the range 0 ≤ z ≤ 1. The

parameters γ0, γ1 typically vary in the range50

0.5 < γ0 < 0.6, −0.05 < γ1 < 0.05, (22)

and we investigate what the impact of those two free parameters is on properties

of DE, such as the equation-of-state parameter, w(z), and on the deceleration pa-

rameter evaluated at present, q0. In contrast to,50 where only an algebraic equation

relating w0, γ0, γ1 was considered, we integrate numerically the equation for matter

perturbations, and determine how both q and w evolve with red-shift. Moreover,

we put bounds on γ using an allowed range on q0 that stems from a (q0 − j) pa-

rameterization,26 with j being the jerk parameter.

Let us briefly describe the approach followed here. Since the DE model is a

priori unknown, all quantities of interest may be expressed in terms of the un-

known function F (a), which is directly related to the DE equation-of-state w(a).

The differential equation for f(a) may be viewed as a differential equation for F (a)

instead, subjected to the initial condition F (a = 1) = 1. Once the numerical values

of Ωm,0, γ0, γ1 are specified, the differential equation may be integrated numerically,

and after that q(z) and w(z) may be computed in a straightforward manner.

Our main numerical results are displayed in the Figures below. Throughout the

numerical analysis we vary both γ0 and γ1 as well as the fractional density of matter

considering Ωm,0 = 0.28 (dashed curves), 0.30 (solid curves), 0.32 (dotted curves).

First, the impact of the γ1 variation on q(z) (upper panel) and w(z) (lower

panel) is shown in Fig. 1 setting γ0 = 0.55 and varying Ωm,0 = 0.28, 0.30, 0.32. We

have considered four different values of γ1 = −0.04,−0.02, 0.02, 0.04. The equation-

of-state parameter crosses the −1 line (quintom) either from lower to higher values

when γ1 is negative or from higher to lower values when γ1 is positive. Moreover,

both q0 and the transition red-shift, z∗, between deceleration and acceleration de-

crease with γ1. It is worth noticing that in both panels of Fig. 1, all four curves meet
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(z
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Fig. 1. TOP: Deceleration parameter, q, versus red-shift, z, for Ωm,0 = 0.28, 0.30, 0.32, γ0 = 0.55
and γ1 = −0.04,−0.02, 0.02, 0.04. BOTTOM: Equation-of-state parameter, w, versus red-shift,

z, for Ωm,0 = 0.28, 0.30, 0.32, γ0 = 0.55 and γ1 = −0.04,−0.02, 0.02, 0.04.

(approximately) at the same point. To be more precise, after a closer look we have

observed that regarding q(z), the curves meet at z ≈ 0.22, while regarding w(z) the

curves meet at z ≈ 0.28. Although different, the two distinct points lie one close

to another, and in fact they correspond roughly to the point at which Ωm = ΩDE
(see Fig. 2), or in other words when DE starts to dominate the expansion of the

universe. From that point of view, it does not come as a surprise, although at the

moment we do not have a deeper explanation to offer as to why this happens.

Next, in the left panel of Fig. 3 we show q0 versus γ1 for a certain value

of γ0. The four different curves correspond to distinct numerical values of γ0 =

0.53, 0.55, 0.57, 0.59 from bottom to top. For a given γ0, q0 decreases almost lin-

early with γ1, while as γ0 increases the curves are displaced upwards, and they are

less rapidly varying functions of γ1.
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Fig. 2. Comparison between dynamical DE studied here and best fit ΛCDM setting Ωm,0 =

0.315:15 Normalized densities, Ωm,ΩDE = 1 − Ωm, versus red-shift, z, varying γ1 and setting

γ0 = 0.55.
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Fig. 3. Top left: Deceleration parameter evaluated at today, q0, versus γ1 for Ωm,0 =
0.28, 0.30, 0.32 and γ0 = 0.53, 0.55, 0.57, 0.59. Top right: q0 versus γ1 for Ωm,0 = 0.28, 0.30, 0.32

and γ0 = 0.55. The limits q0 = −0.50 ± 0.08 are shown as well. Bottom: Equation-of-state
parameter, w, versus red-shift, z, for Ωm,0 = 0.28, 0.30, 0.32 and γ0 = 0.55.

Similarly, in the right panel of Fig. 3 we show q0 versus γ1 for a fixed γ0 = 0.55,

and include the horizontal strip corresponding to the allowed range q0 = −0.50 ±
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0.08. Thus, we obtain for γ1 the allowed range depending on Ωm as follows

− 0.046 ≤ γ1 ≤ −0.033, Ωm = 0.28, (23)

− 0.043 ≤ γ1 ≤ −0.031, Ωm = 0.30, (24)

− 0.040 ≤ γ1 ≤ −0.026, Ωm = 0.32. (25)

For the two extreme values corresponding to the lower and upper bound of γ1,

we show in the bottom panel of Fig. 3 the equation-of-state parameter (z). In the

case represented by the cyan curve, w(z) remains always below the −1 line, and

therefore DE is phantom.42,43 At a more fundamental level based on a Lagrangian

description, this class of dynamical DE model may be analyzed introducing a real

scalar field with the ”wrong” sign in front of its kinetic term. On the other hand,

the case represented by the orange curve crosses the −1 line, and therefore DE is

quintom.44,45 This time, again at a more fundamental level based on a Lagrangian

description, this class of dynamical DE model may be analyzed introducing two real

scalar fields, one minimally coupled and another with the ”wrong” sign in front of

its kinetic term.68,69

Finally, a comment is in order at this stage. Within our approach the DE

equation-of-state may be obtained numerically. However, as always it is both de-

sirable and advantageous to have an analytic expression for w(z), since one may

study the behaviour of the function in certain limiting cases for instance. One way

to do that is to fit the function F (z) with a polynomial of degree n, F (z) ≈ Pn(z).

Recall that F (z) is directly related to w(z). Then it is easy to verify that the DE

equation-of-state parameter takes the form of a (m,n) Padé parameterization,70

which only recently is discussed in the literature concerning cosmology and DE (see

e.g.71,72), and which quite generically for any function h(z) is given by73,74

h(z) =
Rn(z)

Qm(z)
=

c0 + c1z + ...+ cnz
n

d0 + d1z + ...+ dmzm
, (26)

namely a rational function where both the numerator and the denominator are

polynomials of degree n and m, respectively.

To evaluate the goodness of the polynomial fits, namely to check if the fit to

a polynomial is a good one, we compute the relative errors with respect to the

numerical solution, and we require that it does not exceed 5% in order for the fit

to be a satisfactory one. Although this choice is somewhat arbitrary, we consider it

to be informative, while at the same time it is not too restrictive.

We have carefully checked that low degree polynomials are not acceptable ac-

cording to such a criterion, and show that the Padé approximation for the DE EoS

parameter must be at least (4,4), in contrast to the analysis performed in a previ-

ous related work,71 where a (1,1) Padé parameterization was considered. The main

differences between that work and ours are the following. First, the ansatz for γ(z)

in Ref.71 was not a linear one. Moreover, here we integrate the equation for matter
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perturbations numerically, whereas in Ref.71 an analytical approach, developed in

Ref.,75 was followed.

For instance, in the case where Ωm,0 = 0.3, γ0 = 0.55 and γ1 = −0.029, we find

the following analytic expression for w(z)

w(z) =
R4(z)

Q4(z)
, (27)

R4(z) = 0.33z4 + 1.33z3 − 1.98z2 − 0.03z − 3.25, (28)

Q4(z) = z4 − 2.08z3 − 0.29z2 − 0.25z + 3.17, (29)

while in the case where Ωm,0 = 0.3, γ0 = 0.55 and γ1 = −0.042, we find the following

analytic expression for w(z)

w(z) =
R5(z)

Q5(z)
, (30)

R5(z) = 0.65z5 + 1.34z4 − 1.29z3 + 0.09z2 − 1.37z − 1.32, (31)

Q5(z) = z5 − 0.97z4 − 0.4z3 − 1.46z2 + 0.59z + 1.52. (32)

4. Conclusions

In summary, the present work has been devoted to the study of dynamical DE

models within four-dimensional GR. Assuming that DE does not cluster, the start-

ing point was the differential equation for the density contrast of non-relativistic

matter. Instead of the usual treatment, where one adopts a specific DE model to

compute the growth index, here we followed the inverse approach. To be more pre-

cise, we first assumed for γ(z) a linear ansatz γ(z) = γ0 + γ1z, already considered

previously in,50,66 valid at low red-shift, 0 < z < 1, and then investigated its impact

on the properties of DE. Within this approach (where the only assumptions are i)

a linear ansatz for the growth index, and ii) a dynamical DE model in which DE

does not cluster) we have found a relationship between q0 and γ, which to the best

of our knowledge had not been obtained before. Our main numerical results reveal

that for Ωm,0, γ0 fixed, q0 is a decreasing function of γ1, whereas for a given γ1, the

curves are displaced upwards as γ0 increases. Furthermore, using the relatively new

constraint on q0, q0 = −0.5±0.08, coming from standard sirens, we obtained the al-

lowed range for γ1 for a given set of parameters (γ0 = 0.55,Ωm,0 = 0.28, 0.30, 0.32).

In addition, for viable models we found that DE is either phantom or w(z) crosses

the -1 line from initially very negative values (phantom), ending with a present day

value w0 > −1 (quintessence). This behavior, called quintom in the literature, may

be obtained at the level of a Lagrangian description introducing two real scalar

fields, one of which enters with the wrong sign in front of the kinetic term. Finally,

we showed that an analytic expression for the DE equation-of-state parameter may

be obtained in the form of Padé DE parameterizations, and that the order of the

Padé approximation must be at least (4,4).



March 17, 2023 0:31 WSPC/INSTRUCTION FILE PBC-Revision2

11

Acknowlegements

The author G. P. thanks the Fundação para a Ciência e Tecnologia (FCT), Por-

tugal, for the financial support to the Center for Astrophysics and Gravitation-
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