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CHAPTER

Pmpertiés of F'Iuisds

» 1.1 INTRGDUCTION

Fluid mechanics is that branch of science which deals with the behaviour of the fluids (liquids or
gases) at rest as well as in motion. Thus this branch of science deals with the static. kinematics and
~ dynamic aspects of fluids. The study of fluids at rest is called fluid statics. The study of fluids in motion,

where pressure forces are not considered, is called fluid kinematics and if the pressure forces are also
considered for the fluids in motion, that branch of science is called fluid dynamics.

p 1.2 PROPERTIES OF FLUIDS

1.2. ensity or Mass Density. Density or mass density of a fluid is defined as the ratio of the
mass of a fluid to its volume. Thus mass per unit volume of a fluid is called density. [t 15 denoted the
symbol p (tho). The unit of mass density in SI unit is kg per cubic metre, i.e.. kg/m’. The density of
liquids may be considered as constant while that of gases changes with the variation of pressure and

temperature.
Mathematically, mass density is written as.
_ Mass of ﬂl&
"~ Volume of fluid
The value of density of water is 1 gm/cm® or 1000 kg/m?>.

Specific Weight or Weight Density. Specific weight or weight density of a fluid is the
ratio between the weight of a fluid to its volume. Thus weight per unit volume of a fluid is called weight
density and it is denoted by the symbol w.

Weight of fluid  (Mass of fluid) x Acceleration due to gravity
Volume of fluid “Volume of fluid

Mass of fluid x &

Thus mathematically, w=

Volume of tlutd ( e 1
=pxg o eSO
l Volume of Huid
[=ee (LD
Y % L - I
L scanned by Fahid

PDF created by AAZSwapnil




1 2 TFluid Mechanics

The value of specific weight or weight density (w) for water is 9.81 x 1000 Newton/m? in SI units.

1.2.3 Specific Volume. Specific volume of a fluid is defined as they Faflyi ied by
a unit mass or volume per unit mass ass of a fluid is callcd specific \olumc Mdthcmat:cally itis expressed
as '
-fSpeciﬁc volume = Voumei il l - tl \
Mass of fluid ~ |Mass of fluid | o
Volume
Thus specific volume is the reciprocal of mass density. It is expressed as m*/kg. It is commonly

applied togases.

Specific Gravity. Specific gravity is defined as the ratio of the weight density (or density) of

aﬂuld to the weight density (or density) of astandard fluid. For l1qu1ds the standard ﬂmd is taken water
and Tor gases, the standard fluid is taken air. Specific gravity is also ca sity. It is

dimensionless quantity and is denoted by the symbol S.

" Weight densi ity) of liquid
Mathemalica]m Higuiasy & S cightdenabA(den iy o ligh
; Weight density (density) of water

Weight density (density) of gas

for gases) = - : ; 5
Weight density (density) of air

Thus weight density of a liquid = § x Weight density of water

= §x 1000 x 9.81 N/m*
The density of a liquid = § x Density of water

= §.x 1000.kg/m’. (1.14)
If the specific gravity of a fluid is known, then the density of the fluid will be equal to specific gravity

of fluid multiplied by the density of water. For examplc the specific gravity of mercury'is 13.6, hence
density of mercury = 13.6 x 1000 = 13600 kg/m’.

Problem 1.1  Calculate the specific weight, density and specific gravity of one litre of a liguid
which weighs 7 N.

Solution. Given :

1 . 1 ;
Volume = 1 litre = 1000 m’ ( 1 litre :WOOH m? or 1 litre = 1000 cm"‘]
Weight=7N
i TN
() Setite meishtly) DSV CElh = 7000 N/m°. Ans.
Volume 1 J 3
—— |m
_ 1000
(if) Density (p) =¥ T000 yoim® = 713.5 kg/m®. Ans.
g 9.81
ik i 1 3 .5 .
(iii) Specific gravity = DLmI_ty at Hquid = 112 {-+ Density of water = 1000 kg/m’}
: Density of water 1000
=0.7135. Ans. . scanned by Fahid
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Properties of Fluids 3

Problem 1.21  Calculate the densiry, specific weight and weight of one litre of petrol of specific
gravity = 0.7 '

-

Solution. Given:  Volume = 1 litre = 1 x 1000 cm® = l]%[io m’ =0.001 m?

\ Sp. gravity 5§=0.7
(i) Density (p)
Using equation (1.1.A),

Density (p) = §x 1000 kg/m® = 0.7 x 1000 = 700 kg/m?. Ans.
(it) Specific weight (w)’ _
Using equation (1.1), w=pxg=700x9.81 N/m> = 6867 N/m>. Ans.
(itiy Weight (W)
| "elo
§ We know that specific weight = “—mzllt—
Volume
or w= or 6867 = M
' 0.001 0.001

W = 6867 x 0.001 = 6.867 N. Ans.

» 1.3 VISCOSITY

Viscosity is defined as the property of a fluid which offers resistance to the movement of one laver of
fluid over another adjacent layer of the fluid. When two layers of a fluid, a distance ‘dy’ apart, move one
over the other at different velocities, say i and u + du as shown in Fig. 1.1, the viscosity together with
relative velocity causes a shear stress acting between the fluid layers.

The top layer causes a shear stress on the

| adjacent lower layer while the lower layer causes a , l aliehs
! shear stress on ‘the adjacent top layer. This shear -t
[ stress is proportional to the rate of change of veloc- 1 "’ du

ity with respect to y. It is denoted by symbol y )
' tcalled Tau. l‘ 4— VELOCITY PROFILE
= Mathematically. TITTITIITITIT I TITTTTIT I ITIIT
| = —u
|

Fig. 1.1 Velocity variation near a solid boundary.

or
i where L (called mu) is the constantof proportionality and is known as the co-efficient of dynamic viscosity
| . o i . % . . .
b or only viscosity.- ™ represents the rate of shear strain or rate of shear deformation or velocity gradient.
dy
. N T s
From equation (1.2). we have j1 = L(1L3)
du
dy
Thus viscosity is also defined as the shear stress required to produce unit rate of shear strain.-
1.3.1 Units of Viscosity. The units of viscosity is obtained by putting the dimensions of the &
quantities in equation (1.3) - : scanned by Fahid 1
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Shear stress - Force/Area

~ Change of velocity (Length)x i

Change of distance Time )~ Length
_ Force/(length)> _ Force X Time
1 (Length)®
Time

In MKS system, force is represented by kgf and length by metre (m), in CGS system, force is represented by
dyne and length by cm and in SI system force is represented by Newton (N) and length by metre (m).

MKS unit of viscosity = ket -zsec
m
CGS unit of viscosity = M

cm
In the above expression N/m’ is also known as Pascal which is represented by Pa. Hence N/m?=Pa

= Pascal _
SI unit of viscosity = Ns/m” = Pa s.

; : ; Newton-sec  'Ns
ST unit of viscosity = =
m” m-
. ; L5 ; ; dlus dyne-sec
The unit of viscosity in CGS is also called Poise which is equal to )7,
i cm”

The numerical conversion of the unit of viscosity from MKS unit to CGS unit is given below :

: 9.81 N-
onskesec. 22 — {~: 1kgf=9.81 Newton}
m m

-

m .
But one Newton = one kg (mass) X one (—2] (acceleration)
sec

- (1000 gm) xz(lﬁl)cm) =1000% 100 gm-czm

sec sec
= 1000 x 100 dyne - { dyne = gm X sz}
sec
one kg:"-sec =9.81 x 100000 dyne-zsec 2931 % 100000 dyne-sec
m ) cm 100 x 100 X cm®
=981 I _ o8 1 poise { e Poisc}
cm cm

Thus for solving numerical problems, if viscosity is given in poise, it must be divided by 98.1 to get
its equivalent numerical value in MKS.

one kgf-sec _ 981 Ns

But - — = 98.1 poise
e 2
oneNs 981 : . I Ns
— = ——poise = 10 poise or One poise = ——-.
m* 9.81 B

Scannengl by Fahid -
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Properties of Fluids 51

Butdyne =1gmx ]_L_}T.
$?
1
lem _ 1000
. One poise = i—:v-—-]f ,
St ui sem o - T _ - e YN
i T 100 - 5
1 kg1 ko » kg— —— :
=——x100 ==— 0 =10
1000 - sm 10 sm F' — SIT— R —

_Note. (/) In SI units second is represented by 's’ and not by ‘sec’. & =
(if) If viscosity is given in poise. it must be divided by 10 to get its equwalem numetical valug in ST units.

Sometimes a unit of viscosity as centipoise is used where

—— ey

1 ] 5
I centipoise = — poise or 1c¢cP=—FP P = Centipoise, P = Poise
4 100 * 100 fe B ]

he viscosity of water at 20°C is 0.01 poise or 1.0 centipoise. 4 il

‘2 Kinematic Viscosity. Itisdefined as the ratio between the dynamic viscosity and density of
uid. It is denoted by the Greek symbol l\)ual]ed nu’. Thus, mathematically,

S e =
rtle Vlsmsrty E z> - (14)
Density p
The units of Kinematic v iscosity is obtainedas :
_ Units of 1 - ~Force X Time _ Force X Time- IR
" Unitsofp (Length)? X — Mass . Mass £
(Length) Length ) T
Length S——
Mass x {_T|11_1]_ x Time - Force = Mass x Acc
<
= e Leé n h
Mass ) = Mass X Tc glz
Lenﬂ[hjl____ S AL e
(Luwlh) - R

Time
In MKS and SI, the unit of kinematic viscosity is metre’/sec orm %/sec while in CGS units it is written
as ecm/s. In CGS units, kinematic v iscosity is also known stoke.

4

o e e N ‘ 4
Thus, one stoke =cm/s= | — ] In2!s_= 10~* m%s
- 100) ===
Centistoke means = A stoke.
100

+43.3  Ncwvten's Law of Viscosity. It states that the shear stress (1) on a fluid element layer is
directly proportional to the rate of shear strain~The constant of proportionality is called the co-efficient
ol viscosity. Mathematically, it is expressed as given by equation (1.2) oras

scanned by Fahid
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Fluids which obey the above relation are known as Newtonian fluids and the fluids which do mee
obey e above relation are called Non-newtonian fluids.

.4 Variation of Viscosity with Temperature. Temperatur affects the viscosity. The viscosiy

1qu1ds decreases with the increase of temperature while the viscosity of gases increases wi
icgedse of temperature. _This 18 due to reason that the viscous forces in a fluid are due to cohesive foroes .ﬁ.

)d molecular momentum transfer. In liquids the cohesive forces predominates the molecular mome=-
tum,transfeﬂ_ gue to closely packed molccu[cs%nd with the increase in temperature, the cohesive forces
T&Creases with ihe result of decreasing viscofity. But irﬂm
folecular momentum transfer predominates. With the increase in temperature, molecular momentum
transfer increases and Hence viscosily increases. The relation between viscosity and temperature for

—ta T

liquids and gases are:

-

(7)) For liquids, ...(1.44)
———
where [ = Viscosity of liquid at 1°C, in poise
— . ‘—._-_'_‘_‘._'_ - -
Mo = Viscosity of liquid at 0°C, in poise
iy s b ol Tl
a, B = are constants-for the liquid - ~—
For water, o = 1.79 x 1073 poise. o = 0.03368 and B = 0.000221.
The eq_uation (1.4 A) shows that with the increase of temperature, the viscosity decreases .

(ii) For a gas, ‘ L=po+ot-pe 1 ..(1.4B)
whereTor air Hy = 0.000017.0C= 0.000000056, B = 0.1189 x 107°.

W{ 1.4 B) shows that with the increase of temperature, the viscosity increases,
* k3.5 Types of Fluids. The fluids may be classified into the following five types :

1. Ideal fluid, : 2. Real fluid,

3. Newtonian fluid, 4. Non-Newtonian fluid, and

5. Ideal plastic fluid.

1. Ideal Fluid. A fluid, which is incompressible and is hav-
ing no viscosity, is known as an ideal flu’fé. Tdeal fluid is only
an imaginary fluid as all the fluids, which exist, have some vis-
cosity.

2. Real Fluid. A fluid, whlch possesses viscosity, is known

as real fluid. All the ﬂu:ds in actual practice, are real fluids.

3. Newtonian Fluid. A real fluid, in which the shear stress

is directly, proportional to the rate of shear strgin (or velocity
: : : : IDEAL FLUID
gradient), is known as a Newtonian fluid. 4

4. .Ntm-i\cwmnian FFluid. A real fluid, in which the shear —+ VELOCITY GRADIENT (ﬂ
stress is not proportional to the rate of shear strain (or velocity ) Ay
gradient), known as a Non-Newtonian fluid. Fig. 1.2 Types of fluids.

5. Idecal Plastic Fluid. A fluid, in which shear stress is more than the yield value and shear stress is
proportional to the rate of shear strain (or velocily gradient), is known as ideal plaiiq fluid.

— SHEAR STRESS

s ey A = L : .
Problem 1.3 If the velocity distribution over a plate is given by u = = y — yz in which u is the
velocity in metre per second at a distance y metre above the plate, determine the shear stress az

y=0andy = 0.15 m. Take dynamic viscosity of fluid as 8.63 poises. scanned by Fahid
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r ¢ Properties of Fluids ZI

d
Solution. Given : WS N
_ 3 dy g T
- d
. (—”} or [fﬂ] =2 _siya 2 0667
d'\ aty=0 . dy y=0 3 3
du ' 2
Also - [—"J or {ﬂ] = — -2x.15=.667-.30=0.367
d_\‘ at v=0.15 d'\. y=0.15 3
; 8.63 : 2
Value of p = 8.63 poise = o SI units = 0.863 N s/m
| _r . du
! Now shear stress is given by equation (1.2) as T=1 ==
)F

(i) Shear stress aty = 0 is given by

=1L 7% = 0.863 x 0.667 = 0.5756 N/m?. Ans.
0 dy).

=0
(ii) Shear stress at y = 0.15 m is given by
du) 22
(D5 =K | —— =0.863 % 0.367 = 0.3167 N/m". Ans.
LA dy),-qss
r m 4 A plate, 0.025 non distant from a fived plate, moves at 60 cm/s and requires a force of
2 N per unit area i.e., 2 N/m 1o maintain this speed. Determine the fluid viscosity benveen the plates.
g . B Smm——
olution. Given: oo .
Distance between plates,  dy =.025 mm T === EE 0
- ; dy=025mm5'_-:-_gu=506mf5
=.025x107" m szz?:;::::
Velocity of upper plate, i = 60 cm/s = 0.6 m/s I /’
§ N FIXED PLATE
| Force on upper plate, F=20 —. .
{ m* - Fig. 1.3
This is the value of shear stress i.e., T
i Let the fluid viscosity between the plates is [l
: : . du
Using the equation (1.2), we have T=| T
| ¥
5 where  du = Change of velocity = u — 0 = u = 0.60 m/s
dy = Change of distance = .025 X 107 m
: 1 = Force per unit area =2.0 —
m*
0.60 20x.025x107° s N
30ep—20 . =R g3 107
025% 1077 0.60 ; m”

- 8.33 x 107%x 10 poise = 8.33 x 10~ poise. Aps.
Problem 1.5 A flat plate of agga 1.5 X 107 mni® is pulled with a speed of 0.4 m/s relative to another
plate located at a distance of {‘J‘._ﬁ mm from it. Find the force and }vmrwﬁn’r 2l 1o HMIM'\
speed, if the fluid separating them is having viscosity as I poise. -
- —— M"i' %1
{ ; scanyed by Fahid
' PDF ¢reated by AAZSwapnil

e




; Sblution. Given :

Area of the plate, A=15x10°mm?= 1.5 m?
'Speed of plate relative to another plate, du= 0.4 m/s
Distance between the plates, dy=0.15mm=0.15x10>m . 3
1 Ns

Viscosit ' =1 poise = — —,

ey 2 & 10 m?

du 1 0.4 N

Using equation (1.2 have 1= TS T X —— =266.66 —

Sing equation (1.2) we hawvi L d5- 10 Tex e me
(i) . Shear force, F =1 X area = 266.66 x 1.5 = 400 N. Ans.
(i) Power* required to move the plate at the speed 0.4 m/sec

=FXu=400x0.4 =160 W. Ans.

Problem 1.6 Determine the intensity of shear of an oil having viscosity = 1 poise. The oil is used
for lubricating the clearance between a shaft of diameter 10 cm and its Journal bearing. The clear-
ance is 1.5 mm and the shaft rotates at 150 r. p.m.

; ; _ 1 Ns
Solution. Given :- 1= 1poise = — 2
10 m?

Dia. of shaft, D=10cm=0.1m

Distance between shaft and Jjournal bearing,

dy=15mm=15x10"m

Speed of shaft, N=150r.p.m. :
Tangential speed of shaft is given by

e T[DN= mx0.1x150

=0.785 m/s
60 60 5
3 ; du
Using equation (1.2), T=p—,
dy
where du = change of velocity between shaft and bearing = u — 0 =
= L% 0785 533 Nim2. Ans,

10 15%107

roblem 1.7 Calculate the dynamic viscosity of an oil, which is used Jor lubrication between a
Square plate of size 0.8 m x 0.8 m and an inclined plane with angle of inclination 30° as shown in
Fig. 1.4. The weight of the Square plate is 300 N and it slides down the inclined plane with q uniform
velocity of 0.3 m/s. The thickness of oil film is 1.5 mm.

Solution. Given :

Area of plate, A=0.8x0.8=0.64m’
Angle of plane, : 0 =30°

Weight of plate, W =300 N

Velocity of plate, u=0.3m/s

* waer:quNm!s:quW(-.- Nm/s = Watt) )
scanned by Fahid _
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r ' Properties of Fluids 9

Thickness of oil film, t=dv=15mm=15x102m

Let the viscosity of fluid between plate and inclined plane is 1.

Component of weight W, along the plane = W cos 60° = 300 cos 60° = 150 N
Thus the shear force, F, on the bottom surface of the plate = 150 N

F__150 . 2

, and shear stress, | o TP s
| Area  0.64
| Now using equation (1.2), we have
! T du

H Ay

where du = change of velocity = u - 0 =u = 0.3 m/s
dy=t=15x10"m
1 . 150 0.3

064 " Tsx10°7
_150x15%x107°

0.64x0.3
Problem 1.8 Twa harizental plates are placed 1.25 cm apart, the space between them being filled
with oil of viscosity 14 poises. Calculate the shear stress in oil if upper plate is moved with a velocity
of 2.5 m/s. : (A.MLLE.. 1972)
Solution. Given :
Distance between plates, dy=1.25cm=0.0125m

=1.17N s/m" = 1.17 x 10 = 11.7 poise. Ans.

: . 4
~ Viscosity, M = 14 poise = 1—0 N s/m?
Velocity of upper plate, u =2.5 m/sec.
{ Shear stress is given by equation (1.2) as, T=| gi
.“

where du = Change of velocity between plates =u -0 =u =2.5 m/sec.
dy =0.0125 m.

LA (T T B e

Problem 1.9  The space between two square flat parallel plates is filled with oil. Each side of the
plate is 60 cm. The thickness of the oil film is 12.5 mm. The upper plate, which moves at 2.5 meire per
sec requires a force of 98.1 N to maintain the speed. Determine : ’

(i) the dynamic viscosity of the oil in poise, and

(ii) the kinematic viscosity of the oil in stokes if the specific gravity of the oil is 0.95.

? (A.M.LE., Winter 1977)
Solution. Given : :
Each side'of a sqlﬁr& plate =60ecm=0.60m
<. Area, A=0.6x0.6=036m
. Thickness of oil film, dy=125mm=125x10"m
Ve}kcily of upper piate“ u=2.5m/sec .
L scanned by Fahid

PDF created by AAZSwapnil




10 ‘Fluid Mechanics

Change of velocity between plates, du = 2.5 m/sec
Force required on upper plate, F = 98.1 N
_Force _F_ 981N .,
" Area A 036m’
(i) Let = Dynamic viscosity of oil

Shear stress,

Using equation (1.2), T=U au or 8 =X ——35—3
dy ~ 036 125x%10
: : - N 1 Ns
W N R [ LT P,
0.36 2.5 m m J

= 1.3635 x 10 = 13.635 poise. Ans.
(i) Sp. gr. of 0il, § = 0.95

Let v = kinematic viscosity of oil

Using equation (1.1 A),

Mass density of oil, p =S x 1000 = 0.95 x 1000 = 950 kg/m’
13635 ( Nf)
Using the relation, v = £ | we get v = ﬂ—ﬁ = 001435 m¥sec = 001435 x 10* em%s
p
= 14.35 stokes. Ans. (- cm*s = stoke)

Problem 1.10 Find the kme.'mm:. viscosity of an oil having density 981 kg/m’. The shear stress at
a point in oil is 0.2452 N/m® and velocity gradient at that point is 0 2 per second.

Solution. Given :

Mass density, p =981 kg/m’ ;
Shear stress, T=0.2452 N/m®
Velocity gradient, g =02s

dy

Using the equation (1.2), T pj—“ or 0.2452 = u x 0.2
y

=028 e
0.200
Kinematic viscosity v is given by
v= £ 226 =.125x 102 m¥sec
p 981
=0.125 x 1072 x 10* cm¥s = 0.125 x 10% cm¥s {
= 12.5 cm?/s = 12.5 stoke. Ans. (r em¥s = stoke)
Problem 1.11.  Determine the specific gravity of a fluid having viscosity 0.05 poise and k:nemanc L
viscosity 0.035 stokes.
Solution. Given :
Viscosity, 1 = 0.05 poise = 2B N s/m? - scanned by Fahid _
e PDF created by AAZSwapnil



L : Properties of Fluids 11
Kinematic viscosity. © v =0.035 stokes
=0.035 cm’/s ' { -+ Stoke = cm’/s}
,. =0.035 x 10™* m?/s
¢ : .
5 Using the relation v = B we get 0.035x 107* = U g
i 10 p
a - 02 & ;-: = 1428.5 kg/m’
i 10 035% 10
: B Density of-liquid 14285 "
Sp. gr. of liquid g oo S = 1.4285 = 1.43. Ans.
Density of water 1000
Problem 1.12  Determine the viscosiry of a liquid having kinematic viscosity 6 stokes and specific
graviry 1.9.
Solution. Given :
Kinematic viscusity v = 6 stokes = 6 cm*/s = 6 x 107 m*/s
Sp. gr. of liquid =1.9
Let the viscosity of liquid =l
2nsity liquid
Now sp. gr. of a liquid = Dmsn)_ ol tiEhgn
Density of water
s f M H
. 19= Density of liquid
1000
; Gk kg
. Density of liquid =1000 % 1.9 = 1900 —
m
*. Using the relation V= L , we get
P
:
6x107%= -t _
5 1900
| {=6x10"*x 1900 = 1.14 Ns/m’
' = 1.14 x 10 = 11.40 poise. Ans.
Problem 1.13  The velocity distribution for flow over a flat plate is given by u = 4y- y? in which
w is the velocity in metre per second at a distance y metre above the plate. Determine the shear stress
at y = 0.15 m. Take dynamic viscosity of fluid as 8.6 poise.
Solution. Given : e gy g
. 47
I ; OB
dy 4 ’
- 1!’ Yl
At v =0.15, d¥ 2 _3%015=075-030=045
dy 4
- 85 Ns . Ns
Viscosity. = 8.5 poise = — — ; ¢ [ 10 poise = | —5
. S W polse 10 me \ LS i J
3 .
scanned by Fahid
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|12 Fuid Mechanics

; d 85 N
Using equation (1.2), =4 ﬁ = 15 X045 — =03825 . Ans.
Problem 1 14 —~The dynamic viscosity of an oil, used for lubrication between a shaft and sleeve is
. 6 poise. The shaft is of diameter 0.4 m and rotates at 190 r.p.m. Calculate the power lost in the
bearing for a sleeve length of 90 mm. The thickness of the oil film is 1.5 mm.

Solution. Given : 1.5 mm

Viscosity L = 6 poise
= iy_s_ =06 ﬂﬁ / o
10 m? m? Z Ty
Dia. of shaft, D=04m E
Speed of shaft, N=190r.p.m —“"
Sleeve length, L=90 mm=90x 10~ m sueeve _
Thickness of oil film, t=15mm=15%x10"m Fig. 1.5
. Tangential velocity of shaft, u = KPN el A% 10 =3.98 m/s
: ; 60 60
; : du
Using the relation =0 —
dy
where  du = Change of velocity = 4 — 0 = u = 3.98 m/s
dy = Change of distance =r=1.5% 107* ms
-5 y
T=10x% L&j = 1592 N/m~
» 1L.5x 107

This is shear stress on shaft
Shear force on the shaft, F = Shear stress x Area
= 1592 XD X L=1592 X1 X .4 X 90 » 10 =180.05 N

Torque on the shaft, T = Force x L8 180.05 x % =36.01 Nm
- 2 2
*Power lost = 2’;:? L 2R 19600" 3601 _716.48 W. Ans.

Problem 1.15 [f the velocity profile of a fluid over a plate is a parabolic with the vertex 20 cm
[from the plate, where the velocity is 120 cm/sec. Calculate the velocity gradients and shear stresses at
a distance of 0, 10 and 20 cm from the plate, if the viscosity of the fluid is 8.5 poise.

““Solution. Given : y
Distance of vertex from plate =20 cm
Velocity at vertex, 1 =120 cm/sec u =120 cm/sec
Viscosity, 1t = 8.5 poise = 83 Nf =0.85. : .
10 m* 20 cm
' e 0 =
u
21N 2ANT Fig. 1.6

* Powerin S.Lunit=T*w=Tx —66— Watt = Watt
- - scanned by Fahid
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r y Properties of Fluids 13

The vélocity profile is given parabolic and equation of velocity profile is .

u =ay2+ by + ¢ (1)

where a, b and c are constants. Their values are determined from boundary conditions as :

(a) aty=0,u=0
© (b) aty=20cm, u= 120 cm/sec

(c¢) aty=20cm, — dy = 0.

dy
Substituting boundary condition (a) in equation (i), we get

c=0.

Boundary condition (b) on substitution in (i) gives

120 = a(20)? + b(20) = 400a + 20b . (ii)
Boundary condition (c¢) on substitution in equation (i) gives

:—: =2ay+b .. (iif)

or 0=2%xax20+b=40a+b

Solving equations (ii) and (iii) for a and b
From equation (#ii), b=—-40a

Substituting this value in equation (ii), we get
120 = 400a + 20 x (- 40a) = 400a — 800a = — 400q
a= ﬂ = _ i =—0.3
—-400 10
; b=-40x(-03)=12.0
Subsutunng the values of a, b and € in equation (i),

u——0.3y + 12y.

Velocity Gradient

T
dy
; : du
aty =0, Velocity gradient, 5 =-0.6x0+ 12 =12/s. Ans.
¥ y=0
du
aty=10cm, (Em) =-06%x10+12=-6+ 12 = 6/s. Ans.
y ¥y=10
du
at y=20cm, 3 =-06%x20+12==12+12=0. Ans.
y
“~sy=20
Shear Stresses
Shear stress is given by, T=p ;l
y

\
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d
(i) Shear stress aty =0, T=L (_uJ =0.85 x 12.0 = 10.2 N/m?.
dy g
(if) Shear stress af y = 10, 1= u{d—u} =0.85%6.0=5.1 N/m%
dy y=10
(iii) Shear stress at y = 20, T=UU (a’_u) =0.85x0=0. Ans.
dy y=20

Problem 1.16 A Newtonian fluid is filled in the clearance between a shaft and a concentric sleeve.
The sleeve attains a speed of 50 cm/s, when a force of 40 N is applied 1o the sleeve parallel to the

shaft. Determine the speed if a force of 200 N is applied.
Solution. Given : Speed of sleeve, u; = 50 cm/s

when force, F,=40N.
Let speed of sleeve is u, when force, F, =200 N.
A . d
Using relation T=U -
dy
Fi F
where T = Shear stress = i R
rea A

du = Change of velocity =u-0=u
dy = Clearance = y

F m u
A y
F= Apu it ‘
. y
L.
I, Iy
Substituting values, we get 2. a0
50
e 205200 :0200 =50 x 5 = 250 c/s. Ans.

(A.M.LE., Summer 1980)

-

A, | and y are constant }

Problem 1.17 A 15 cm diameter vertical cylinder rotates concentrically inside another cylinder of
diameter 15.10 cm. E(‘)rh cylinders are 25 cm high. The space between the cylinders is filled with a
liquid whose viscosity is unknown. If a torque of 12.0 Nm is required 1o rotate the inner cylinder at

100 r.p.m., determine the viscosity of the fluid.
A—
Solution. Given :

(A.M.LE., Winter 1979)

Diameter of cylinder =15em=0.15m

Dia. of outer cylinder =1510cm=0.151 m

Length of cylinders, L=25cm=0.25m

Torque, ; T=12.0Nm : scanned. by Fahid
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[ Properties of Fluids
Speed, N=100r.p.m.
Let the viscosity =l
! 5 n DN x 0.15x 100
| Tangential velocity of cylinder, u = . L 6?) =0.7854 m/s
Surface area of cylinder, A=nDxL=n1x0.15x025=.1178 m?
: i du
Now using relation T=pl—
dy
where du=u-0=u=.7854m/s
dy = M m =009-5 m
_ px.7854
~ 0005
7854
Shear force, F = Shear stress X Area = & x.1178
.0005
Torque, T=FX g
7854 15
e B, e
0005 2
9 WS« 2
- 20X 00X, . 0864 N sl

M= 854ax 1178 .15
=0.864 x 10 = 8.64 poise. Ans.

Problem 1.18 Two large plane surfaces are 2.4 cm apart. The space between the surfaces is filled
with glycerine. What force is required to drag a very thin plate of surface area 0.5 square metre
between the two large 'p_’?ﬁn-emces at a speed of 0.6 m/s, if :
(i) the thin plate is in the middle of the two plane surfaces, and
(ii) the thin plate is at a distance of 0.8 cm from one of the plane surfaces ? Take the dynamic
viscosity of glycerine = 8.10 x 107" N s/m’.

Solution. Given: .

Distance between two large surfaces = 2.4 cm A

Area of thin plate, A=05m’ . 12cm

Velocity of thin plate, u=0.6m/s ; 2.4 cm _}.___ v F
Viscosity of glycerine, pn=238.10x 107" N s/m* | TBGH

Case I. When the thin plate is in the middle of the two plane
surfaces [Refer to Fig. 1.7 (a)] ;
Let’ F, = Shear force on the upper side of the thin plate Fig. 1.7 (a)
F, = Shear force on the lower side of the thin plate :
F = Total force reguired to drag the plate
Then F=F,+F,
The shear stress (T,) on the upper side of the thin plate is given by equation,

| |
S CTPTETITIA
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(16 BuaMechamics 287 B Fee 00 - 0 s =

. du
L i dv s
where du =Relative velocity between thin plate and upper large plane surface
=0.6 m/sec
dy = Distance between thin plate and upper large plane surface

=1.2em = 0.012 m (plate is a thin one and hence thickness of plate is neglected)

1, =8.10x 10" x| 25| _ 40,5 N/m?
012 '

Now shear force, F| = Shear stress x Area
: ) =1, XA=405%05=2025N
Similarly shear stress (t,) on the lower side of the thin plate is given by

A
T=H (f] =8.10x 107" x (0_?)%} =40.5 N/m?
y 2 .

Fy=1,x A=40.5x0.5=2025N
F=F, +F,=20.25 +20.25 = 40.5 N. Ans.

the plane surfaces [Refer to Fig. 1.7 (b)]. 4 I N
Let the thin plate is a distance 0.8 cm from the lower plane surface.
Then distance of the plate from the upper plane surface A, 1.6cm.
=24-08=1.6cm=.016m Y R
(Neglecting thickness of the plate) 0.8 cm
The shear force on the upper side of the thin plate, v
F\ = Shear stress X Area =T, X A Fig. 1.7 )

du -1 0.6 .
= — A=8.10x107"x 0.5=1518N.
W ["')'l . . (0.016] s

The shear force on the lower side of the thin plate,

du R
ng*rzxA:u(—] XA
dy 5

0.6
_ 0.8/100
. Total force required = F, + F, = 15.18 + 30.36 = 45.54 N. Ans. <"

=S‘10x10"><[ Jx0.5=30.36N

Problem 1.19 A vertical gap 2.2 cm wide of infinite extent contains a fluid of viscosity 2.0 N s/m? :
ad specific gravity 0.9. A metallic plate 1.2 m x 1.2 m x 0.2 cm is to be lifted up with a constant ?

velocity of 0.15 m/sec, through the 8ap- If the plate is in the middle of the gap, find the Jorce required.
The weight of the plate is 40 N.

~ Solution. Given : :
Width of gap =2.2 cm, viscosity, [t = 2.0 N s/m?

- 8q. gr. of fluid =09 - T

_ : scanned by Fahid .. .
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Weight density of fluid
=0.9 x 1000 = 900 kgf/m® = 900 x 9.81 N/m’ [ 7
(- 1kgf =9.81 N) / 2
Volume of plate =12mx1.2mx0.2cm 7 I 4
=1.2x1.2x.002 m* = .00288 m’ 10 | 10 b
. o cm I cm |-
Thickness of plate =0.2cm z .
Velocity of plate =0.15 m/sec / 02em |
Weight of plate =40N. 7 f
When plate is in the middle of the gap, the distance of the plate 5
of plate from vertical surface, of the gap Fig. 1.8
o (Widlh of gap—Thickness of platc)
- 2
=(—2-'3~;0—'2)=1c-m=.01m. .

Now the shear force on the left side of the metallic plate,
: F, = Shear stress X Area

= Al x Area =2.0X B x1.2x12N
dy ), .01

(- Area=1.2x 1.2 m%
=432 N.
Similarly, the shear force on the right side of the metallic plate,

F, = Shear stress X Area = 2.0 X (OO_IISJ x12x12=432N

Total shear force =F | +F,=432+432=864N.
In this case the weight of plate (which is acting vertically downward) and upward thrust is also to be

taken into account.
The upward thrust = Weight of fluid displaced
= (Weight density of fluid) x Volume of fluid displaced
=9.81 x 900 x .00288 N
("~ Volume of fluid displaced = Volume of plate = .00288)

=2543N.
The net force acting in the downward direction due to weight of the plate and upward thrust
= Weight of plate — Upward thrust = 40 - 25.43 = 14.57 N

Total force required to lift the plate up .
= Total shear force + 14.57 = 86.4 + 14.57 = 100.97 N. Ans.

1.4 THERMODYNAMIC PROPERTIES

Fluids consist of liquids or gases. But gases are compressible fluids and hence thermodynamic prop-
erties play an important role. With the change of pressure and temperature, the gases undergo large
) scanned by Fahid
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1 HS Fluid Mechanics
| variation in density. The relationship between pressure (absolute), specific volume and temperature
(absolute) of a gas is given by the equation of state as
pV:RTorB- =RT : =n(1.5)
where p = Absolute p;-essure of a gas in N/m?

V = Specific volume = .4
p

R = Gas constant

T = Absolute temperature in °K ; j

p = Density of a gas. |

1.4.1 Dimension of R. The gas constant, R, depends upon the particular gas. The dimension of R

is obtained from equation (1.5) as . l
o R= ._p_._. . 2
pT
2
(i) In MKS units g kef/m” _ kgf-m

ll]3

(ii) In ST units, p is expressed in Newton/m? or N/m?.
N/m? N m _ Joule

[EJ‘”K =z kg °K

= [Joule = N-m]
Xk TkgK  kegK |
m’ |
J
kg-K
For air, Rin MKS =293 ket
kg °K {
. RmSI~293x981—N—m.—28 A
kg°K kg-K

1.4.2  Isothermal Process. If the changes in density occurs at constant temperature, then the
process is called isothermal and relationship between pressure (p) and density (p) is given by

aw Constant ...(1.6)

1.4.3 Adiabatic Process. If the change in density occurs with no heat exchange to and from the
gas, the process is called adiabatic. And if no heat is generated within the gas due to friction, the

relationship between pressure and density is given by k
P 2 b
- = Ccnsiam : .L(1.7) i
p* ! ;
where k = Ratio of specific heat of a gas at constant pressure and constant volume. }
© = 1.4 for air. -
'j scanned by Fahid
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_ Properties of Fluids 19|

1.4.4 ‘Universal Gas Constant.

Let m = Mass of a gas in kg
V = Volume of gas of mass m
p = Absolute pressure
T = Absolute temperature

Then, we have _ pV =mRT ...(1.8)
where R = Gas constant. '
Equation (1.8) can be made universal, i.e., applicable to all gases if it is expressed in mole-basis.

Let n = Number of moles in volume of a gas
V = Volume of the gas

_ Mass of the gas molecules

~ Massofa hydrogen atom
m =Mass of a gas in kg

Then, we have nxXM=m
Substituting the value of m in equation (1.8), we get
55 PV =nxXMXxXRT ..(1.9)
of - y
The product M x R is called universal gas constant and is equal to 848 T ke ]mo in MKS units and
kg-mole

8314 J/kg-mole K in SI units.
One kilogram mole is defined as the product of one kilogram mass of the gas and its molecular weight.

Problem 1.20 A gas weighs 16 N/m® at 25°C and at an absolute pressure of 0.25 N/mm?. Deter-
niine the gas constant and density of the gas.

Solution. Given:

Weight density, w = 16 N/m?

Temperature, t=25°C

: T=273+1=273+25=288°K
p =0.25 N/mm? (abs.) = 0.25 x 10° N/m? = 25 x 10* N/m*
(i) Using relation w = pg, density is obtained as

w 16 3
= —=—— =1.63 kg/m". Ans.
081 ¢

(#f) Using equation (1.5), 2y RT
p
4 3
pa Lo 29XW oy os NI s,
pT 1.63x288 kgK

Problem 1.21 A cylinder of 0.6 n’ in volume contains air at 50°C and 0.3 N/mm? absolute pres-
sure. The air is compressed to 0.3 m’. Find (i) pressure inside the cylinder assuming isothermal
process and (ii) pressure and temperature assuming adiabatic process. Take k = 1.4. e

Solution. Given:
Initial volume, ¥, =0.6m’
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Temperature £, =50°C
T, =273 +50 = 323°K _
Pressure py = 0.3 N/mm?® = 0.3 x 10° N/m? = 30 x 10* N/m?
Final volume V,=0.3m’

k=14

(i) Isothermal process :

Using equation (1.6), 2 Constant or pV = Constant.

PV =p,Y, _ i

v 10* x 0.
gyl s SO ® ~ 0.6 x 10° N/m? = 0.6 N/mm. Ans.
v, 03 g
(ii) Adiabatic process :
Using equation (1.7), L{ = Constant or p v* = Constant
p
N4 2\72

! 14
P2=Pior ¥ =30x10*x (%J =30 % 167 x 21
vk 03 _
=0.791 x 10° N/m* = 0.791 N/mm?. Ans.
For temperature, using equation (1.5), we get
pV = RT and also p V* = Constant

p= % and % x V¥ = Constant
or RTV*"! = Constant ;
or - TV*! =Constant ' {" Ris also constant}
' V=1 vy -
k-1 1L.4-10
T =T, [iJ =323 [Oﬂ =323 x 24 = 426.2°K

t,=426.2 - 273 = 153.2°C. Ans.

Problem 1.22 Ca:'cu[are the pressure exerted by 5 kg of nitrogen gas at a temperature of 10°C if
the volume is 0.4 m°. Molecular weight of nitrogen is 28. Assume, ideal gas laws are applicable.

Solution. Given :

Mass of nitrogen =5kg

Temperature, t=10°C

o T=273+ 10 =283°K
Volume of nitrogen, V=04m?

Molecular weight =28

Using equation (1.9), we have p¥V = n x M x RT

_scanned by Fahid '
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where M X R = Universal gas constant = 8314

kg-mole °K
> and one kg mole = (kg-mass) x Molecular weight = (kg-mass) x 28
| | R for nitrogen = 80 =296.9 g
28 kg°K
The gas laws for nitrogen is pV mRT, where R = Characteristic gas constant
or px04=5x2969 x 283

_ 5%2969 x 283

> =1050283.7 N/m? = 1.05 N/mm?. Ans.

MPRESSIBILITY AND BULK MODULUS

: ——

-

Compressibility is the reciprocal of the bulk modulus of Ve

| elasticity, K which is defined as the ratio of compressive stress : }.3.ISI'IFON
t& volumetric strain. o

T
&
~Consider a cylinder fitted with a piston as shown in Fig. 1.9. - SRy P
Let V = Volume of a gas enclosed in the cylinder LLE
p = Pressure of gas when volume is V
Let the pressure is increased to p + dp, the volume of gas
decreases from ¥ to V — dV.

Then increase in pressure = dp kgf/m®

—
CYLINDER
Fig. 1.9

Decrease in volume =dv

‘ . Volumetric strain =_ %

— ve sign means the volume decreases with increase of pressure.

Bulk modulus K= Increase of pressure

Volumetric strain

:I __49 _-dp
: iV "y v .(1.10)

essibility is givenby = — .(1.11)

The relationship between bulk modulus of elasticity (K) and pressure for a gas for two different
processes of compression are as :

(i) For Isothermal Process. Equation (1 6) gives the relationship between prcssure (p) and density
(p) of a gas as

" Constant
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or pV =Constant ) { V= l}
Differentiating this equation, we get (p and V both are variables)

' -V
pdV +Vdp=0 or pdV=-VYdp or p= d_jp
Substituting this value in equation (1.10). we get
K=p «(1.12)
(it) For Adiabatic Process. Using equation (1.7) for adiabatic process

L& = Constant or p V* = Constant
p ¥

Differentiating, we get pd(V*) + v&dp)=0 A
_or pxkxVav+vtdp=0 :
or pkd¥ +Vdp =0 Lo IS [Cancelling V! to both sides]
: Vdp
or kdV =-Vdp or pk=- ——
pkdV p P i

Hence from equation (1.10), we have
, K =pk r .(1.13)
where K = Bulk mo-iulus and k = Ratio of specific heats.
Problem 1.23  Dercmine the bulk modulus of elasticity of a liquid, if the pressure of the liquid i5
increased from 70 N/em? to 130 Nfem®. The volume of the liquid decreases by 0.15 per cent.
Solution. Given : '

Initial pressure =70 N/cm®
Final pressure = 130 N/cm? .
dp = Increase in pressure = 130 — 70 = 60 N/cm’
Decrease in volume =0.15%
dv 015
-_—_— 4 —
v 100

Bulk modulus, K is given by equation (1.10) as

__dp _ 60 N/cm? 3 60><_100 - 4 10° Nfem®. Ans.
v . 15 15 _ :

v 100 B
Problem 1.24 What is Ihe bulk modulus of elasticity of a liguid which is compres.s‘ed m a cylinder
fmm a volume of 0.0125 m’ at 80 N/em? pressure to a volume of 0.0124 nm’ at 150 N/em? pressure ?

Solution. Given:

Initial volume, v =0.0125 m?

Final volume =0.0124 m*

Decrease in volume, dV =.0125 —.0124 = .0001 m"
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v 0125 S /Q
Initial pressure =80 N/cm? \‘! /
Final pressure =150 N/em?

Increase in pressure, dp =(150-80)=70 N/em?
Bulk modulus is given by equation (1.10) as

- dp 70 ; 2
. 4V o125
1o\& =8.75x 10’ N/em”. Ans.

‘(\\'Jc

P 1.6 SURFACE TENSION AND CAPILLARITY

., ————— e —
5 %rﬁace tension is defined as the.tensile force acting on the surface of a liquid in contact with a gas or
! on the surface between two immisci Ol surface behaves hike mc_l
’ under tension) The magnitude of this force per unit length of the free surface will have the same value as
(R surface energy per unit area. It is denoted by Greek letter ¢ (called sigma). In MKS units, it is
| expressed as kgf/m while in SM@. ik

&

' The phenomenon of surface temsion is explained by FREE SURFACE
| i Fig. 1.10. Consider three molecules A, B, C of a liquid in a mass ,#;
! of liguid. The molecule A is attracted in all directions equally ~ ==1 L\,
e by the surrounding molecules of the liquid. Thus the resultant

force acting on the molecule A is zero. But the molecule B,
J which is situated near the free surface, is acted upon by upward
and downward forces which are unbalanced. Thus a net
resultant force on molecule B is acting in the downward
direction. The molecule C, situated on the free surface of liquid,
ddes experience a resultant downward force. All the molecules
on the free surface experience a downward force\ Thus the free
surface of the 1d acts like a very thin film under tension of the surface of the liquid act as though it is

rance under tension. I z=

Wurface Tension on Liquid Droplet. Consider a small spherical droplet of a liquid of
adius ‘r’. On the entire surface of the droplet, the tensile force due to surface tension will be actin@

Let o = Surface tension of the liquid
-‘)vp Pressure intensity inside the droplet (in excess of the outside pressure intensity)
d = Dia. of droplet.
Let the droplet is cut into two halves. The forces acting on one half (say left half) will be
(i) tensile force due to surface tension acting around the circumference of the cut portion as shown in
_F‘i_gi. 1.11 (b) and this is equal to

= ¢ X Circumference

=oxnd . -. '_i@_:}

Fig. 110 Surface tension.
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T n
(ii) pressure force on the area i d*and = p X Y d” as shown

in Fig. 1.11 (c). These two forees will be equal and opposite
under equilibrium conditions, ie.,

pX 7415 & =0xnd

or

-

(c) PRESSURE FORCES
the decrease of diameter of Fig. 111 Forces on droplet.
the droplet, pressure intensity inside the droplet increases.

1.6.2 Surface Tension on a Hollow Bubble. - A hollow bubble like.a soap bubble in air has two
surfaces in contact with air, one inside and other outside. Thus two surfaces are subjected to surface

Equation'(l. 14) shows that

tension. In siich case, we have

p X E d2:2x(0x1td')

_20ond 8o
;Edz d
1.6.3 Surface Tension on a Liquid Jet. Consider a liquid jet of diameter ‘@’ and length ‘L’ as
shown in Fig. 1,12,
Let p = Pressire intensity inside the liquid jet above the outside pressure -
T 3

p -.(1.15) _

© = Surface tension of the liquid. : : i pd
Consider the equilibrium of the semi jet, we haye 75
Force due to pressure =p X area of semi jet E
. =pxLxd - - L v ]
Force due to surface tension =gx27. = o
Equating the forces, we have =
PXLxd=cx2L - e =

; oOx2L BN~

= ~(1.16) < o

_ Fig. 1.12 Forces on liquid Jjet.

diameter of the droplet of water. g
Solution. Given : i
Surface tension, 0 =0.0725 N/m

Pressure intensity, p in excess of outside pressure is
' P =0.02 N/em? = 0.02 x 10 %

. m
Let * d = dia. of the droplet scanned by Fahid .
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4 % 0.0725
d
=.00145 m =.00145 x 1000 = 1.45 mm. Ans.

Using equation (1.14), we get p = Z—" or 0.02 x 10* =

_ 4x0.0725
©0.02x(10)°"
Problem 1.26 Find the surface tension in a soap bubble of 40 mm diameter when the inside
pressure is 2.5 N/m? above atmospheric pressure.
Solution. Given :
. Dia. of bubble, d=40mm=40x10"m
Pressure in excess of outside, p = 2.5 N/m?
For a soap bubble, using equation (1.15), we get

- 8o 8xo
=— or 25= ——
T 40x10°
25 i
2 —Xi‘;ﬂ N/m = 0.0125 N/m. Ans.

} Problem 1.27 The pressure outside the droplet of water of diameter 0.04 mm is 10.32 N/em®
(atmospheric pressure). Calculate the pressure within the droplet if surface tension is given as

0.0725 N/m of water.
Solution. Given : B
Dia. of droplet, d =0.04 mm = .04 x 107 m
Pressure outside the droplet = 10.32 N/em® = 10.32 x 10* N/m?
Surface tension, ¢ =0.0725 N/m ——
The pressure inside the droplet, in excess of outside pressure is given by equaUOn (1.14)
or p= 30 40075 oy ipe . TION. _ 6 995 Niom?
d 04x107 10* cm?

. Pressure inside the droplet = p + Pressure outside the droplct
=0.725 + 10.32 = 11.045 N/em’. Ans.
.4 Capillarity. (Capillarity is defined as a phenomenon of rise or fall of a liquid surface in a
smallTuobe-retative to the-adjacent general level of liquid when the tube is held vertically in the liquid.
The rise of liquid surface is known as capillary rise while the fall of the liquid surface is known as .
capillary depressma It is expressed in terms of cm or mm of l;qmd'@tﬁ '

¢ value depends upon the specific weight of the liquid, diameter of the

El;_&y,mrfat:e tension of the l:quld:)
“Xpression for Capillary Rise.” Consider a glass tube of small

diameter ‘d” opened at both ends and is inserted in a liquid, say water.
The liquid will rise in the tube above the level of the liquid.

Let & = height of the liquid in the tube. Under a state of equilibrium,
the weight of liquid of height  is balanced by the force at the surface of
the 11quid in the tube. But the Torce at the surface of the liquid in the tube

tie to surface tension.=—— - 5
t ¢ = Surface tension of liquid
8 = Angle of contact between liquid and glass tube.
The weight of liquid of height & in the fube = (Area of tube X )X p X g, .05 1 by Fahid

- T ——
PDF created by AAZSwapnil

Fig. 113 Capillary rise.




A 7 |
26 Fluid Mechanics #= =T | ]

:'E:' dxhxpxg ‘ (1.17)
where p = Density of liquid
Vertical compoient of the surface tensile force
= (0 x Circumferénce) x cos 6

" =0 X mdXcos 0 ' (1.18)

\/Mlihrium. equating (1.17) and (1.18), we get

;dthkpxg=6xxdxcos€'

oXndXcos® 4acosh
pxgxd

or h=

..(1.19) ;
T4t x pXg '
] 4
The value of 6 between water and clean glass tube is approximately equal to zero and hence cos 0 is
equal to unity. Then rise of water is given by

0 4o

pXgxd
Expression for Capillary Fall. If the glass tube is dipped in mercury, the level of mercury in the tube
will be lower than the general level of the outside liquid as shown in Fig. 1.14. =77

Let i = Height of depression in tube.

Then in equilibrium, two forces are acting on the mercury inside the tube. First one is due to surface
tension acting in the downward direction and is equal to G X 7td X cos 0.

Second force is due to hydrostatic force acting upward and is equal to.intensity of pressure at a depth
‘h’ X Arca

h .. (1.20)

l

1

=px %dz=pg><h><§d2{'-'p=pg"_}

. Equating the two, we get

.

o X dx cos 0 = pgh X gdl

4 0
e il ~.21)
pgd MERCURY
Value of 6 for mercury and glass tube is 1282 Fig. 1.14 , "
Problem 1.28 C alculate the capillary rise in a glass tube of 2.5 mm diameter w!r_en immersed .
vertically in (a)'water and (b) mercury. Take surface tensions o = 0.0725 N/m for water and ¢ = 0.52 N/m
for mercury in contact with air. The specific gravity for mercury is given as 13.6 and angle of contact
= ]130°.
~ Solution. Given: -
Dia. of tube, d=25mm=25x10"m -
Surface tenstion, o for water  ="0.0725 N/iii
o for mercury =0.52 N/m
Sp. gr. of mercury : =13.6 - &
scanned. by-Fahid ;
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Density o =13.6 x 1000 kg/m’. '
(a) Capillary rise for water (6 = 0)
46 4x00725
pxXgxd 1000x981x25x107
=.0118 m = 1.18 cm. Ans.

Using equation (1.20), we get h =

(b) For mercury

Angle of constant between mercury and glass tube, 8 = 130°

40 cosO 4x0.52 X cos 130°

pxgxd 136x1000x981x25x107
=-.004 m == 0.4 em. Ans.

The negative sign indicates the capillary depression.

Using equation (1.21), we get h =

ProbLem 1.29  Calculate the capillary effect in millimetres in a glass tube of 4 mm diameter, when
immersed in (i) water, and (ii) mercury. The temperature of the liquid is 20°C and the values of the
surface tension of water and mercury at 20°C in contact with air are 0.073575 N/m and 0.51 N/m
respectively. The angle of contact for water is zero that for mercury 1.30°. Take density of water at

20°C as equal to 998 kg/m’. (U.P.S.C. Engg. Exam., 1974)
Solution. Given: ‘
Dia of tube, d=4mm=4x10"m
The capillary effect (i.e., capillary rise or depression) is given by equation (1.20) as
. 4G cosB
. pxgxd

where  © = surface tenstion in kgf/m
0 = angle of contact, and p = density -
(i) Capillary effect for water
6 =0.073575 N/m, 6 =0°
p = 998 kg/m” at 20°C
R 4 % 0.073575 X cos 0°
- 998 % 981x4x107
(ii) Capillary effect for mercury -
¢ =0.51 N/m, 6 = 130° and
p = sp. gr. X 1000 = 13.6 X 1000 = 13600 kg/m”

. 4x051xcos130°
13600 % 9.81x 4 x 107
The negative sign indicates the capillary depression.

Problem 1.30. The capillary rise in the glass tube is not to exceed 0.2 mm of water. Determine its
minimum size, given that surface tension for water in contact with air = 0.0725 N/m. :

=7.51 %107 m = 7.51 mm. Ans.

=-246x102m= - 2.46 mm. Ans.

Solution. Given: , )
Capillary rise, h=02mm=02x10"m
Surface tension, o =0.0725 N/m

scanned by Fahid
PDF created by AAZSwapnil




28 Fluid Mechanics -
Let dia. of tube ; =
The angle 0 for water =
Density (p) for water = 1000 kg/m*
Using equation (1.20), we get

h=—39  o02x10= _4X00725
pxXgxd 1000x 981x d
4 %x0.0725

=0.148 m = 14.8 cm. Ans.

1000 x 981 x 2% 103
Thus minimum diameter of the tube should be 14.8 cm.

Problem 1.31  Find out the minimum size of glass tube that can be used to measure water level if
the capillary rise in the tube is to be restricted to 2 mm. Consider surface tension of water in contact

with air as 0.073575 N/m. . (Converted to SI Units, A.M.LE., Summer 1985)
Solution. Given : :
Capillary rise, h=20mm=20x102m
Surface tension, o =0.073575 N/m
Let dia. of tube =d
The angle 0 for water - =0
The density for water, p = 1000 kg/m?
Using equation (1.20), we get
h = o O or2.0x107% = _ix_OO_?‘_SE
pxgxd 1000x 981 x d
4 % 0.073575

= 1000 x9.81x2x 1073 =0.015 m = 1.5 cm. Ans.

Thus minimum diameter of the tube should be 1.5.cm.

Problem 1.32  An oil of viscosity 5 poise is used for lubrication between a shaft and sleeve..The
diameter of the shaft is 0.5 m and it rotates at 200 r.p.m. Calculate the power lost in oil for a sléeve
length of 100 mm. The thickness of oil film is 1.0 mm. [Delhi University, December,-1992 (NS)]

Solution. Given :

Viscosity, It =5 poise

e R s/m?

10
Dia. of shaft, D=05m
Speed of shaft, N =200r.p.m,
Sleeve length, . L=100mm=100x10"m=0.1m
Thickness of oil film, t=10mm=1x10"m
; ) :
Tangential velocity of shaft, u = BLY. . EX05X 200 =5.235 m/s
60 60
. g o du 4
Using the relation, T= u;- 2
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where, du = Change of velocity = u—0=u=5.235m/s
dy = Change of distance =#=1% 107 m
_ 05x5235
T o1x10”
This is the shear stress on the shaft ]
. Shear force on the shaft, F = Shear stress X Area = 2617.5 XD X L (~- Area=nDx L)
=26175xntx05%x0.1=41095N

Torque on the shaft, T = Force % % =410.95 x -02—5 =102.74 Nm

=2617.5 N/m?

Power* lost = T x ® Watts = T X % w

=102.74 x 2“—:02@ =2150 W = 2.15 kW. Ans.

& >l VAPOUR PRESSURE HND CAVITATION

,‘ A change from the liquid state to the gaseous state is known as vaporization. The vaporization (which
| depends upon the prevailing pressure and temperature condition) occurs because of continuous escaping
of the molecules through the free liquid surface.
- Consider a liquid (say water) which is confined in a closed vessel. Let the temperature of liquid is
| 20°C and pressure is atmospheric. This liquid will vaporise at 100°C. When vaporization takes place,
’ the molecules escapes from the free surface of the liquid. These vapour molecules get accumulated in the
space between the free liquid surface and top of the vessel. These accumulated vapours exert a pressure
on the liquid surface. This pressure is known as vapour pressure of the liquid. Or this is the pressure at
which the liquid is converted into vapours.

Again consider the same liquid at 20°C at atmospheric pressure in the closed vessel. If the pressure
above the liquid surface is reduced by some means, the boiling temperature will also reduce. If the
pressure is reduced to such an extent that it becomes equal to or less than the vapour pressure, the
boiling of the liquid will start, though the temperature of the liquid is 20°C. Thus a liquid may boil even
at ordinary temperature, if the pressure above the liquid surface is reduced so as to be equal or less than
the vapour pressure of the liquid at that temperature. .

Now consider a flowing liquid in a system. If the pressure at any point in this flowing liquid becomes
equal to or less than the vapour pressure, the vaporization of the liquid starts. The bubbles of these
vapours are carried by the flowing liquid into the region of high pressure where they collapse, giving rise
to high impact pressure. The pressure developed by the collapsing bubbles is so high that the material
from the adjoining boundaries gets eroded and cavities are formed on them. This phenomenon is known
as cavitation.

Hence the cavitation is the phenomenon of formation of vapour bubbles of a flowing liquid in a region
where the pressure of the liquid falls below ¢he vapour pressure and sudden collapsing of these vapour
bubbles in a region of higher pressure. When the vapour bubbles collapse, a very high pressure is
created. The metallic surfaces, above which the liquid is flowing, is subjected to these high pressures,
which cause pitting action on the surface. Thus cavities are formed on the metallic surface and hence the

name is cavitation.

kW. The angular velocity @ = -2—@
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30 Fluid Mechanics
HIGHLIGHTS
1. The weight density or specific weight of a fluid is equal to weight per unit volume. It is also equal to,
w=p x 8.
2. Specific volume is the reciprocal of mass density.
3. The shear stress is proportional to the velocity gradient :‘:.E . Mathematically, 1= il j—” =
y ¥
4 [

5.
6.

10.
11.

12,

RE

. Kinematic viscosity v is givenby v = =,
p

= s E £y i e o 40
of pressure (p) between the inside and outside of a liquid drop is givenasp = —

Poise and stokes are the units of viscosity and kinematic viscosity respectively.

To convert the unit of viscosity from poise to MKS units, poise should be divided by 98.1 and to convert
poise into SI units, the poise should be divided by 10. SI unit of viscosity is Ns/m? or Pa s, where N/m?>
= Pa = Pascal. -

For a perfect gas, the equation of state is P o RT .
p i -
. kgf-m
where R = gas constant and for air = 29.3 ek 287 J/kg °K.
g

For'isothermal process,- 2 - Constant whereas for adiabatic process, %— = constant.
B p

Bulk modulus of elasticity is given as K = [_'d—d;f))-

v
5 1
Compressibility is the reciprocal of bulk modulus of elasticity or = —.

Surface tension is expressed in N/m or dyne/cm. The relation between surface tension (o) and difference

d -

: . P

For a soap bubble, p= 70 ;

e 72 Ay
For a liquid jet, p= —'d—
s : g 40 cosB
Capillary rise or fall of a liquid is given by 4 = S
: w

The value of 8 for water is taken equal to zero and for mercury equal to 128°,

EXERCISE 1

(A) THEORETICAL PROBLEMS

Define the following fluid properties : i

Density, weight density, specific volume and specific gravity of a fluid.

Differentiate between : (i) Liquids and ‘gasés, (ii) Real fluids and ideal fluids, (/ii) Specific weight and
specific volume of a fluid.
What is the difference ‘between dynamic viscosity and kinematic viscosity ? State their units of
'fn;\surcmcms. ' '
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Properties of Fluids 31

4. Explain the terms : (i) Dynamic viscosity, and (ii) Kinematic viscosity. Give their dimensions.
(A.M.LE., Summer 1988)
5. State the Newton's law of viscosity and give examples of its application. (Delhi University, June 1996)
6. Enunciate Newton’s law of viscosity. Explain the importance of viscosity in fluid motion. What is the
effect of temperature on viscosity of water and that of air? (A.M.LE., Winter 1987)
7. Define Newtonian and Non-Newtonian fluids.
8. What do you understand by terms : () Isothermal process, (if) Adiabatic process, and (iii) Universal-gas
constant.
9. Define compressibility. Prove that compressibility for a perfect gas undergoing isothermal compression is

d: while for a perfect gas undergoing isentropic compression is % :

10. Dpcﬁne surface tension. Prove that the relationship between surface tgnsicm and pressure inside a droplet of
liquid in excess of outside pressure is given by p = 470

11. Explain the phenomenon of capiliarity. Obtain an ex;rcssion for capillary rise of a liquid.

12. (a) Distinguish between ideal fluids and real fluids. Explain the importance of compressibility in fluid

flow. (A.M.LE., Summer 1988)
(b) Define the terms : density, specific volume, specific gravity. vacuum pressure, compressible and in-
compressible fluids. (R.G.P. Vishwavidvalaya, Bhopal S 2002)
¢ 13. Define and explain Newton's law of viscosity. (Delhi University, April 1992)
14. Convert 1 kg/s-m dynamic viscosity in poise. (A.M.LE., Winter 1991)
15. Why does the viscosity of a gas increases with the increase in temperature while that of a liquid decreases
with increase in temperature ? (A.M.LE.. Winter 1990)
16. (a) How does viscosity of a fluid vary with temperature ?
£ ) (b) Cite examples where surface tension effects play a prominent role.  (J.N.T.U, Hvderabad § 2002)

17. (i) Develop the expression for the relation between gauge pressure P inside a droplet of liquid and the
surface tension. '
(i) Explain the following :
Newtonian and Non-Newtonian fluids, vapour pressure, and compressibility. (R.G.P.V., Bhopal S 2001)

(B) NUMERICAL PROBLEMS

1. One litre of crude oil weighs 9.6 N. Calculate its specific weight, density and specific gravity.
(AM.LE., Summer 1986) [Ans. 9600 N/m’, 978.6 kg/m”, 0.978]

2. The velocity distribution for flow over a flat plate is given by u = 5 ¥ —ym. where u is the point velocity

in metre per second at a distance y metre above the plate. Determine the shear stress at y = 9 cm. Assume
dynamic viscosity as 8 poise. (Nagpur University) [Ans. 0.839 N/m?]
3. A plate, 0.025 mm distant form a fixed plate, moves at 50 cm/s and requires a force of 1.471 N/m? to
maintain this speed. Determine the fluid viscosity between the plates in the poise. [Ans.7.357 X 1074
4. Determine the intensity of shear of an oil having viscosity = 1.2 poise and is used for lubrication in the
clearance between a 10 cm diameter shaft and its journal bearing. The clearance is 1.0 mm and shaft
rotates at 200 r.p.m. ' [Ans. 125.56 N/m?]
Two plates are placed at a distance of 0.15 mm apart. The lower plate is fixed while the upper plate having
surface area 1.0 m? is pulled at 0.3 m/s. Find the force and power required to maintain this speed, if the
fluid separating them is having viscosity 1.5 poise. [Ans. 300 N, 89.8 W]
6. An oil film of thickness 1.5 mm is used for lubrication between a square plate of size 0.9 mx 0.9 m and an
inclined plane having an angle of inclination 20°. The weight of the square is 392.4 N and it slides down
the plane with a uniform velocity of 0.2 m/s. Find the dynamic viscosity of the oil.  [Ans. 12.42 poise]
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Fluid Mechanics

10.

11.

12.

13.

14.

16.

17.

1o
o

In a stream of glycerine in motion, at a certain point the velocity gradient is 0.25 metre per sec per metre.
The mass density of fluid is 1268.4 kg per cubic metre and kinematic viscosity is 6.30x 10~ square metre
per second. Calculate the shear stress at the point. (U.P.S.C., 1975) [Ans. 0.2 N/m7]
Find the kinematic viscosity of an oil having density 980 kg/m® when at a certain point in the oil, the shear

2
stress is 0.25 N/m* and velocity gradient 0.3/s. [Ans. 0.000849 — or 8.49 stokesJ
 sec

. Determine the specific gravity of a fluid having viscosity 0.07 poise and kinematic viscosity 0.042 stokes.

[Ans. 1.667]

Determine the viscosity of a liquid having kinematic viscosity 6 stokes and specific gravity 2.0.
: [Ans, 11.99 poise]
If the velocity distribution of a fluid over a plate is given by u = 3/4)y —-yz. where u is the velocity in metre
per second at a distance of y metres above the plate, determine the shear stress at y = 0.15 metre. Take
dynamic viscosity of the fluid as 8.5 x 107 kg-sec/m>. (A.M.LE., Winter 1974) [Ans. 3.825 x 107 kgf/mzj
An oil of viscosity 5 poise is used for lubrication between a shaft and sleeve. The diameter of shaft is 0.5 m
and it rotates at 200 r.p.m. Calculate the power lost in the oil for a sleeve length of 100 mm. The thickness
of the oil filmis 1.0 mm. - [Ans. 2.15 kW]

2
The velocity distribution over a plate is given by u = % y —¥* in which u is the velocity in m/sec at a
distance of y m above the plate. Determine the shear stress at ¥=0,0.1 and 0.2 m. Take p = 6 poise. .
; [Ans. 0.4, 0.028 and 0.159 N/m“]

In question 13, find the distance in metres above the plate, at which the shear stress is zero.
[Ans. 0.333 m]

. The velocity profile of a viscous fluid over a plate is parabolic with vertex 20 cm from the plate, where the

velocity is 120 cm/s. Calculate the velocity gradient and shear stress at distances of 0, 5 and 15 cm from the
plate, given the viscosity of the fluid = 6 poise.[Ans. 12/s, 7.18 N/m?; 9/s, 5.385 N/m? ; 3/s, 1.795 N/m?]
The weight of a gas is given as 17.658 N/m> at 30°C and at an absolute pressure of 29.43 N/cm?®. Deter-

1.8kg 539.55 N-m}

mine the gas constant and also the density of the gas. ' Ans. T KooK
m B

A cylinder of 0.9 m® in volume contains air at 0°C and 39.24 N/cm? absolute pressure. The air is com-
pressed to 0.45 m?. Find (i) the pressure inside the cylinder assuming isothermal process, (if) pressure and

temperature assuming adiabatic process. Take k = 1.4 for air. .
[Ans. (i) 78.48 N/ém’, (i) 103.5 N/m?, 140°C]

. Calculate the pressure exerted by 4 ké mass of nitrogen gas at a temperature of 15°C if the volume is 0.35 m>.

Molecular weight of nitrogen is 28. [Ans. 97.8 N/cm?]

. The pressure of a liquid is increased from 60 N/em? to 100 N/ecm? and volume decreases by 0.2 per cent.

Determine the bulk modulus of elasticity. [Ans. 2 x 10" N/em?]

. Determine the bulk modulus of elasticity of a fluid which is compressed in a cylinder from a volume of

0.009 m? at 70 N/cm? pressure to a volume of 0.0085 m® at 270 N/em? pressure. [Ans. 3.6 x 10° N/cm?)

- The surface tension of water in contact with air at 20°C is given as 0.0716 N/m. The pressure inside a

droplet of water is to be 0.0147 N/cm? greater than the outside pressure, calculate the diameter of the
droplet of water. [Ans. 1.94 mm]

. Find the surface tension in a soap bubble of 30 mm diameter when the inside pressure is 1.962 N/m? above

atmosphere. [Ans. 0.00735 N/m]

. The surface tension of water in contact with air is given as 0.0725 N/m. The pressure outside the droplet of

cm

: 2 . N :
‘water of diameter 0.02 mm is atmospheric ([0.32 —I_J Calculate the pressure within the droplet of

water. [Ans. 11177 N.‘cmz}"
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25

26.

27.

28.

29.

30.

31.

32.

fa
L)

34.

24. Calculate the capillary rise in a glziss tube of 3.0 mm diameter when immersed vertically in (a) water,. and

(b) mercury. Take surface tensions for mercury and water as 0.0725 N/m and 0.52 N/m respectively in

contact with air. Specific gravity for mercury is givep as 13.6. [Ans. 0.966 cm, 0.3275 cm]
The capillary rise in the glass tube used for measuring water level is not to exceed 0.5 mm. Determine its
minimum size, given that surface tension for water in contact with air = 0.07112 N/m. [Ans. 5.8 cm]

(SI Units). One litre of crude oil weighs 9.6 N. Calculate its specific weight, density and specific gravity.

(Converted to SI units, A.M.LE., Summer 1986) [Ans. 9600 N/m’; 979.6 kg/m’ ; 0.9786]
(SI Units). A piston 796 mm diameter and 200 mm long works in a cylinder of 800 mm diameter, If the
annular space is filled with a lubricating oil of viscosity 5 cp (centi-poise), calculate the speed of descent of

the piston in vertical position. The weight of the piston and axial load are 9.81 N. [Ans. 7.84 m/s]
(SI Units). Find the capillary rise of water in a tube 0.03 cm diameter. The surface tension of water is
0.0735 N/m. [Ans. 9.99 cm]

Calculate the specific weight, density and specific gravity of two litres of a liquid which weight 15 N.
(Delhi University, April 1992) [Ans. 7500 N/m>, 764.5 kg/m’, 0.764]
A 150 mm diameter vertical cylinder rotates concentrically inside another cylinder of diameter 151 mm.
Both the cylinders are of 250 mm height. The space between the cylinders is filled with a liquid of viscosity
10 poise. Determine the torque required to rotate the inner cylinder at 100 r.p.m,
“(Delhi University, April 1992) [Ans. 13.87 Nm]
A shaft of diameter 120 mm is rotating inside a journal bearing of diameter 122 mm at a speed of 360 r.p.m.
The space between the shaft and the bearing is filled with a lubricating oil of viscosity 6 poise. Find the
power absorbed in oil if the length of bearing is 100 mm.(Delhi University, May 1998) [Ans. 115.73 W]
A shaft of diameter 100 mm is rotating inside a journal bearing of diameter 102 mm at a space of 360
r.p.m. The space between the shaft and bearing is filled with a lubricating oil of viscosity 5 poise. The
length of the bearing is 200 mm. Find the power absorbed in the lubricating oil.
(Delhi University, June 1996) [Ans. 111.58 W]

. Assuming that the bulk modulus of elasticity of water is 2.07 x 10° kN/m? at standard atmospheric

conditions, determine the increase of pressure necessary to produce 1% reduction in volume at the same

temperature. . . (Delhi University, June 1997)
; —dV
[Hint. K = 2.07 x 105 kNim?; =2 = L _g01.
v 100

-dV

Increase in pressure (dp) = K x [ ] =2.07 % 10°% 0.01 = 2.07 x 10* kN/m®. ‘Ans. :’

A square plate of size L mx 1 m and weighing 350 N slides down an inclined plane with a uniform velocity

- of 1.5 m/s. The inclined plane is laid on a slope of 5 vertical to 12 horizontal and has an oil film of 1 mm

thickness. Calculate the dynamic viscosity of oil. [J.N.T.U., Hyderabad, S 2002]
[Hint. A=1x1=1m’W=350N, =15 m/s, tan 0 = — = o=
12 AB
Component of weight along the plane = W x sin 6
BC 5 .+ AC=4AB? + BC?
where sin 8= —=—
. s s ' =J122+52=13

F =W sin 8 = 350 X"% = 134.615

Now T =p$,wheredu=u—0=u=1,5mfsand
y
dy=1mm=1x10"m
: -3 :
O s e st o K G LARGLS XN o N8 2 cos poise  Ans.]
A dy A du 1 =
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CHAPTER

Pressure and its Measurement

» 2.1 FLUID PRESSURE AT A POINT

Consider a small area dA in large mass of fluid. If the fluid is stationary, then the force exerted by
the surrounding fluid on the areadA will always be perpendicular to the surface dA. Let dF is the force

: § P : e 3 :
acting on the area dA in the normal direction. Then the ratio of o is known as the intensity of

pressure or simply pressure and this ratio is represented by p. Hence mathematically the pressure at a
point in a fluid at rest is

_dF
dA~ :
If the force (F) is uniformly distributed over the area (A), then pressure at any point is given by
B horce
p=—= ;
A  Area

Force or pressure force, F = p X A.

The units of pressure are : (i) kgf/m? and kgf/em 2in MKS units, (ii) Newton/m 2 or N/m 2 and
N/mm? in SI units. N,’mz'is known as Pascal and is representéd by Pa. Other commonly used units of
pressure are :

' kPa = kilo pascal = 1000 N/m?
bar = 100 kPa = 10° N/m’.

» 2.2 PASCAL'S LAW

It states that the pressure or intensity of pressure at a point
in a static fluid is equal in all directions. This is proved as : Py * dy *1
The fluid element is of very small dimensions i.e., dx, dy
and ds. : %
Consider an arbitrary fluid element of wedge shape in a
fluid mass at rest as shown in Fig. 2.1. Let the width of the ; Ipy»axe1
element perpendicular to the plane of paper is unity and p,. Fig. 2.1 Forces on a fluid element.

34
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I; : : Pressure and its Measurement 354]

p, and p_ are the pressures or intensity of pressure acting on the face AB, AC and BC respectively. Let
ZABC = 9. Then the forces acting on the element are :
1. Pressure forces normal to the surfaces.

2. Weight of element in the vertical direction.
The forces on the faces are :
Force on the face AB = p, % Area of face AB
=p . Xdyxl1
Similarly force on Ihe face AC=p, xdxx 1
Force on the face BC =p.xdsx1
Weight of element = (Mass of-element) X g
= (Volume X p) X g = {—-—AB);AC X 1) XpXeg
where p = density of fluid.
Resolving the forces in x-direction. we have
p.Xdyx1—-p(dsx1)sin(90°-6) =0
or p.Xdvx1-p dsx1cos® =0.
But from Fig. 2.1, dscos 6 =AB =dy
peXdyx1l-p . xdyx1 =0
or Py = P- (2t l)
Similarly, resolving the forces in y-direction, we get
p.xdxx 1= p.xdsx1cos (90° - 8) d"xﬂ X1 Xpxg=0
or pvxdt—p:dssinﬁ———'éixpxg:O.

But ds sin 8 = dx an& also the element is very small and hence weight is negligible.
pdx—p.xdx=0

or i P =P ~12:2)
From equations (2.1) and (2.2), we have
P =Py =P; ..(2.3)

The above equation shows that the pressure at any point in x, y and z dll’CLlIOBS is equal.
Since the choice of fluid element was completely arbitrary, which means the pressure at any point

is the same in all directions.

» 2.3 PRESSURE VARIATION IN A FLUID AT REST

The pressure at any point in a fluid at rest is obtained by the Hydro-
static Law which states that the rate of increase of pressure in a \F\REE i ea sl
vertically downward direction must be equal to the specific WElgh[ of
! - the fluid at that point. This is proved as :
Consider a small fluid element as shown in Fig. 2.2

Let AA = Cross-sectional area of element
AZ = Height of fluid element
p = Pressure on face AB
7 = Distance of fluid element from free surface. )
" The forces acting on the fluid element are % : Fig
.
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136 Fluid Mechanics i

1. Pressure force on AB = p X AA and acting perpendicular to face AB in the downward direction.

2. Pressure force on CD =[p + %;-K\ZJ X AA, acting perpendicular to face CD, vertically upward

direction.

3. Weight of fluid element = Density X g X Volume = p X g X (A4 x AZ).

4. Pressure forces on surfaces BC and AD are e
element, we have

qual and opposite. For equilibrium of fluid

(2.4)

pM—(p+§£-AZJAA+ngx(AAXAZ)=O
op : 2 &
or pAA—pAA——jEAZAA+p><g><AA><Z=O
ap .
or -~ S AZAM + p X g X AAAZ =0
0Z
dp dp : Sz
or ﬁz&ZAA:px_ngAaZ or a—z-=p><g[canccihngAAAZonbolhmdes]
dp
— =pXg=w Xg=w
57 ~PXg=m (v pxg=w)

where w = Weight density of fluid.

Equation (2.4) states that rate of increase of pressure in a vertical direction is equal to weight

density of the fluid at that point. This is Hydrostatic Law.
By integrating the above equation (2.4) for liquids, we get

2.5

...(2.6)

ldp = [pgz
or p=pgZ
where p is the pressure above atmospheric pressure and Z is the height of the point from free
surfaces. '
From equation (2.5), we have Z=—2—
pPxg’

Here Z is called pressure head.
Problem 2.1 A hydraulic press has a ram

of 30 cm diameter and a plunger of 4.5 cm diameter. Find

the weight lifted by the hydraulic press when the force applied af the plunger is 500 N.

Solution. Given :
Dia. of ram,
Dia. of plunger,

D=30cm=03m
d=45cm=0.045 m

Force on plunger, F=500N

Find weight lifted =

Area of ram, A= g D= ; (0.3)% = 0.07068 m?
Atea of plunger, o= f &= ; (0.045)% = 00159 m?

T T S S Rl L™ L TR e S R B T
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Pressure and its Measurement 37

Pressure intensity due to plunger F

_ Force on plunger _ £ 500

~ Areaof plunger a = .00159

N/m?>,

-PLUNGER

H Due to Pascal’s law, the intensity of pressure will be
equally transmitted in all directions. Hence the pressure
intensity at the ram
= 29 _ 3144654 Nim?
00159
! Wei
But pressure intensity at ram = —ig'—m— = E = i N/m?
. Areaofram A  .07068
W -
= 3144654
07068
Weight = 314465.4 x.07068 = 22222 N = 22.222 kN. Ans.
? Problem 2.2 A hydraulic press has a ram of 20 cm diameter and a plunger of 3 cm diameter. It is
used for lifting a weight of 30 kN. Find the force required at the plunger.
Solution. Given :
Dia. of ram,- D=20cm=02m
Area of ram, A=7 D= g(.z)2 = 0.0314 m’
Dia. of plunger d=3cm=0.03 m
Area of plunger, a= -:-(.03)2 =7.068 x 107* m?
Weight lifted, W= 30 kN =30 x 1000 N = 30000 N.
See Fig. 2.3.
; - Force' - °F
Pressure intensity developed due to plunger = = —
rea a
% = By Pascal’s Law, this pressure is transmitted equally in all directions

\ F
Hence pressure transmitted at the ram = —
a

Force acting on ram = Pressure intensity X Area of ram
F Fx.0314
A -

a  7.068x107
But force acting on ram = Weight lifted = 30000 N
s v R i
7.068 x 10
- -4
4 Fe 30000 x 7.068 X 10~ _ 675.2 N. Ans.
0314 -

Problem 2.3 Calculate the pressure due to a column of 0.3 of (a) water, (b) an oil of sp. gr. 0.8,
and (c) mercury of sp. gr. 13.6. Take density of water, p = 1000 ke/m’.

Solution. Given

Height of liquid column, Z=0.3m.

scanned by Fahid
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The pressure at any point in a liquid is given by equation (2.5) as

- Y P =pgZ
E (a) For water, p = 1000 kg/m’
| ; p = pgZ= 1000 x 9.81 x 0.3 = 2943 N/m>
2043
= 2. Ans.

(b) For oil of sp. gr. 0.8,
From equation (1.14), we know that the density of a fluid is equal to specific gravity of fluid
multiplied by density of water.

Density of oil, po = Sp. gr. of 0il x Density of water (pp = Density of oil)
=0.8 x p = 0.8 x 1000 = 800 kg/m’
Now pressure, & P=PoXgXZ .
=800 X 9.81 X 0.3 = 2354.4 —N? =2 lz

m 10* cm
? N
| = ,0.2354 =¥ Ans.
% cm

(¢) For mercury, sp. gr. Sl e

From equation (1.1A) we know that the density of a fluid is equal to specific gravity of fluid
multiplied by density of water

*. Density of mercury, ~ p, = Specific gravity of mercury x Density of water
= 13.6 x 1000 = 13600 kg/m’
P=pXgXZ
: =2
40025 = 4.002 l Ans
cm?

Problem 2.4 The pressure intensity at a point in a fluid is given 3.924 N/em?®. Find the corre-
sponding height of fluid when the fluid is : (a) water, and (b) oil of sp. gr. 0.9. '
Solution. Given :

Pressure intensity, p= 3.924 l =3.924 x 10* 1
em’ m?
The corresponding height, Z, of the fluid is given by equation (2.6) as
ZOWE
i pxXg
| (a) For water, - p = 1000 kg!m3
i 4
il -3—9-2—‘!5—1—-0-—- = 4 m of water. Ans.
pxg 1000 x9.81
(b) For oil, sp. gr. =09
*. Density of oil Po= 0.9 x 1000 = 900 kg/m’
; 392 : ;
z=—p  _3984XI0° _ 4 nidremed ks, Fahid
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Problem 2.5 Anoilofsp. gr. 0.9 is contained in a vessel. At a point the height of oil is 40 m. Find
the corresponding height of water at the point. :
Solution. Given :

Sp. gr. of oil, S3=09
Height of oil, Zy=40m
Density of oil, Po = Sp. gr. of oil x Density of water = 0 9 x 1000 900 kofm
Intensity of pressure, P =P %X gxZy=900 x 9.81 x 40 =

Corresponding height of water = - £ _

; Density of water X g

- 200x981x40 _ 59 » 40 = 36 m of water. Ans.
1000 x9.81

Problem 2.6 An open tank contains water upto a depth of 2 m'and above it an oil of sp. gr. 0.9 for
a depth of 1 m. Find the pressure intensity (i) at the interface of the two liquids, and (ii) at the bottom
of the rank.

Solution. Given : _ _
Height of water, : Z,=2m
Height of oil, Z,=1m
Sp. gr. of oil, . 5,=09
Density of water, p, = 1060 kg/m®
Density of oil, P> = Sp. gr. of oil X Densuy of water
b = = 0.9 x 1000 = 900 kg/m’
Pressure mtcnﬂny at any point is given by
! 3 =pXgXZ
(i) At interface, i.e., at A : s
p=py;xgx1.0
=900 x9.81 x 1.0
i Sghoe IS0
m

(ii) At the bottom, i.e., at B
P=p,X8Z + Py XgxZ =900 x9.81 x 1.0+ 1000 x 9.81 x 2.0 -
28449 '

= 8829 + 19620 = 28449 N/m* = S N/cm? = 2.8449 N/cm>. Ans:

]
' Problem 2.7 The diameters of a small piston and a large piston of a hydraulic jack ate 3 cm and
10 cm respectively. A force of.80 N is applied on the small piston. Find the load lifted by the large
piston when : :

(a) the pistons are at the same level.
| (b) small piston is 40 cm above the large piston.

The density of the liquid in the jack is given as 1000 Lg/m
‘ Solution. Given :

Dia. of small piston, d=3cm

. L
Area of small piston, dz = x (3)* = 7.068 cm’ Xcanned by Fahid
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Dia. of large piston, D=10cm
- Area of larger piston, A= g X (]0]2 = 78.54 cm?
Force on small piston, F=80N
Let the load lifted =W.
(a) When the pistons are at the same level
Pressure intensity on small piston SMALL
F 5 “PISTON
— = —— Nfcm
a 7068
This is transmitted equally on the large piston.
Pressure intensity on the large piston
R0
= " 7.068
: Force on the large piston = Pressure X Area i

X 78.54 N = 888.96 N. Ans.

~ 7.068
(b) When the small piston is 40 cm above the large plston

-Pressure intensity on the small piston e
17 80 N

a 7.068 cm’

Pressure intensity at section A — A

= L + Pressure intensity due to height of 40 cm of-liquid.
a

But pressure intensity due to 40 cm of liquid
=p X gxh=1000 x 9.81 x 0.4 N/m?

= 1000981 %40 Niem? = 0.39944N/ck2

10*
Pressure intensity at section
80
A-A= + 0.3924
7.068

=11.32 + 0.3924 = 11.71 N/cm?
Pressure intensity transmitted to the large piston = 11.71 N/cm?
Force on the large piston = Pressure x Area of the large piston
=11.71 x A =11.71 x 78.54 = 919.7 N.

» 2.4 ABSOLUTE, GAUGE, ATMOSPHERIC AND VACUUM PRESSURES

The pressure on a fluid is measured in two different systems. In one system, it is measured above
the absolute zero or complete vacuum and it is called the absolute pressure and in other system,
pressure is measured above the atmospheric pressure and it is called gauge pressure. Thus :

1. Absolute pressure is defined as the pressure which is measured with reference to absolute
vacuum pressure.

2. Gauge pressure is defined-as the pressure which is measured éxtaplﬁg‘d%l/pl:&ﬁ,ﬁd)rcssurc

measuring instrument, in which the atmospheric pressure is taken as dpﬁrp C?gafégl?fyf}g&zmpm[
sure on the scale is marked as zero.
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3. Vacuum pressure is defined as the pres-

w
sure below the atmospheric pres : = A ! i
R IOSPIS T BITAIS B |TF *T °  GAUGE PRESSURE

The relationship between the absolute pres- @ ATMOSPHERIC
sure, gauge pressure and vacuum pressure are & : /PRESSURE
shown in Fig. 2.7.

Mathematically : R RS ey TS

- ABSOLUTE

(i) Absolute pressure PRESSURE B

= Atmospheric pressure + Gauge pressure

Ok Pab= Pam + Pgauge ABSOLUTE ZERO PRESSURE
(if) Vacuum pressure :
= Atmospheric pressure — Absolute pressure.
Note. (i) The atmospheric pressure at sea level at 15°C is 101.3 kN/m? or 10.13 N/em? in SI unit. In case of
MKS units, it is equal to 1.033 kgffem?,
(ii) The atmospheric pressure head is 760 mm of mercury or 10.33 m of water.
Problem 2.8 What are the gauge pressure and absofme pressure at a point 3 m below the free
surface of a liquid having a densiry of 1.53 x 10° kg/m” if the-atmospheric pressure is equi .fn'em‘ to
750 mm of mercury ? The specific gravity of mercury is 13.6 and density of water = 1000.kg/m’.
(AM.LE., Summer 1986)

Fig.2.7 Relationship between pressures.

Solution. Given :

Depth of liquid, Z,=3m
Density of liquid, p, = 1.53 x 10° kg/m® =2
Atmospheric pressure head, * Zy=750 mm of Hg
= 10 0 75 m of Hg
TR Sgetnide iy Bese - 1000255
Atmosphenc pressure, p.o =P X g-X Zrj -
where py= Densny of Hg = Sp. gr. of mercury x Density of water = 13.6 X 1000 kg/m
and Zy = Pressure head in terms of mercury.
{ Patm = (13.6 X IOOOJ % 9.81 x 0.75 N/m* (S Zy—0-713)
; = 100062 N/m®
Pressure at a point, which is at a depth of 3 m from the free surface of the liquid is given by,
P=pPyXgXZ :
= (1.53 x 1000) x 9.81 x 3 = 45028 N/m?>
Gauge pressure, p = 45028 N/m’. Ans
Now absolute pressure = Gauge pressure + Atmospheric pressure

= 45028 + 100062 = 145090 N/m>. Ans.

» 2.5 MEASUREMENT OF PRESSURE

The pressure of a fluid is measured by the following devices :
I. Manometers . . 2. Mechanical Gauges.
2.5.1 Manometers. Manomelera. are defined as the devices used for measuring the pressure at

" apoint in a fluid by balancing the columni of fluid by the same or anothercolumnbbthé flaidl They are

i s - e PDF created by AAZSWame
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(a) Simple Manometers, (b) Differential Manometers.
2.5.2 Mechanical Gauges. Mechanical gauges are defined as the devices used for measuring
the pressure by balancing the fluid column by the spring or dead weight. The commonly used me-
chanical pressure gauges are :

(@) Diaphragm pressure gauge, () Bourdon tube pressure gauge,
(¢) Dead-weight pressure gauge, and (d) Bellows pressure gauge.

» 2.6 SIMPLE MANOMETERS

A simple manometer consists of a glass tube having one of its ends connected to a point where
pressure is to be measured and other end remains open to atmosphere. Common types of simple
manometers are :

1. Piezometer,

2. U-tube Manometer, and __

3. Single Column Manometer.

2.6.1 Piezometer. It is the simplest form of manometer used
for measuri'ng gauge pressures. One end of this manometer is con-
nected to the point where pressure is to be measured and other end is -
open to the atmosphere as shown in Fig. 2.8. The rise of liquid gives
the pressure head at that point. If at a point A, the height of liquid say
water is & in piezometer tube, then pressure at A

=pxgxh

me Fig. 2.8 Piezometer.
2.6.2 U-tube Manometer. It consists of glass tube bent in U-shape, one end of which is
connected to a point at which pressure is to be measured and other -end remains open to the
atmosphere as shown in Fig. 2.9. The tube geperally contains mercury or any other liquid whose
specific gravity is greater than the specific gravity of the liquid whose pressure is to be measured.

(a) For gauge pressure (b) For vacuum pressure

Fig.2.9 U-tube Manometer.
(a) For Gauge Pressure. Let B is the point at which pressure is to be measured, whose value is p.
The datum line is A-A.
Let h, = Height of light liquid above the datum line
h;, = Height of heavy liquid above the datum line
S, = Sp. gr. of light liguid
p, = Density of light liquid = 1000 x §, d
S, = Sp. gt. of heavy liquid scanned by Fahid

p, = Density of heavy liquid = 1000 x S, PDF created by AAZSwapnil
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. As the pressure is the same for the horizontal surface. Hence pressure above the horizontal datum
line A-A in the left column and in the right column of U-tube manometer should be same.

Pressure above A-A in the left column =p+pyxXegxh

Pressure above A-A in the right column =p.Xgxh,

Hence equaling the two pressures - p+ pighy = paghy

: p=Apgh, —py Xg X hy). . -:(2.7)

(b} For Vacuum Pressure. For measuring vacuum pressure, the level of the heavy hqutd in the
manometer will be as shown in Fig. 2.9 (b): Then

Pressure above A-A in the left column =p.gh, + pigh, +p
Pressure head in the right column above . A-A=0 -
Paghy + p1ghy + p =0 .
p=-(pghy + p1ghy). (2:8)

Prnblem 2.9 The right limb of a srmpz’e U-tube manometer containing mercury is open to the
atmosphere while the left limb is connected to a pipe in which a fluid of sp. gr. 0.9 is flowing. The
centre of the pipe is 12 cm below. the level of mercury in the right limb. Find the pressure of fluid in
the pipe if the difference of mercury level in the two limbs is 20 cm.

Solution. Given :

Sp. et. of fluid, Si= 09 |

. Density of fluid, p, =5, x 1000 = 0.9 x 1000 = 900 kg/m’ T

Sp. gr. of mercury, S 816 : T

. Density of mercury, p, = 13.6 x 1000 kg/m’ 2

lefercnee of mercury level - h, =20 cm =0.2 m i
A

- ~ Height of fluid from A-A; —h;=20-12= 8cm OOSm
' - Let p = Pressure of fluid in pipe
Equating the pressure above ‘A-A, we get
P+ Pighy =pigh, - !
or ) +900 x 9.81 xp[]).oé = {1}3.6 x 1000 x 9.81 x .2 e
: = 13.6 x 1000 x 9.81 x .2 — 900 x 9.81 x 0.08
= 26683 — 706 = 25977 N/m” = 2.597 N/cm>. Ans.

Problem 2.10 A simple U-tube manometer containing mercury is connected to a pipe in which a
fluid of sp. gr. 0.8 and having vacuum pressure is flowing. The other end of the manometer is open to

atmosphere. Find the vacuum pressure in pipe, if the difference of mercury level in the two limbs is 40
| cm and the height of fluid in the Iefrfmm the centre of pipe is 15 cm below.

) Solution. Given :
Sp. er. of fluid, ies U,S
Sp. gr. of mercury, S, =13.6
Density of fluid, pr = 800
Density of mercury, p> = 13.6 x 1000
Difference of mercury level, i, = 40 cm = 0.4 m. Height of liquid inleft limb.#, =

i = 15 cm = 0.15 m. Let the pressure in pipe = p. Equating. pressure above datum

line A-A. we get scanned by FqugdZ 1
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p==1pagh, + pigh] ;
= [13.6 X 1000 x 9.81 x 0.4 + 800 x 9.81 x 0.15]
=—[53366.4 + 1177.2] = - 54543.6 N/m" = — 5.454 N/cm>. Ans.

Problem 2.11 A U-Tube manometer is used to measure the pressure of water in a pipe line, which
is in excess of atmospheric pressure. The right limb of the manometer contains mercury and is open to
armosphere. The contacr between water and mercury is in the left limb. Determine the pressure of
water in the main line, if the difference in level of mercury in the limbs of U-tube is 10 cm and the

- free surface of mercury is in level with the centre of the pipe. If the pressure of water in pipe line is

reduced to 9810 N/ni’, calculate the new difference in the level of mercury. Sketch the arrangements
in both cases. (AM.LE., Winter 1989)
Solution. Given :
Difference of mercury =10cm=0.1 m
The arrangement is shown in Fig. 2.11 (a)
Let p, = (pressure of water in pipe line (i.e., at point A) {
The points B and C lie on the same horizontal line. Hence pressure at B should be equal to pressure
at C. But pressure at B
= Pressure at A + Pressure due to 10 cm (or 0.1 m) Bt T
of water : - -~ RIGHT LIMB —_
=pa+pXgxh
where p = 1000 kg/m* and h=0.1 m
=pa+ 1000 x 9.81 x 0.1
= pa + 981 N/m’ (i)
Pressure at C = Pressure at D + Pressure due to 10 ¢cm of mercury -
=0+ pyxgxhy
where p, for mercury = 13.6 x 1000 kg/m*

and hy=10cm = 0.1 m
Pressure at C =0 + (13.6 x 1000) x 9.81 x 0.1
= 13341.6 N ...(ii)

But pressure at B is equal to pressure at C. Hence equating the equa-
tions (i) and (ii), we get

Pa +981 = 133416 Fig. 2.11 (@)

Pa = 133416 - 981
= 12360.6 - . Ans.
m

IInd Part
Given, p, =9810 N/m>
Find new difference of mercury level. The arrangement is shown in Fig. 2.11 (b). In this case the
pressure at A is 9810 N/m? which is less than the 12360.6 N/m?. Hence mercury in left limb will rise.
The rise of mercury in left limb will be equal to the fall of mercury in right limb as the total volume of
mcrcury remains same.
Let x = Rise of mercury in left limb in cm
Then fall of mercury in right limb = x cm scanned by Fahid
The points B, C and D show the initial conditions whereas points Bip) €% and D} show the final pnil

conditions.
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The pressure at B* = Pressure at C*

or Pressure at A + Pressure due to (10 — x) cm of water
= Pressure at D* + Pressure due to
(10 — 2x) cm of mercury
or Pat P XgXh =pp*+pyxgxh, K=o

or 1910+ 1000 X 9.81 x(""")
“ 100

10-2x
=0+ (13.6 x1000) x 9.81 X | ———
( ) ( 100 ]

Dividing by 9.81, we get .

or 1000 + 100 — 10x = 1360 — 272x
or 272x — 10x = 1360 — 1100
or 262x = 260
x=22 0992 cm
262 '
New difference of mercury = 10 — 2x cm =10 - 2 x 0.992 Fig: 211 (h)
= 8.016 cm. Ans.

Problem 2.12 Fig. 2.12 shows a conical vessel having its outlet at A to which a U-tube manometer
is connected. The reading of the manometer given in the figure shows when the vessel is empty. Find the

reading of the manometer when the vessel is completely, filled with water. (A.M.LE., Winter 1975)

- Solution. Vessel is empty. Given : o _ 1 2M —

Difference of mercury level - hy; =20 cm el : '

Let k, = Height of water above X-X

Sp. gr. of mercury, S, =13.6

Sp. gr. of water, : 5, =10 %

Density of mercury, p, =13.6 x 1000

Density of water, p; = 1000

Equating the pressure above datum line X-X, we have
P2 X gXhy=pyXgxh

or 13.6 x 1000 x 9.81 x 0.2 = 1000 x 9.81 x h;
hy =2.72 m of water.
Vessel is full of water. When vessel is full of water, the Fig. 2.12

pressure in the right limb will increase and mercury level in the right limb will go down. Let the
distance through which mercury goes down in the right limb be, y cm as shown in Fig. 2.13. The
mercury will rise in the left by a distance of y cm. Now the datum line is Z-Z. Equating the pressure
above the datum line Z-Z. ' s
Pressure in left limb = Pressure in right limb 7
13.6 x 1000 x 9.81 x (0.2 + 2y/100) Ly ;
. = 1000 x 9.81 x (3 # &, + ¥/100) scanned by Fahid
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or 13.6 % (0:2 + 2y/100) = (3 + 2.72 + /100) (= h; =272 cm)

or * 2,72 + 27.2y/100 = 3 + 2.72 + /100

OT = (27.2y — y)/100 = 3.0

or © 262y =3 x 100 = 300 2t
v=ﬂ-——l].45 cm ' T
"7 262 E

The difference of mercury level in two limbs L 1___ i i M
& At Yy #Y :
= (20 + 2y) cm of mercury : T 20cm [ ‘L x (20 + 2y) em l
=20+2 x11.45=20+ 2290 e ?r__‘ 4y

= 42.90 cm of mercury

Reading of manometer = 42.90 cm. Ans. Fig. 2.13
Problem 2.13 A pressure gauge consists of two cylindrical bulbsB and C each of 10 sq. cm cross-
sectional area, which are connected by a U-tube with vertical limbs each of 0. 25 $q. cm cross-
sectional area. A red liquid of specific gravity 0.9 is filled into C and clear water is filled into B, the
. surface of separation being in the limb attached to C. Find the displacement of the surface of
| separation when the pressure on the surface in C is greater than that in B by an amount equal to 1 cm
‘ head of water. ; (A.M.LE., Summer,-1978)

Solution. Given :
Area of each bulb B and C, A =10 cm’

Area of each vertical limb, a=025cm’ :
Sp. gr. of red liquid =09 . -, - Its density. = 900 kg/m’
Let X-X = Initial separation level
 he = Height of red liquid above X-X
' hg = Height of water above X-X

Pressure above X-X in the left limb = 1000 x 9.81 X hp

Pressure above X-X in the right limb = 900 x 9.81 X k.
Equating the two pressure, we get

1000 x 9.81 X hy = 900 x 9.81 X h,
hg =09 he (D)
When the pressure head over the surface in C is
increased by 1 cm of water, let the separation level

falls by an amount equal to Z. Then Y-Y becomes the
final separation level. hg —E’WATE hs
Now fall in surface level of C miiltiplied by cross- =
sectional -area of bulb C must be equal to the fall in L =] |
v 1 e i b RS G O INITIAL
ep ration level multiplied by cross-sectional area of X SePAAE
limb. Ul B Z  LEVEL
SEPARATION E
Fall in surface level of C poE A
Fall in separation level xa ~~ ‘S——=====
= spArTI scagned, by Fahid
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_Zxa Zx025 Z
RTA 0
Also fall in surface level of C
= Rise in surface level of B
2 Z
)
The pressure of 1 cm (or 0.01 m) of water = pgh = 1000 x 9.81 x 0.01= 98.1 N/m?
Consider final separation level Y-Y

' z
Pressure above Y-Y in the left limb = 1000 x 9.81 [Z +hy + E]

VA
Pressure above Y-Y in the right limb = 900 % 9.31(2 +he — 16) +98.1

Equating the two pressure, we get

1000 x’9‘81'(2+h3+—§-] [z+h¢_£] 900 x 9.81 + 98.1
40 40 |
Dividing by 9.81, we get ' §

1000 (Z+h3+£J - 900 [Z+hc _EJ g
\ 40 40/

Dividing by 1000, we get Z + hy + ZZE’— =09 (Z +he — Z%) +0.01 °

But from equation (i), : hg =09 h

Z+09 ho+ L %X 0.9+ 0.9 he+ 001~ -

: 40 40 : :
& AT

40 40
i ' %
g Z(ﬂ_Bst):m - 2[41 35.1] s
_ 405540 40

= % = 0.0678 m = 6.78 cm. Ans.

2.6.3 Single Column Manometer. Single column manomter is 2 modified form of a U-tube
manometer in which a reservoir, having a large cross-sectional area (about 100 times) as compared to
the area of the tube is connected to one of the limbs (say left limb) of the manometer as shown in Fig. 2.15.
Due to large cross-sectional area of the reservoir, for any variation in pressure, the change in the
liquid level in the reservoir will be very small which may be neglected and-hence the pressure is given
by the height of liquid in the other limb. The other limb may be vertical or inclined. Thus there are two
types of single column manometer as :

1. Verical Single Column Manometer.

2_ Inclined Single Column Manometer.
1. Vertical Single Column Manometer

Fig. 2.15 shows the vertical single column-manometer. Let X-X be the datum line in the reservoir
and in the right limb of the manometer, when it is not connected to theifﬁ}@n%gy tﬁ@%ometcr is

created by AAZSwapnil
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connected to the pipe, due to high pressure at A, the heavy liquid in the reservoir will be pushed
downward and will rise in the right limb.

Let Ah = Fall of heavy liquid in reservoir
i, = Rise of heavy liquid in right limb
hy = Height of centre of pipe above X-X
P4 = Pressure at A, which is to be measured

A = Cross-sectional area of the reservoir

a = Cross-sectional area of the right limb

8, = Sp. gr. of liguid in pipe

S, = Sp. gr. of heavy liquid in reservoir and right limb
p;= Density of liquid in pipe - Fig. 2.15 Vertical single colimn
p> = Density of liquid in reservoir mansmeler
Fall of heavy liquid in reservoir will cause a rise of heavy liquid level in the right limb.
! AXAh=axh,
an= 220 )
Now consider the datum line Y-Y as shown in Fig. 2.15. Then pressure in the right limb above Y-Y.
=P,y X g X (Ah+ hy)
Pressure in the left limb above Y-Y = p, x g x (Ah + h,) + D
Equating these pressures, we have

P2 X g X (Ah+ hy)) =p; xgx(Ah+ h)) + p,

gy Pa =P8 (Ah+ ) — pig(Ah + hy)
= Ah[p,g — p gl + hyp,8 — hipg
But from equation (i), Ah = f”;ﬁ
axh

Pa=——="[P2g~ 18] + hyprg ~ hypyg . A2.9)

As the area A is very large as compared to a, hence ratio % becomes very small and can be
neglected. _

Then py = hyp,g — h1P|3 -.(2.10)

From equation (2.10), it is clear that as h, is known
and hence by knowing A, or rise of hcavy liquid in the
right limb, the pressure at A can be calculated.

2. Inclined Single Column Manometer

Fig. 2.16 shows the inclined single column manom-
eter. This manometer is more sensitive. Due to inclina-

tion the distance moved by the heavy liquid in the right Fig. 2.16 Iggﬁpﬁﬁi@&rgﬁ; £olpwnn
limb will be more. "B ated by AAZSwapnil
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Let L = Length of heavy liquid moved in right limb. from X-X
8 = Inclination of right limb with horizontal
h, = Vertical rise of heavy liquid in right limb from X-X = L x sin 6
From equation (2.10), the pressuré at A is
Pa=hapog —hipg.
Substituting the value of h,, we get =
Py =sin B X p,g —hip;g. i s 2R
Problem 2.14 A single column manometer is connected to a pipe containing a liguid of sp. gr. 0.9
as shown in Fig. 2.17. Find the pressure in the pipe if the area of the reservoir is 100 times the area

of the tube for the manometer reading shown in Fig. 2.17. The specific gravity of mercury is 13.6.
Solution. Given : -

i

Sp. gr. of liquid in pipe, $;=09 |
Density p, =900 kg/m’
Sp. gr. of heavy liquid, S;=13.6
Density, p,=13.6 x 1000 ;Jcm
Area of reservoir A
_ S T ' :
Height of liquid, hi=20cm=02m

Rise of mercury in right limb,
h, =40 cm =04 m
Let Pi = PieSSweinpipe = s

Using equation (2.9), we get - S SR e e b

a
. PA= = hylpyg — pigl + hapag — hypig

= ﬁ % 0.4[13.6 % 1000 x 9.81 — 900 x 9.81] + 0.4 X 13.6 X 1000 x 9.81 — 0.2 x 900 x 9.81

= % (133416 — 8829] + 53366.4 — 1765.8
= 533.664 + 53366.4 — 1765.8 N/m? = 52134 N/m? = 5.21 N/cm?. Ans.

» 2.7 DIFFERENTIAL MANOMETERS

Differential manometers are the devices used for measuring the difference of pressures between
w0 points in a pipe or in two different pipes. A differential manometer consists of a U-tube, contain-
ing a heavy liquid, whose two ends are connected to the points, whose difference of pressure is to be
measured. Most commonly types of differential manometers are :

i. U-tube differential manometer and

2_ Inverted U-tube differential manometer.

~ 2.7.1 U-tube Differential Manometer. F1g 2.18 shows the differétial Manstidedrs of U-
. mshbe nype. : PDF ereated by AAZSwapnil |
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(a)Two pipes at different levels (b) A and B are at the same level
Fig.2.18 U-tube differential manometers.

Fig. 2.18 (a). Let the two points A and B are at different level and also contains liquids of different
sp. gr. These points are connected to the U-tube differential manometer. Let the pressure at A and B
are p, and py. : /

Let h = Difference of mercury level in the U-tube.

y = Distance of the centre of B, from the mercury level in the right limb.

% = Distance of the centre of A, from the mercury level in the right limb. et
p, = Density of liquid at A.
p, = Density of liquid at B. :
Pe= Density of heavy liquid or mercury.

Taking datum line at X-X.

Pressure above X-X in the left limb = p,g(h + .l) + Py
where p, = pressure at A.

Pressure above X-X in the right l]mb Pg X 8 X h + Py X gXy+pg

where pp = Pressure at B.
Equating the two pressure, wWe have

p,g(h+x)+p,, = pgxgxh+ P8y +pB
Pa— PB—PgXS'Xh+F’28"—P|g(’T+X)
=h X g(p— P1) + P28Y — P18* .-(2.12)
Difference of pressure at A and B = h X g(p,— P+ P28y — P 18X

Fig. 2.18 (b). A and B are at the same level and contains the same liquid of density p,. Then
Pressure above X-X in right limb =p, X gXh+p; X gXx+ pg
Pressure above X-X in left limb =p, XgX(h+x)+p,
Equating the two pressure :

pgxgxh+p|gx+pﬂzplxgx{h+x)+pA

Pa=Pp=Pgxgxh+pigx—pglh+x)

=g X h(p,— P (2:13)
Problem 2.15 A pipe contains an oil of sp. gr. 0.9. A differential manometer connected at the two
points A and B shows a difference in mercury level as 15 cm. Find the diffenance [of prgpsure at the

wo points. PDF created by AAZS\’\/Clpl’lil
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Solution. Gi§en :

Sp. gr. of oil, $;=0.9 . Density, p, = 0.9 x 1000 = 900 kg/m’

Difference in mercury level, h=15cm=0.15m :

Sp. gr. of mercury, S,=13.6 .. Density, p, = 13.6 x 1000 kg/m’

The difference of pressure is given by equation (2.13) g
or : PA“!;B-"&’ X h(pg—py) i

= 9.81 x 0.15 (13600 — 900) = 18688 N/m?%. Ans. :
Problem 2.16 A differential manometer is connected at the two points A and B of two pipes as |
shown in Fig. 2.19. The pipe A contains a liquid ofsp g =13 whn‘e pipe B contains a liquid of sp. |
gr. = 0.9. The pressures at A and B are 1 kg.%m and 1.80 kgf/c‘m respectively. Find the difference

in mercury level in the differential manometer. Sp.gr=15
Solution. Given : Pa =T kgf/ont
Sp. gr. of liquid at A, §; = 1.5 . p, = 1500 '
Sp. er. of liquid at B, S, =09 =~ - p, =900 =
Pressure at A, pa=1 kef/fem? = 1 x 10° kgf/m’
=10"x 9.81 Nf® (. 1 kgf=9.81 N) z
Pressure at B. pp= 18 kgffem? kgl

= 1.8 x 10* kgf/m?
=18 x 10*% 9.81 N/m? (-~ 1 kgf =981 N)
Density of mercury = 13.6 x 1000 kg/m® ¥
Taking X-X as datum line.
Prcs;ure above X-X in the left limb
. ]36><1000x981xh+1500x98]x(2+3)+pA
: : ; =13.6 x 1000 x 9.81 X & + 7500 x 9.81 + 9.81 x 10*
; Pressure above X-X in the right imb = 900 x 9.81 x (k + 2) + pg
i =900 X 9.81 x (h+2) + 1.8 x 10* x 9.81
Equating the two pressure, we get
13.6 x 1000 x 9.814 + 7500 x 9.81 + 9.81 x 10* * ° ' - |
=900 x 9.81 X (h +2) + 1.8 x 10° x 9.81 - |
Dividing by 1000 x 9.81, we get : _ : : 5
13.6h + 7.5+ 10 = (h + 2.0) x .9 + 18 ' :

Fig. 2.19

or 136h +175=09h +1.8 + 18 =09 + 19.8
or (136 -09h=198 -17.50r 12.7h =23
h= 2 =(0.181 m = 18.1 cm. Ans.
12.7

Problem 2.17 A differential rr:anomerer is connected at the two points A and B as shoun in Fig.
2.20. At B air pressure is 9.8/ N/em? (abs), f nd the absolute pressure at A.

Solution. Given :
= em?2
Air pressure at B =981 N/cm scanned by Fahid
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e Za= 0L O R . PDF created by AAZSwapnil
F r - % L 8 2 *




e e S

f52 Fluid Mechanics

Density of oil | = 0.9 x 1000 = 900 kglm"
Density of mercury = 13.6 x 1000 kg/m?
Let the pressure at A is p,
Taking datum line at X-X
Pressure above X-X in the right limb
= 1000 x 9.81 x 0.6 + pg
= 5886 + 98100 = 103986 olL oF
Pressure above X-X in the left limb ' Sp. ar.
=13.6 x 1000 x 9.81 x 0.1 + 900
x 9.81 x 0.2 + py
Y = 13341.6 + 1765.8 + p,
Equating the two pressure head

MERCURY

103986 = 13341.6 + 1765.8 + p, SPgRIS
pa = 103986 - 15107.4 = 88876.8 Fig. 2.20
2 e N lon gt N g
.10000 cm . cm

Absolute pressure at A = 8.887 N/em’. Ans.
2.7.2 Inverted U-tube Differential Manometer. It consists of an inverted U-tube, contain-
ing a light liquid. The two ends of the tube are connected to the points whose difference of pressure is —
to be measured. It is used for measuring difference of low pressures. Fig. 2.21 shows an inverted U-
tube differential manometer connected to the two points A and B. Let the pressure at A is more than the
pressure at B. :
Let h, = Height of liquid in left limb below the datum line X-X -
' h, = Height of liquid in right limb
h = Difference of light liquid
p, = Density of liquid at A
p, = Density of liquid at B
p, = Density of light kquid
p4 = Pressure at A
pg = Pressure at B.
Taking X-X as datum line. Then pressure in the left limb below X-X
=pa—P1 X8Xh.
Pressure in the right limb below X-X
=pp—P2XgXh—-p;Xgxh
Equating the two pressure
Pa—P1X8Xh =pg—pPyXxgXhy—p;Xgxh
or Pa—Pp=P1 XgXh —pyXgXhy—pyxgxh. ..(2.14)
Problem 2.18 Water is flowing through two different pipes to which an inverted differential
; manometer having an oil of sp. gr. 0.8 is connected. The pressure head in the pipe A is 2 m of water,
| find the pressure in the pipe B for the manometer readings as shown in Fig. 2.22.
Solution. Given : :

Pressure head at : A=PA =2 m of water
P8
i ‘_pﬁ=p><g><2:1000x9.81x2:19620N!m2
Fig. 2.22 shows the arrangement. Taking X-X as datum line. scanned by Fahid
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= 19620 — 1000 x 9.81 x 0.3 = 16677 N/m".
Pressuré below X-X in the right limb
= pp— 1000 X 9.81 x 0.1 — 800 x 9.81 x 0.12
=pp—981 - 941.76 = py — 1922.76
Equating the two pressure, we get
16677 = py— 1922.76
or pp = 16677 + 1922.76 = 18599.76 N/m>
or pp = 1.8599 N/cm’. Ans. Fig. 2.22

Problem 2.19 In Fig. 2.23, an inverted differential manometer is connected to two pipes A and B
which convey water. The fluid in manometer is oil of sp. gr. 0.8. For the manometer readings shown
in the figure, find the pressure d{ﬂfereuce between A and B.

Solution. Given : :
Sp. gr. of oil =08 -~ p,=800kg/m’
Difference of oil in the two limbs :

= (30 +20) - 30 = 20 cm
Taking datum line at X-X ]
Pressure in the left limb below X-X

=p, - 1000 x 9.81 x 0

= p, - 2943

Pressure in the right limb below X-X
=p3—1000>(981><03—800><981x02

240 : —p3~2943_1569_6_p3—45126

Equating the two pressure p, — 2943 =p, -4512.6 = -

Pg— Py = 4512.6 — 2943 = 1569.6 N/m>. Ans.
Problem 2.20 |/ Find out the differential reading ‘h’ of an inverted U-tube manometer containing oil of
specific gravity 0.7 as the manometric fluid when connected across pipes A and B as shown in Fig. 2.24
Below, conveying liquids of specific gravities 1.2 and 1.0 and immiscible with manometric fluid. Pipes A
and B are located at the same level and assume the pressures at A and B to be equal.

# (A.M.LE., Winfer 1985)

Solution. Given :
Fig. 2.24 shows the arrangement. Taking X-X as datum line.
Let .p,1 = Pressure at A

Pp = Pressure at B

Density of liquid in pipe A = Sp. gr. X 1000

= 1.2 x 1000

= 1200 kg/m’ _
Density of liquid in pipe B = 1% 1000 = 1000 kg/m>
Deasity of oik ="0.7 x 1000= 700 kg/m’

£
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Now pressure below X-X in the left limb
=p,— 1200 x 9.81 x 0.3 -700 x9.81 x h
" Pressure below X-X in the right limb
' = py— 1000 x 9.81 x (h +0.3)
Equating the two pressure, we get
ps— 1200 x 9.81 x 0.3 700 x 9.81 X h = pg— 1000 x 9.81 (h + 0.3)
But _. ~ pa=pg (given)
- 1200 x 9.81 x 0.3 — 700 x 9.81 x h =—1000 x 9.81 (h + 0.3)
Dividing by 1000 x 9.81 :
—-12x03-0.7Th=-(h +0.3) _
or 03x12+07Th=h+030r036-03=h-0.7h=0.3h
_036-030 _ 006 _ '
0.30 0.30

NI e k5 1 - l_

i 1 X '100:_4 '26 cm. Ans. ;
: et L0 A Al

—

Problem 2.21 An inverted U-tube manometer is connected to two horizontal pipes A and B

through which water is flowing. The vertical distance between the axes of these pipes is 30 cm. When

an oil of specific gravity 0.8 is used as a gauge fluid, the vertical heights of water columns in the two

limbs of the inverted manometer (when measured from tlhe respective centre lines of the pipes) are
" found to be same and equal to 35 cm. Determine the difference of pressure between the pipes.

(A.M.LE., Summer 1990)
Solution. Given :
Specific gravity of measuring liquid = 0.8
The arrangement is shown in Fig. 2.24 (a).

Let ps = pressure at A -

pg = pressure at B.
The points C and D lie on the same horizontal line.
Hence pressure at C should be equal to pressure at D,

But pressure at C =pys—-pgh A T
=p, — 1000 x 9.81 x (0.35) o
And pressure at D =pp—p,gh, — pogh; WATER

=pp— 1000 x 9.81 x (0.35) — 800 x 9.81 x 0.3
But pressure at C = pressure at D
pa— 1000 x 9.81 x .35
= pp — 1000 x 9.81 x 0.35 — 800 x 9.81 x 0.3 &

or 800 x9.81 x 0.3 =py—p,
: N scanned by Fahid
or Pg—Pa = 800 x 9.8_1 x 0.3 = 23544 'n? Ans. ppr created by AAZSwapnil
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» 2.8 PRESSURE AT A POINT IN COMPRESSIBLE FLUID

For compressible fluids, density (p) changes with the change of pressure and temperature. Such
problems are encountered in aeronautics, oceanography and meteorology where we are concerned
with atmospheric* air where density, pressure and temperature changes with elevation. Thus frﬁw
fluids with variable density, equation (2.4) cannot be integrated, unless the relanonshlp between p and
p is known. For gases the equation of state is

L= gT (215
P 5 2 .
p
or =
P RT
: : dp p
Now equation (2.4) is — =w=pg=—X
ow:equation (2.4) > Pe= —r X8
L : ..(2.16)
P .RT
In_equation (2.4), Z is measured vertically downward. But if Z is measured vertically up, then
j—‘; = — pg and hence equation (2.16) becomes
4 _-8 4y ()
P RT

2.8.1 Isothermal Process. Case L If temperature T is constant which is true for isothermal
process, equation (2.17) can be im_e:gra;ed as

?d z : V4
o Bt
Py p Z, RT RT Z,
1o i g o
or : log =— = [/ Zy)
py RT

where p, is the pressure where height is Z,. If the datum line is taken at Zy, then Z; = 0 and p;
becomes the pressure at datum line.

logi SgE S,
Py RT
P — o~ SURT
Po 5
or pressure at a height Z is given by p = pye™ 8757 ..(2.18)

2.8.2 Adiabatic Process. If temperature T is not constant but the process follows adiabatic
law then the relation between pressure and density is given by

= Constant = C (i)

* The standard almos‘pherlc pressure, temperature and density referred to STP at the sea-level are :
Pressure = 101.325 kN/m” ; Temperature = 15°C and Density = 1.225 kg/ist1nned by Fahid :
PDF created by AAZSwapnil
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where k is ratio of specific constant.

or

s

Then equation (2.4) for Z measured vertically up becomes,

dp p 1k
7 (E] g
d, dj
or pm =—gdZ or Cm—l‘?— =-gdZ
g) S ]
[C P

w’

E ] ol
k| P gl AT W
or @ 0 =-¢ [2];,
stz dag :
k ~Pg
ka -1/k+117 3
or ‘ID =-g [Z];éD [C is a constant, can be taken inside]
-——+1
k =Po
17k 1k
But from equation (i), c* = [-‘(-1—] ==
P p
Substituting this value of C'* above, we get 1
' Wk _~1k+172
22| =—sz-2
Pt
k =Po
1-1+k=p .
k k » -
or _TT—‘_’; =—g[Z—ZO]0r[mk_ 13] = g[Z-7Z)]
o -1lp =
=Po
k P Pa]
o ST S AA
k-1 [P Po
If damm line is taken at Zo, where pressure, tempcraturc and density are pg, T, and p, then Z, = 0.
k [p By s k-1
k=1{p Ppo Po ok
(k-1
or E:&_gz(_?;&[l_k 182_9_0_:\
P po k Po Po

scanned by Fahid
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k-1 1 '
or Ly Po _ 1+——gz&J ' )
P k Po
! k 17k
But from equation (i), i{ = _p% or [.pij =Pae-Pos {EG_J
pt Siph p) p p \p

Substituting the value of Po ; in equation (iii), we get
p

1k
_{)_X(E{l) — l_k__._lgzp_u
Po pr k Po

-k b1 ;
or Lx[iJ = l—-—gZp—U]
Po Po

o ]_1 s
k[ ¥ =
Po \ Po k Po
k

B 1 S ey : it N T
-£= I—E—-_—gz-_&]—j‘ i

Po L k Po.
Pressure at a height Z from ground level is given by

k=1 E-i
p:po[]—TgZ‘Z—oj' _ (2.19)
0

in equation (2.19), p, = pressure at ground level, where Zy=0 -
Po = density of air at ground level

: ! 1
Equation of state is Po _ RT, or Ho > 0
0 Py T,
Substituting the values of Po ; in equation (2.19), we get
0
S
k=1 g2 |+ :
i = 2.20
P =Py { = RT, ..(2.20)

2.8.3 Temperature at any Point in Compresmble Fluid. For the adiabatic process, the
temperature at any height in air is calculated as : .
Equation of state at ground level and at a height Z from ground level is written as

=0 - RT, and — = RT:
p

po
Dividing these equations, we get
(_ E ﬂ:.& or &X-E:&
Po pes kT g p e T
or l_ggxﬁ_ P s Po ()
Ly b P Py P scanned by Fahid
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But -2~ from equation (2.20) is given by

Po

k
P (ko122 10
Po k RT,
p

Also for adiabatic process —- = —- or [p“ ) =Po
: P Pn £ p

1 1
TR Tk
or : P05 [ﬂ.] =(£J
P P Po

k-1 gZ [::1]'*[’.\ i
e Lep

k RT,

=1

Substituting the values of P an in equation (i), we get

$ o
Po P

T=T, [1__#_} 2 {201)

2.8 4 Temperature Lapse-Rate (L). It is defined as the rate at which the temperature
changes with elevation. To obtain an expression for the temperature lapse-rate the temperature given
by equation (2.21) is differentiated with respect to Z as

dT d k-1 gZ
—_— — 7;, [ ———a
dZ dZ k RT,

where T, X g and R are constant
k-1 k-1
CRAr ke ST Rg( - )

dz k RT, k
The temperature lapse-rate is denoted by L and hcnce : :
_dr =“_g(_"’_.‘ ‘] (2.22)
dZ S R Tkey)

In equation (2.22), if (i) k = | which means isothermal process, — = 0, which means tempémlure
is constant with height. : dz

(ii) If k > 1, the lapse-rate is negative which means temperature decreases with the increase of
height.

~In atmesphere, the value of k varies with height and hence the value of temperature lapse-rate also

varies. From the sea-level upto an elevation of about 11000 m (or 11 km), the temperature of air decreases
uniformly at the rate of 0.0065°C/m. from 11000 m to 32000 m, the téfiipétatutejemainscconstant
at — 56.5°C and hence in this range lapse-rate is zero. Temperature rises agailY after32000 myin'air/Swapnil
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Problem 2.22 (SI Units) If the atmosphere pressure at sea level is 10.143 Nfent, determine the
pressure at a height of 2500 m assuming the pressure variation follows (i) Hydrostatic law, and (ii)
isothermal law. The density of air is given as 1.208 kg/mj.

Solution. Given :

Pressure at sea-level, Po = 10.143 N/em® = 10.143 x 10* N/m?
Height, Z=2500 m
Density of air, po = 1.208 kg/m®

(i) Pressure by hydrostatic law. For hydrostatic law, p is assumed constant and hence p is given

. dp
by equation — = —
Y €q a7 Pg

: P Z
Integrating, we get Idp = J -pg dZ:—pg‘[ dz
Py Zy
e i P-po=-pgZ-Z)
For datum line at sea-level, Zy=0

P-Po=—pPgZ or p=p,-pgZ
=10.143 x 10% — 1.208 x 9.81 x 2500 [ p= p0ﬂ1208}

N1 S5 ?1804 N/cit

= 7.18 N/em?®. Ans.
(ii) Pressure by Isothermal Law. Pressure at any height Z by isothermal law is given by equation

(2.18) as
= c—gZ}RT
_8Zxpy
=10.143 x 10* ¢. P Lo - RTandp,g = wﬂ]
Po
_Zpyxe

=10.143 x10* e P
10.143 % 104 e[— 2500 = 1.208 = 9.81)/10.143 x 10¢

101430 x & 2% = 101430 x —_
1.3391

= 75743 N/m?>

= e e’ = 7.574 Nfem?. Ans.

Problem 2.23  The barometric pressure at sea level is 760 mm of mercury while that on a mountain
top is 735 mm, if the density of air is assumed constant at' 1.2 kg/mj, what is the elevation of the

mountain top. (A.M.LE., Summer, 1988)
Solution. Given :
Pressure® at sea, Pp = 760 mm of Hg
760

= 1000 x 13.6 x 1000 x 9.81 N/m* = 101396 N/m?

* Here pressure head (Z) is given as 760 mm of Hg. Hence (p/pg) = 760 mm of Hg. The density (p) for mercury

: 7 2
= 13.6 x 1000 kg/m>. Hence pressure (p) will be equaltopxgxZie, 13.6 5(&912{()1&2.55%1:?6%.#1\1@*.
PDF created by AAZSwapnil
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Pressure at mountain. p =735 mm of Hg
= 133 5 13.6 x 1000 x 9.81 = 98060 N/m’
; 1000 :
Density of air, : p = 1.2 kg/m’

Let h = Height of the mountain from sea-level.

We know that as the elevation above the sea-level increases, the atmospheric pressure decreases.
Here the density of air is given constant, hence the pressure at any height ‘h’ above the sea-level is
given by the equation,

P=po—PXxXgxh
4= Po—p _ 101396 - 98060
pxg 12 x9.81

Problem 2.24 Calculate the pressure at a height of 7500 m above sea level if the atmospheric
pressure is 10.143 N/em? and temperature is 15°C at the sea-level, assuming (i) air is incompressible,
(ii) pressure variation follows isothermal law, and (iii) pressure variation follows: adiabatic law.
Take the density of air at the sea-level as equal to 1.285 kg/m’. Neglect variation of g with altitude.

Solution. Given :

or = 283.33 m. Ans.

Height above sea-level. Z =7500 m
Pressure at sea-level, po = 10.143 N/em? = 10.143 x 10* N/m?
Temperature at sea-level. 1y = 15°C
; : Ty =273 % 15 =288°K
Density of air, p=po=1285 kg/m*
(i) Pressure when air is incompressible :
5 2
7 Pg

P Z
dp = [ psdz or p-py=-pslZ 7]
Py Zy

Lot P=pPo—P8Z {~= Z,=datum line = 0}
=10.143 x 10* — 1.285 x 9.81 x 7500 >

= 101430 — 94543 = 6887 N/m” = 0.688 iz Ans. .
cm

(i) Pressure variation follows isothermal law :
Using equation (2.18), we have P =pe€ 3

=py € &Zpy/py { o= RT - Po = L}
= 101_430 o gZp[,Ipa i ]01430 e—?SOO * 1.285 x 9.81/101430
= 101430 ¢ **" = 101430 x .39376
: = 39939 N/m” or 3.993 N/cm?. Ans.
(iti) Pressure variation follows adiabatic law : [k = 1.4]

ki(k-1)
; ; # k-1 Po 3
Using equation (2.19): we have P =Po {1 e 8Z —J sERFR OBy e ™
, PDF created by AAZSwapnil
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3 : 54 5
(1.4-10) T (7500 x 1.285) |1+-10
101430
= 101430 [1 - .2662]"** = 101430 x (.7337)**

p = 101430 [1 -

= 34310 N/m® or 3.431—N5. Ans.
cm

Problem 2.25 Calculate the pressure and density of air at a height of 4000 m from sea-level
where pressure and temperature of the air are 10.143 N/em® and 15°C respectively. The temperature
lapse rate is given as 0.0065°C/m. Take density of air at sea-level equal to 1.285 kg/m’.
Solution. Given :
Height, © Z=4000 m
Pressure at sea-level, Po = 10.143 N/em® = 10.143 x 10* = 101430 —N—z-
$ : m
Temperature at sea-level, t,=15°C
: - Ty=273+15=288°K
dT :
Temperature lapse-rate, L= T =-0.0065°K/m e S S Tente
po = 1.285 kglmj" AENERT
Using equation (2.22), we have L = Ll — & (E_—IJ
dzZ Rk
or - 0.0065 =— Eﬂ(ﬂj ehere R = 2o e 10
R k poTy, 1285x288
— 0.0065 = =981 x(—k;lj
274.09 k
k=1 _ 0.0065x 274.09

k 9.81
k{1 - .1815] = 1

=274.09

= 0.1815

A

k = —
1-.1815 .8184
This means that the value of power index k = 1.222.
(©) Pressure at 4000 m height is given by equation (2.19) as

k-1 pﬂ-k_—l ;
P=p, 1—ngp— |, where k= 1.222 and p, = 1.285
0

1222

: — L i 285 [1222-10
p = 101430 1{1_23_2_&9))(9.81)(4000“ 85 rma-10
1.222 101430

= 101430 [1 — 0.09]°>°° = 101430 x .595

= 60350 N/m* = 6.035 . Ans.

2

cm
scanned by Fahid
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(ii) Density. Using equation of state, we get

L BT
P
where  p = Pressure at 4000 m height
p = Density at 4000 m height .
T = Temperature at 4000 m height
Now T is calculated from temperature lapse-rate as

i
12t 4000 m = 1o + j—z % 4000 = 15 — 0065 x 4000 = 15 — 26 = — 11°C
T=273+1=273-11=262°K
P OO0 084 keimd. Ans,

RT 27409x262° ~
Problem 2.26 An aeroplane is flying at an altitude of 5000 m. Calculate the pressure around the
aeroplane, given the lapse-rate in the atmosphere as 0.0065°K/m. Neglect variation of g with altitude.
Take pressure and temperature at ground level as 10.143 N/em® and 15°C -and density of air as

1.285 kg/em’.
Solution. Given :

Density is given by p

Height, Z = 5000 m
dT :
Lapse-rate, L =—=-.0065°K/m- e 2
dzZ : .
Pressure at ground level, po=10.143 x 10* N/m”
o= 15°C
: T,=273 + 15=288°K
Density, o oy =085 kg/m’

Temperature at 5000 m height = T + % x Height = 288 — .0065 x 5000

=288 - 32.5 = 255.5°K
First find the value of power index k as

From equation (2.22), we have L= a = —i(ﬂ)
dZ R\ k
or i —.0065 = — %1(——;{_ 1]
. R\ k
Wb e L B T
poT, 1285x288 '
50065 5 ok ("_‘_1}
2 27409 \ k-
o k=1:222
The pressure is given by equation (2:19) as
e =
k-1 _p, \i5i)  scanned by Fahid
P=po|l-— gz r PDF created by AAZSwapnil
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1.222

=l s 1222 lo}xgmxw] 222°10
01430
- 101430 [ 122 M}
101430

= 101430 [1 - 0 11288]“ 50 — 101430 x 0.5175 = 52490 N/m®
= 5.249 N;‘cm . Ans.

H! G H LI GHTS
1. The pressure at any pomt in a fluid is def‘ ned as the force per unit area.
2. Thc Pascal’s law states that intensity of pressure for a fluid at rest is equal in all dlrecuons

3. -Pressure variation at a point in a fluid at rest is gwen by the hydrostatic law which states that the rate
. of increase. of pressure in the vertically downward direction is equai the spemﬁc wﬂght of the fluid,

N w p )(g s T S Mt e N L W e T A T ST e e L P M A ML e R R L 1L v TR MR T

—"4.” The pressure at any point ir‘:"zi'int‘cjm;irc'smbte fluid (liquid) Is—equal to"the *pmducrohiensny*of
fluid at that point, acceleration due to gravity and vertical height from free surface of fluid,
P=pXgxXZ
5. Absolute prcss;ure is the pressure in which absolute vacuum pressure is taken as datum while
gauge pressure is the pressure in which the atmospheric pressure is taken as datum,
b Pabs. = Pam + pg.‘mgc,
| 6. Manometer is a device used for measuring pressure at a point in a fluid.
| 7. Manometers are classified as (@) Simple manometers and (b) Differential manometers.
‘ 8. Simple manometers are used for measuring pressure at a point while differential manometers are used
‘ for measuring the difference of pressures between the two points in a pipe, or two diffe~nt pipes.
| 9. A single column manometer (or micrometer) is used for measuring small pressures, where accuracy is
required. R :
10. The pressure at a point in static compressible fluid is obtained by combining two equations, Le.,
equation of state for a gas and equation given by hydrostatic law. -
11. The pressure at a height Z in a static compressible fluid ‘(gas) under going isothermal compression
‘.
~ 8Z/RT

[E = const.]
p
P =Po€ i

where pﬁ = Absolute pressure at sea-level or at ground level
Z = Height from sea or ground level l‘
R = Gas constant

T = Absolute temperature.
12. The pressure and temperature at a height Z in a static compressible fluid (gas) undergoing adiabatic
compression (p/pk = const.)

k

k
k=1 _ po k-1 k=1 gZ k-1
P=po [1 b 2 —0} =Po [ktmimq@fﬂb]y Fahid
: PDF created by AAZSwapnil
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k=1 gZ

and temperature, =Tl = Lt

: k RT,
where pg, T, are pressure and temperature at sea-level k = 1.4 for air.

13. The rate at which the temperature changes with elevation is known as Temperature Lapse-Rate. It is

given by
L (ﬂ]
v R k

if () k = 1, temperature is zero.
(i) k > 1, temperature decreases with the increase of height.

| EXERCISE 2

(A) THEORETICAL PROBLEMS

Define pressure. Obtain an expression for the pressure intensity at a point in a fluid.
State and prove the Pascal's law. :
What do you understand by Hydrostatic Law ? -
Differentiate between : (i) Absolute and gauge pressure, (if) Simple manometer and differential ma-
nometer, and (ifii) Piezometer and pressure gauges.
What do you mean by vacuum pressure ?
What is a manometer ? How are they classified ?
What do you mean by single column manometers ? How are they used for the measurement of
pressure ?
§. What is the difference between U-tube differential manometers and inverted U-tube differential
manometers ? Where are they used ? : - 2 N
9. Distinguish between manometers and mechanical gauges. What are the different types of mechanical
pressure gauges ? S :
10. Derive an expression for the pressure at a height Z from sea-level for a static air when the compression
of the air is assumed isothermal. The pressure and temperature at sea-levels are p, and T}, respectively.
11. Prove that the pressure and temperature for an adiabatic process at a height Z from sea-level for a static

air are :

Al 1o =

=~ th

k.
' —1 gZ k-1 k-1 gZ |-
e R A e
- k RT, k RT,

: where p, and T, are the pressure and temperature at sea-level. ;
12. What do you understand by the term, ‘Temperature Lapse-Rate’ ? Obtain an expression for the
temperature Lapse-Rate.
13. What is hydrostatic pressure distribution ? Give one example where pressure distribution is non-
hydrostatic. ; (A.M.LE., Winter 1990)
14. Explain briefly the working principle of Bourdon Pressure Gauge with a neat sketch.
: (JN.T.U., Hyderabad, S 2002)

(B) NUMERICAL PROBLEMS

1. A hydraulic press has a ram of 30 cm diameter and a plungef of 5 cm diameter. Find the weight lifted by

_ the hydraulic press when the force applied at the plunger is 400 N. ; [Ans, 14.4 kN]
3. A hydraulic press has a ram of 20 cm diameter and a plunger of 4 cmSaim&er Wis (el ifér lifting a
= "eigh&q{.&ﬂzkﬂ. Find the force required at the plunger. .. PDF created by|AdsZgboagpnil
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10.

11.

14,

Calculate the pressure due to a column of 0.4 m of (a) water, (b) an oil of sn. gr. 0.9, and (¢) mercury of sp. gr.
; k 2 5
13.6. Take density of water, p= ]000—-—37. [Ans. (a) 0.3924 N/em®, (b) 0.353 N/em?, () 5.33 N/em”]
25

The pressure intensity at a point in a fluid is given 4.9 N/cm?. Find the corresponding height of fluid when
itis : (a) water, and (b) an oil of sp. gr. 0.8. [Ans. (@) 5 m of water, (b) 6.25 m of oil]
An oil of sp. gr. 0.8 is contained in a vessel. At a point the height of oil is 20 m. Find the corresponding
height of water at that point. [Ans. 16 m]
An open tank contains water upto a depth of 1.5 m and above it an oil of sp. gr. 0.8 for a depth of 2 m.
Find the pressure intensity : (i) at the interface of the two liquids, and (ii) at the bottom of the tank.
[Ans. (i) 1.57 N/em?, (ii) 3.04 N/cm?)
The diameters of a small piston and a large piston of a hydraulic jack are 2 cm and 10 cm respectively. A -
force of 60 N is applied on the small piston, Find the load lifted by the large piston, when : (a) the pistons
are at the same level, and () small piston is 20 cm above the large piston. The density of the liquid in the
Jack is given as 1000 ng- : [Ans. (a) 1500 N, (b) 1520.5N]
m
Determine the gauge and absolute pressure at a point which is 2.0 m below the free surface of water. Take
atmospheric pressure as 10.1043 N/cm?. [Ans. 1.962 N/em® (gauge), 12.066 N/cm? (abs.)]

. A simple manometer is used to measure the pressure of oil (sp. gr. = 0.8) flowing in a pipe line. Its ri ght

limb is open to the atmosphere and left limb is connected to the pipe. The centre of the pipe is 9 cm
below the level of mercury. (sp. gr. 13.6) in the right limb. If the difference of mercury level in the two
limbs is 15 cm, determine the absolute pressure of the oil in the pipe in N/em®. (A.M.LE., Winter, 1977)
s R R T ! e S s S T S L R [Ans. 12,058 N/em?)
A simple manometer (U-tube) containing mereury is connected to a pipe in which an oil of sp. gr. 0.8 is
flowing. The pressure in the pipe is vacuum. The other end of the manometer is open to the atmo-
sphere. Find the vacuum, pressure in pipe, if the difference of mercury level in the two limbs is 20 cm
and height of oil in the left limb from the centre of the pipe is 15 cm below. [Ans. — 27.86 N/em?)
A single column vertical manometer (i.e., micrometer) is connected to a pipe containing oil of sp. gr. 0.9.
The area of the reservoir is 80 times the area of the manometer tube. The reservoir contains mercury of
sp. gr. 13.6. The level of mercury in the reservoir is at a height of 30 cm below the centre of the pipe and

difference of mercury levels in the reservoir and right limb is 50 cm. Find the pressure in the pipe.
[Ans. 6.474 N/em’]

2. A pipe contains an oil of sp. gr. 0.8. A differential manometer connected at the two points A and B of

the pipe shows a difference in mercury level as 20 cm. Find the difference of pressure at the two points.
[Ans. 25113.6 N/m?]

- A U-tube differential manometer ¢onnects two pressure pipes A and B. Pipe A contains carbon tetrachlo-

ride having a specific gravity 1.594 under a pressure of 11.772 N/em? and pipe B contains oil of sp. gr. 0.8
under a pressure of 11.772 N/em?. The pipe A lies 2.5 m above pipe B. Find the difference of pressure
measured by mercury as fluid filling U-tube. (A.M.LE. December, 1974) [Ans. 31.36 cm of mercury]
A differential manometer is connected at the two points A and B as shown in Fig. 2.25. At B air pressure
is 7.848 N/cm” (abs.), find the absolute pressure at A. [Ans. 6.91 N/cm?]
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16.

¥

19.

22.

23.

24,

- An inverted differential manometer containing an oil of sp. gr. 0.9 is connected to find the difference of

pressures at two points of a pipe containing water. If the manometer reading is 40 ¢m, find the differ-
ence of pressures. [Ans. 392.4 N/m’]
In above Fig. 2.26 shows an inverted differential manometer connected to two pipes A and B containing
water. The fluid in manometer is oil of sp. gr. 0.8. For the manometer readings shown in the figure, find the
difference of pressure head between A and B. [Ans. 0.26 m of water]
If the atmospheric pressure at sea-level is 10.143 N/em?, determine the pressure at a height of 2000 m
assuming that the pressure variation, follows : (i) Hydrostatic law, and (ii) Isothermal law. The density
of air is given as 1.208 ke/m’. [Ans. (i) 7.77 Nfem?, (if) 8.03 N/em?]

- Calculate the pressure at a height of 8000 m above sea-level if the atmospheric pressure is 101.3 kN/m>

and temperature is 15°C at the sea-level assuming (i) air is incompressible, (ii) pressure variation
follows adiabatic law, and (iii) pressure variation follows isothermal law. Take the density of air at the
sea-level as equal to 1.285 ke/m’. Neglect variation of g with altitude.

[Ans. (i) 607.5 Nhn (i) 31.5 kN/m> (iit) 37.45 kN/m” ]
Calculate the pressure and density of air at a height of 3000 m above sea-level where pressure and
temperature of the air are 10.143 N/cm® and 15°C respectively. The temperature lapse-rate is given as
0.0065° K/m. Take density of air at sea-level equal to 1.285 kg/m®.  [Ans. 6.896 N/cm?, 0.937 kg/m’]
An aeroplane is flying at an altitude of 4000 m. Calculate the pressure around the aeroplane, given the
lapse-rate in the atmosphere as 0.0065° K/m. Neglect variation of g with altitude. Take pressure and
temperature at ground level as 10.143 N/cm? and 15°C respectively. The density of air at ground level
is given as 1.285 kar‘m [Ans. 6.038 N/cm’]

. The atmosphere pressure at the sea-level is 101.3 kN/m? and the temperature is 15°C. Calculate the

pressure 8000 m above sea-level, assuming (i) air is in compressible, (if) isothermal variation of pres-
sure and density, and (ifi) adiabatic variation of pressure and density. Assume dcnsny of air at sea-
level as 1.285 kg/m’. Neglect variation of * g’ with altitude.
[Ans. (l) 501.3 N/m?, (ii) 37.45 kN/m?, (iii) 31.5 kN/m?]
An oil of sp. gr. is 0.8 under a pressure of 137.2 kN/m?
(i) What is the pressure head expressed in metre of water ?

(if) What is the pressure head expressed in metre of oil ? [Ans. (i) 14 m, (if) 17.5 m]
The atmospheric pressure at the sea-level is 101.3 kN/m* and temperature is 15°C. Calculate the pres-
sure 8000 m above sea-level, assuming : (i) isothermal variation of pressure and density, and (i)
adiabatic variation of pressure and density. Assume density of air at sea-level as 1.285 kg/m’. Neglect
variation of ‘g” with altitude. _ _
Derive the formula that you may use. (Delhi University, 1992) [Ans. (i) 37.45 kN/m? (if) 31.5 kN/m” ]
What are the gauge pressure and absolute pressure at a point 4 m below the free surface of a liquid of
specific gravity 1.53, if atmospheric pressure is equivalent to 750 mm of mercury.

(Delhi University, 1992) [Ans. 60037 N/m? and 160099 N/m?]

- Find the gauge pressure and absolute pressure in N/m? at a point 4 m below the free surface of a liquid

of sp. gr. 1.2, if the atmospheric pressure is equivalent 1o 750 mm of mercury.
(Delhi University, May 1998) [Ans. 47088 N/m? ; 147150 N/m?]

+ A tank contains a liquid of specific gravity 0.8. Find the absolute pressure and gauge pressure at a

point. which is 2 m below the free surface of the liquid. The atmospheric pressure head is equivalent 1o
760 mm of mercury. (Dethi University. June 1996) [Ans. 117092 N/m? : 15696 N/m?]
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CHAPTER

Pry—a

Hydrostatic Forces on Surfaces

» 3.1 INTRODUCTION

This chapter deals with the fluids (i.e., liquids and gases) at rest. This means that there will be no
relative motion between adjacent or neighbouriqg fluid layers. The velocity gradient, which is equal to
the change of velocity between two adjacent fluid layers divided by the distance between the layers, will

be zero or jd{ﬂ = 0. The shear stress which is equal to g—” will also be zero. Then the forces acting on
. dy v
the fluid particles will be :

1. due to pressure of fluid normal to the surface,

2. due to gravity (or self-weight of fluid particles).

» 3.2 TOTAL PRESSURE AND CENTRE OF PRESSURE

Total pressure is defined as the force exerted by a static fluid on a surface either plane or curved when
the fluid comes in contact with the surfaces. This force always acts normal to the surface.

Centre of pressure is defined as the point of application of the total pressure on the surface. There
are four cases of submerged surfaces on which the total pressure force and centre of pressure is to be
determined. The submerged surfaces may be :

1. Vertical plane surface,

2. Horizontal plane surface,

3. Inclined plane surface, and

4. Curved surface.

» 3.3 VERTICAL PLANE SURFACE SUBMERGED IN LIQUID

Consider a plane vertical surface of arbitrary shape immersed in a liquid as shown in Fig. 3.1.
Let A = Total area of the surface '
h = Distance of C.G. of the area from free surface of liquid
G = Centre of gravity of plane surface
P = Centre of pressure
h* = Distance of centre of pressure from free surface of liquid.
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(@) Total Pressure (F). The total pressure on the surface may
be determined by dividing the entire surface into a number of
small parallel strips. The force on small strip is then calculated
and the total pressure force on the whole area is calculated by
integrating the force on small strip.

Consider a strip of thickness dh and width & at a depth of &
from free surface of liquid as shown in Fig. 3.1

Pressure intensity on the strip, p=pgh

(See equation 2.5)
Area of the strip, dA =b x dh
Total pressure force on strip, dF = p x Area

= pgh x bx dh

Total pressure force on the whole surface,

F:Id}-‘:jpghxbxdh:pgjbxhxdk

But behxdh=jhdi

= Moment of surface area about the free surface of liquid
= Area of surface x Distance of C.G. from free surface
L =AXh ; :
F = pgAh : LB
For water the value of p = 1000 kg/m” and g = 9.81 m/s®. The force will be in Newton.
(b) Centre of Pressure (h*). Centre of pressure is calculated by using the “Principle of Moments”,
which states that the moment of the resultant force about an axis is equal to the sum of moments of th

components about the same axis. :
The resultant force F is acting at P, at a distance h* from free surface of the liguid as shown in

Fig. 3.1. Hence moment of the force F about free surface of the liquid=Fx h* - ...(3.2)
-Moment of force dF, acting on a strip about free surface of liquid T :
=dF xh {~ dF=pghxbxdh}

=pghxbxdhxh
Sum of moments of all such forces about free surface of liquid

e JpghXbthxh=ngbxhx!:dh

= pg J’bfﬁdﬁ:pg thdA (-+  bdh=dA)
But : -[h:dA = jbh:dh
= Moment of Inertia of the surface about free surface of liquid
: =1y :
. Sum of moments about free surface
: =pel o T [
_ = P&o scanned by Fahid By
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Fxh*=pgl, _
But F=pgAh .
PgAh X h* = pgl,
or h* = pgl[l_ :—{D= ...(3.4)
pgAh  Ah
By the theorem of parallel axis, we have

where /; =Moment of Inertia of area about an axis passing through the C.G. of the area and parallel to
the free surface of liquid.

Substituting /;; in equation (3.4), we get

el _1g g ~(3.5)
Ah Ah 1
In equation (3.5), A is the distance of C.G. of the area of the vertical surface from free surface of the
liquid. Hence from equation (3.5), it is clear that :
(i) Centre of pressure (i.e.; h*) lies below the centre of gravity of the vertical surface.
(i) ‘The distance of centre of pressure from free surface of liquid is independent of the density of the

liquid.

Table 3.1 The moments of inertia and other gcometric properties of some important plane surfaces

% | I Moment of inertia Moment of
: | | about an axis passing | inertia about
Plane surface C.G. from the Area | through C.G. and base (1,)
' i base | parallel to base (I;)
1. Rectangle
|
TI L
|
Lt Sl ;
G 3 3
S oo b b b
? 2 12 i 3
S B R :
2. Triangle =4
ok bh b’ bh’
w13 SR 36 =)
i !
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Moment of inertia Moment of
Plane surface C.G. from the Area _about an axis passing. | inertia about
base through C.G. and base (1)

parallel to base (I;)

3. Circle \

@ + d nd? o
G x=— _— _— —
l )i 2 4 64

4. Trapezium
e

: 1/ |
h Te¥eg
L! b

i

2a+b)h | (a+b) (®+4ab+b>) 5
S peat il A
a+h )3 | 2 \ 36(a+b)

-1

Problem 3.1 A rectangular plane surface is 2 m wide and 3 m deep. It lies in vertical plane in

water. Determine the total pressure and position of centre of pressure on the plane surface when its !

upper edge is horizontal and (a) coincides with water surface, (b) 2.5 m below the free water surface.
Solution. Given : E
Width of plane surface, b=2m |
Depth of plane surface, d=3m I
(a) Upper edge coincides with water surface (Fig. 3.2). Total pressure is given by equation

(3.1) as
F=pgAh
3 ps : FREE WATER SURFACE
where p = 1000 kg/m", g =9.81 m/s = T P
A=3x2=6m2,5=-;-(3)=1.5m. I h
: = h*
F=1000%x981x6x1.5 l Ge l 3m
= 88290 N. Ans. N g
Depth of centre of pressure is given by equation (3.5) as
h* = —!-g_— +h i
Ah fe——2 m~>|
where  I; = M.O.I. about C.G. of the area of surface .
Fig. 3.2
: e | Pd_’z 2x3 Y , scanned by Fahid
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h* = i +1.5=05+15=2.0m. Ans.
6x15

(b) Upper edge is 2.5 m below water surface (Fig. 3.3). Total pressure (F) is given by (3.1)

F=pgAh WATER SURFACE
= I i |
where  h = Distance of C.G. from free surface of water || S r
Eonp dal B 25m
: . |
F=1000 % 9.81 x 6 x 4.0 A ;
=235440 N. Ans. L
- v 3.0
Centre of pressure is given by h* = ::% +h h
=45A=6.0,h=4.0 :
where [;=4.5 6.0, h =
g e Fig. 3.3
60x40 :

=0.1875 + 4.0 = 4.1875 = 4.1875 m. Ans.
Problem 3.2 Determine the total pressure on a circular plate of diameter 1.5 m which is placed

vertically in water in such a way that the centre of the plate is 3 m below the free surface of water.
Find the position of centre of pressure also.

FREE SURFACE
Solution. Given : Dia. of plate, d = 1.5 m e e =
| =
*. - Area, A :; (1.5) = 1.767 m?
i | 30m
h=30m :

Total pressure is given by equation (3. 1),

F=pgAh
= 1000 x 9.81 x 1.767 x 3.0 N

=52002.81 N. Ans.
Position of centre of pressure (h*) is given by equation (3.5)

’-—1.5111—»]

B = ig_.,.ﬁ ; Fig. 3.4

Ah .
4 4
where I, = % = 4 23;'5 =(.2485 m*
12485

e S e )

1.767 x 3.0
= 3.0468 m. Ans.
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Problem 3.3 A recangular sluice gate is situated on the vertical wall of a lock. The vertical side of
the sluice is ‘d’ metres in length and depth of centroid of the area is 'p' m below the water surface.

d> ] FREE SURFACE

Prove that the depth of pressure is equal to [ p+ T
P

Solutian. Given :

Depth of vertical gate =dm J— £e _L l
Let the width of gate =bm _L Pe —
Area, A=bxdm’
Depth of C.G. from free surface Fig. 3.5
Wi

Let h* is the depth of centre of pressure from free surface, which is given by equation (3.5) as

2
h* = 3-(9_— +h, where I; = bd
Ah

, de/ d? d?
h* = bxdxp|l+p=—+ or + —. Ans.
' (12 1 "] Peds Btk

Problem 3.4 A circular opening, 3 m diameter, in a vertical side of a tank is closed by a disc of

3 m diameter which can rotate about a horizontal diameter. Calculate :
(i) the force on the disc, and

(ii) the torque required to maintain the disc in equilibrium in thevertical position when the head

of water above the horizontal diameter is 4 m. : . (A.M.LE., Winter, 1977)
Solution. Given:
Dia. of opening; rd=3m
Area, A= % x 32 = 7.0685 m’.
Depth of C.G., h=4m

(i) Force on the disc is given by equation (3.1) as
F =pgAh = 1000 x 9.81 x 7.0685 x 4.0
= 277368 N = 277.368 kN. Ans.

(ii) Ta find the torque required to maintain the disc in equilibrium, first calculate the point of applica-
tion of force acting on the disc, i.e., centre of pressure of the force F. The depth of centre of pressure (h*)
is given by equation (3.5) as

d?

2O g poe DALl _ { I =1d‘}
Ah d* x40 i o4
s LT A . ;

= +4.0= +40=014+4.0=4.14m
16 x 4.0+ 16 x4.0 : :
e scanned by Fahid
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The force F is acting at a distance of 4.14 m from free surface. Moment of this force about horizontal
diameter X-X

= Fx(h*- h) = 277368 (4.14 - 4.0) = 38831 Nm. Aps.

Hence a torque of 38831 Nm must be applied on the disc in the clockwise direction.
Problem 3.5 A pipe line which is 4 m in diameter contains a gate valve. The pressure at the centre
of the pipe is 19.6 N/em’. If the pipe is filled with oil of sp. gr. 0.87, find the force exerted by the oil
upon the gate and position of centre of pressure.  (Converted to SI Units, A.M.LE., Winter, 1975)
Solution. Given : 7 4

Dia. of pipe, d=4m
e
oL V 19.6 Nicnt :
S =087 o s i
Fig. 3.7
T 2 2
Area, A:thl =4nm
Sp. gr. of oil, §$=0.87
Density of oil, Po = 0.87 x 1000 = 870 kg/m®

Weight density of oil,  wy=py X g = 870 x 9.81 N/m>
Pressure at the centre of pipe, p = 19.6 N/em?® = 19.6 x 10* N/m?

4
Pressure head at the centre = -2 = 1—9—6 x40
wy  870%981
The height of equivalent free oil surface from the centre'of pipe = 22.988 m.
The depth of C.G. of the gate valve from free oil surface & = 22.988 m.
(©) Now the force exerted by the oil on the gate is given by

F=pgAh
where p = density of oil = 870 kg/m*

F =870 x9.81 x4 x 22.988 = 2465500 N = 2.465 MN. Ans.
(ii) Position of centre of pressure (h*) is given by (3.5) as

= 2’2.9?8 m
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TEE "y
I = 64 d S Ee - 43
peede yei G T s SRRt L 0088
Ah L &2 xh 16 h 16 x 22.988
: _ _

; =0.043 + 22.988 = 23.031 m. Ans.
Or centre of pressure is below the centre of the pipe by a distance of 0.043 m. Ans.
Problem 3.6 Determine the total pressure and centre of pressure on an isosceles triangular plate
of base 4 m and altitude 4 m when it is immersed vertically in an oil of sp. gr. 0.9. The base of the plate

coincides with the free surface of oil. FREE OIL
4

Solution. Given : SURFACE— *M

Base of plate, b=4m

Height of plate, h=4m

Area, R o b S e
2 2
Sp. er. of oil. 5§=09
. Density of oil, p =900 kg/m’.
The distance of C.G. from free surface of oil.

F=lxn=ixa-133m.
3 3
Total pressure (F) is given byF = pgA
=600 x 9.81 x 8.0 x 1.33 N = 9597.6. N. Ans.
Centre of pressure (h*) from free surface of oil is given by

we=to 5
Ah
where /; = M.O.L of triangular section about its C.G.
3 3
S X gt
36 36
7.11

* +1.33=0.6667 + 1.33 = 1.99 m. Ans.

" 80x1.33
Problem 3.7 A vertical sluice gate is used tc cover an opening in a dam. The opening is 2 m wide

and 1.2 m high. On the upstream of the gate, the liguid of sp. gr. 1.45, lies upto a height of L.5m "’

above the top of the gate, whereas on the downstream side the water is available upto a height touch-
ing the top of the gate. Find the resultant force acting on the gate and position of centre of pressure.
Find also the force acting horizontally at the top of the gate which is capable of opening ii. Assume

that the gate is hinged at the botton. (A.M.LE., May, 1975)
Solution. Given : :
Width of gate, b=2m
Depth of gate, d=12m
Area, A:bxa’zzx1.2:2._4111_2
Sp.gr. of liquid . = 1.45 _ : scanned by Fahid
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[ : Hydraostatic Forces on Surfaces 75

Density of liquid, p, = 1.45 x 1000 = 1450 kg/m’
Let F, = Force exerted by the fluid of sp. gr. 1.45 on gate
F, = Force exerted by water on the gate.
The force F, is givenby F, =p,g XA x I
where p, = 1.45 x 1000 = 1450 kg/m?
= Depth.of C.G. of gate from free surface of liquid

1.2
=15+—=21
FREE SURFACE OF LIQUID §
Z—Z—i—Z-Z{{{—i—Z—'_-Z-Z-Z—Z-'.-Z{—Z—}Z—Z\
EE:E%’; o S FREE SURFACE
I R FyOF WATER
UPSTREAM e
VI WATER ==
e
LB DOWN STREAM
HINGE
N
Fig. 3.9
Fi= l450x981x"4x21_71691N
Similarly, Fy=p,g.Ah:

where  p, = 1,000 kg/m’
k> = Depth of C.G. of gate from free surface of water
S
2
g F,=1000x9.81 x24x0.6=14126 N

(ﬂ Resultant force on the gate = F, — F, = 71691 — 14126 = 57565 N. Ans.

(it) Position of centre of pressure of resultant force. The force F| will be acting at a depth of b *
from free surface of liquid, given by the relation

e s
h*=—% 4+ 1y
I

3
where [.= kg = :x—l“—- =0.288 m*
D) 12

.288

h|$ =
24.x 21

+21=0.0571+2.1=2.1571m

Distance of F, from hinge
s=(15+ 1. 2) h*=27-2.1571 =0.5429 m
The force F> will be acnng ata deplh of h,* from free surface of watenandas/ diyehdlid -
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hy* -—IG +h

[

_ " Al
where 1,=0.288m’, h,=0.6m, A =24 m’.
pr= 2288 1 06=02+06=08m
T 24%06
Distance of F, from hinge =12-08=04m

The resultant force 57565 N will be acting at a distance given by
71691 x 5429 — 14126 X 0.4
o 57565
38921 -5650.4
.~ ) 57565 '
= (.578 m above the hinge. Ans. "

(iii) Force at the top of gate which is capable of opening the gate. Let F is the force required on
the top of the gate to open it as shown in Fig. 3.9. Taking the moments of F, F and F, about the hinge,
we get ;

m above hinge

2yl F, x.5429 - F, x04
= 12 _
71691 x.5429 -14126 X 0.4 _ 38921 — 56504

12 12
=27725.5 N. Ans.
Problem 3.8 A caisson for closing the entrance to a dry dock is of trapezoidal form 16 m wide at
the top and 10 m wide at the bottom gnd 6 m deep. Find the total pressure and centre of pressure on
the caisson if the water on the outside is just level with the top and dock is empty.

Solution. Given : WATER SURFACE
Width at top =16 m — 16 m >
Width at bottom =10m \
Depth, d=6m — : . 2 5
Area of trapezoidal ABCD, sio ]

BC+ AD
A:_(_i_l xd

or

Lich G 6

fo

B C
‘4—.10?‘“——»1
:Mx6=‘?8n]2 .

Depth of C.G. of trapezoidal arca‘l ABCD from free surface of water,
: =1
10><6><3+£1E- ——0—)><t5><-l X 6
T 2 3

78
180436

= 2.769 m from water surface.

scanned by Fahid
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Hydrostatic Forces on Surfaces 77

F=pgAh =1000x%9.81 x78 x2.769 N
=2118783 N = 2.118783 MN. Ans.
(ii) Centre of Pressure (h¥*). Centre of pressure is given by equation (3.5) as

h*= [—(‘; +h
: Ah
, where I =M.O.L of trapezoidal ABCD about its C.G.
Let I, =M.O.L of rectangle FBCE about its C.G.
I, =M.O.L of two As ABF and ECD about its C.G.
3 3 i
Then IG—E-M)XG =180 m*

L T bR ST
Ig, s the M.O.L. of the rectangle about the axis passing through G,.

M.O.L of the rectangle about the axis passing through the C.G. of the trapezoidal I, + Areaof
rectangle x xlz %

where x, is distancé between the C.G. of rectangle and C.G. of trapezoidal
] =(3.0-2.769)=0.231 m
' . M.O.L of FBCE passing through C.G. of trapezmdal

"~ P—

: =180 + 10 x 6 x(0.231)> = 180 + 3.20 = 183.20 m*
S bd’
Now I, =M.O.L of AABD in Fig. 3.11 about G, = 6
‘ 2{16—10)x6 —36m* ;
: : 36
g

The distance between the C.G. of triangle and C.G. of traj)ezé)idal
=(2.769 - 2.0) = 0.769
M.O.L of the two As about an axis passing through C.G. of trapemldal

= I, + Area of triangles X (.769)°
6x6

=36.0 +

x (.769)?

=36.0 + 10.64 = 46.64
I; = M.O.L of trapezoidal about its C.G. .

= M.O.L of rectangle about the C.G. of trapezoidal

+ M.O.1. of triangles about the C.G. of the trapezoidal
= 183.20 + 46.64 = 229.84 m*

G : : Fig. 3.11
Ah i
where A =78, h=2769 : :
h* = ——22?—%&— +2.769 = 1.064 + 2.769 = 3.833 m. Ans.
78 x 2.769
Alternate Method o Eahi
- - Thedistance of the C.G. of the trapezoidal channel from surface Aéﬁgﬂé&?ﬁﬁﬁhﬁT?ﬁg 3.1on
: 69) created by AAZSwapnil
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_\::Lza_-tb_)xi_l
(a+b) 3
16

P10 o) T (v a=10,b=16and = 6)

(10+16) 3
36

== %X2=2769m
26

This is also equal to the distance of the C.G. of the trapezoidal from free surface of water.
h =2.769 m
Total pressure, F = pgA}'_z- (- A=T78)
= 1000 x 9.81 x 78 x2.769 N = 2118783 N. Ans.
Centre of Pressure -

A
) =-%+h
(h*) 0

Now I, from Table 3.1 is given by, -

(a2+4;ib+b?) i3 (102+4><10><16+162] 7

[G == — X h3 =
36(a+b) 36(10 + 16) [
2 (100+640: 256} 15 L pooigae it - l‘
36 %26 |
L OBMS e (v A=78m?)
78 % 2.769 !
=3.833 m. Ans.

Problem 3.9 A trapezoidal channel 2 m wide at the bottom and 1 m deep has side slopes 1 : 1.
Determine :

(i) the total pressure, and

(ii) the centre of pressure on the vertical gate closing the channel when it is full of water.

o (A.M.LE., Summer, 1978)
Solution. Given :
4 |

Width at bottom =2m 5 L
Depth, e A WATER SURFACE o
Side slopes =150 ' =

Top width, AD=2+1+1=4m A
Area of rectangle FBEC, . A =2x1=2 m> « :

B
4-2 fe—2m—=
Area of two triangles ABF and ECD, A, = ( ) x1=1m? l
2 Fig. 3.12
Area of trapezoidal ABCD, A=A +A,=2+1=3m’

Depth of C.G. of rectangle FBEC from water surface, ‘

- ]
h=—=05
S5 2 scanned by Fahid
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: Hydrostatic Forces on Surfaces 79

Depth of C.G. of two triangles ABF and ECD from water surface,

Ez':lxlzlm
3 3

Depth of C.G. of trapezoidal ABCD from free surface of water

; e
z_AxhitAyxh _2x05+1x033333 .
_ (A +A4,) (2+1)
i
(i) Total Pressure (F). Total pressure F is given by
F=pgAh

= 1000 x 9.81 x 3.0 x 0.44444 =13079.9 N. Ans.
(ii) Centre of Pressure (h*). M.O.I. of rectangle FBCE about its C.G.,

bl
= — — m

I
e
M.O.L of FBCE about an axis passing through the C.G. of trapezoidal

or Ig* =1, +A, x [Distance between C.G. of rectangle and C.G.
of trapc::ac;idal]2

=< +2x [l 7]

= é +2 % [0.5 - .4444)% = .1666 + .006182 = 0.1727

Lie & eanail Saroee 4

M.O.1. of the two triangles ABF and ECD about their C.G.,

3 13
LB RN e g
%136 36 36 18
M.O.L of the two triangles about the C.G. of trapezoidal,

Ig,* = I, + A, x [Distance between C.G- of triangles and C.G.
" of trapezoidal]?

. =i+1x[ﬁ—£;]2;:L+l><.|:.4444—£:|2
;- 18 18 3

=71§+(.1111)2=0.0555 £ C1TT1Y

=.0555 + 0.01234 = 0.06789 m*
M.O.L. of the trapezoidal about its C.G.
Ig=1Ig *+Ig *=.1727 + .06789 = 0.24059 m*
Then centre of pressure (/1*) on the vertical trapezoidal,
r e do 7 024059
Ah 3x.4444

= 0.625 m. Ans. - scanned by Fahid
PDF created by AAZSwapnil
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Alternate Method :

The distance of the C.G. of the trapezoidal channel from surface AD is given by (refer to Table 3.1 on
page 69).

(2a+b) _h (2x2+4) 1

X = b 3—WX3 (v a=2,b=4andh=1)
=0.444 m
h=x=0.444 m
Total pressure, F=pgAh = 1000 x 9.81 x 3.0 x .444 (- A=30)
: - =13079 N. Ans.
Centre of pressure, h* = % +h

where I; from Table 3.1 is given by : |

_(a3+4ab+b2) (2’ +4x2x4+4%) . 5

I = X I = = =02407 m"
G7 - 36(atb) - 36(2+4). 36x6
Ty - - - \
ht= 02a0 + .444 = 0.625 m. Ans.
30 x.444 e
Problem 3.10 A square aperture in the vertical side of a tank has one diagonal vertical and is
completely covered by a plane plate hinged along one of the upper sides of the aperture. The diago-
nals of the aperture are 2 m long and the tank contains a liquid of specific gravity 1.15. The centre of
aperture.is 1.5 m below the free surface. Calculate the thrust exerted on the plate by the liquid and
position of its centre of pressure. (AM.LE., Summer, 1986)
Solution. Given : Diagonals of aperture, AC = BD =2 m
.. Area of square aperture, A = Area of AACB + Area of AACD
: ACXBO+ACxOD:2x1 i 2x1 St ot ]
2 2 2
Sp. gr. of liquid =1.15
Density of liquid, p =1.15x 1000 = 1150 kg/m’
Depth of centre of aperture from free surface, ;
h=15m.
= = A B SQUARE
& e APERTURE
i 15m
Sp.gr=1.15
G 0
L ¥
' o scanned by Fahid
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() The thrust on the plate is given by

F=pgAh=1150x9.81 x2 x 1.5 = 33844.5. Ans.
(if) Centre of pressure (h*) is given by

h* :I—G_+E
Ah

where I; = M.O.I. of ABCD about diagonal AC
= M.O.I. of triangle ABO about AC + M.O.L of triangle ACD about AC

_ ACx OB’ ACxOD’ [ : b,-'r”J

© M.O.Lof atriangle about its base =——

12 12 12
‘. 25 et = SN T [0 1%
= + =—4+—=—m
12 12 %6 603
1
3 1
h*: +15=——— 3 1.5=1.611 m. Ans.
x 15 Ix2x15

Problem 3.11 A rank contains water upto a height of 0.5 m above the base. An immiscible liquid of
sp. gr. 0.8 is filled on the top of water upto I m height. Calculate :
(i) total pressure on one side of the tank,
(ii) the position of centre of pressure for one side of the tank, which is 2 m wide.
Solution. Given :

Depth of water =05m

Depth of liquid =1lm

Sp. gr. of liquid : =0.8

Density of liquid, - . - p; = 0.8 x 1000 = 800 kg/m

Density of water, p, = 1000 kg/m?

Width of tank =2m

(i) Total pressure on one sideis calculated by drawing pressure dlagram which is shown in Fig. 3.14.
Intensity of pressure on top, : pa=0 =

Intensity of pressure on D (or DE), pp = p8.h
= 800 x 9.81 x 1.0 = 7848 N/m’

=
F, O e
(o '\.\

B 7848 4805 C

Fig. 3.14
Intensity of pressure on base (or BC). pg = p]gh +p,g X 0.5
= 7848 + 1000 x 9.81 x 0.5 = 7848 + 4905 = 12753 N/m>
Now force F, = Area of AADE x Width of tank
1scanned b
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Force F, = Area of rectangle DBFE x Width of tank
i =0.5x7848 x2 =7848 N
Fy = Arca of AEFC x Width of tank

=% X EF X FCx2.0=— x0.5%4905x 2.0 =24525N

B |

.. Total pressure, F=F +F,+F,
= 7848 + 7848 + 2452.5 = 18148.5 N. Ans.
(if) Centre of Pressure (h*). Taking the moments of all force about A, we get

Fxh*=F1X%AD+F2(AD+%BD)+F3[AD+-§~BD]

¥
181485 x Ik = 7848 x = x 1+ 7848 [LO + 9;) +2452.5 (LO + % X .5]

= 5232 + 9810 + 3270 = 18312

h* = LeAbs =1.009 m from top. Ans..
181485

Problem 3.12 A cubical tank has sides of 1.5 m. It contains water for the lower 0.6 m depth. The
upper remaining part is filled with oil of specific gravity 0.9. Calculate for one vertical side of the
tank : :

(a) total pressure, and

(b) position of centre of pressure. (AM.ILE., Winter, 1987)

Solution. Given : ;

Cubical tank of sides 1.5 m means the dimensions of the tankare 1.5mx1.5mx 1.5m.

Depth of water =0.6 m

Depth of liquid y =15-0.6=09m

Sp. gr. of liquid = 0.9

Density of liquid, p; = 0.9 x 1000 = 900 kg/m*
Density of water, p, = 1000 kg/m®

(a) Total pressure on one vertical side is calculated by drawing pressure diagram, which is shown in
Fig. 3.15.

F S )

0.9m;j::

1_5m_l_ i

. OIL OF SP. GR.=0.9
o —ELb———C

Fl i
0.6m -=-:>> WATER
* [ e i T e T e B B
B 1.5.m ae « 79461 |F 5886
! ' 138321

scanned by Fahid
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Intensity of pressure at A, p, =0

Intensity of pressure at D, p,=p;g X h =900 x 9.81 x 0.9 = 7946.1 N/m°’

Intensity of pressure at B, pg=p,gh; + pogh, = 900 x 9.81 x 0.9 + 1000 x 9.81 % 0.6
: =7946.1 + 5886 = 13832.1 N/m?

Hence in pressure diagram : '

DE =7946.1 N/m’, BC = 13832.1 N/m?, FC = 5886 N/m?
The pressure diagram is split into triangle ADE, rectangle BDEF and triangle EFC. The total pres-
sure force consists of the following components :
(1) Force F, = Area of triangle ADE x Width of tank’

=(%><AD><DE)XI.5 (-0 Width=1.5m)
=($x09x79461) x 1.5 N = 5363.6 N

This force will be acting at the C.G. of the triangle ADE, i.e., at a distance of% X 0.9 =0.6 m below A

(if) Force F5 = Area of rectancle BDEF x W]dth of tank
= (BD x DE) x 1.5 = (0.6 x 7946. 1) X105 ="7151.5
This force will be acting at the C.G. of the rectangle BDEF i.e., at a distance of{) 9 + % =12m
below A.

(iii) Force F; = Area of triangle EFC x Width of tank
: = (3 X EF X FC) x 1.5 = (1 x 0.6 x 5886) x 1.5 = 2648.7 N

This force will be acting at the C.G. of the triangle EFC, i.e., at a distance of 0.9 +§ x0.6=1.30m

below A.
Total pressure force on one vertical face of the tank,
F=F +F,+F,
{ =5363.6 + 7151.5 + 2648.7 = 151638N Ans.
(b) Position of centre of pressure
Let the total force F is acting at a depth of A* from the free surface of liquid, i.e., from A.
Taking the moments of all forces about A, we get

FxXh*=F x06+F,x12+F;x1.3
Fx06+F x12+Fx13 .

F
_3363.6x0.6+7151.5%1.2+ 26487 x 1.3

15163.8
= 1.005 m from A. Ans.

or k=

> 3.4 HORIZONTAL PLANE SURFACE SUBMERGED IN LIQUID

Consider a plane horizontal surface immersed in a static fluid. As every point of the surface is at the
samedepth from the free surface of the liquid, the pressure intensity will be equal on the entire surface
and equal to, P = pgh, where h is depth of surface. scanned by Fahid
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Let A = Total area of surface

Then total force, F, on the surface

=pXArea=pgxhxA=pgAh

where h =Depth of C.G. from free surface of liquid = h -
also  h* = Depth of centre of pressure from free surface = h.
Problem 3.13 Fig. 3.17 shows a tank full of water. Find :
(i) Total pressure on the bottom of tank. Fig. 3.16
(if) Weight of water in the tank.
(iif) Hydrostatic paradox between the results of (i) and (ii). Width of tank is 2 m.
Solution. Given : 3 : 0.4m
Depth of water on bottom of tank =

hy=3+06=36m
Width of tank =2m
Length of tank at bottom ~ =4m
Areaatthebottom, A=4x2=8m’
(i) Total pressure F, on the bottom is
- F=pgAh=1000x9.81 x 8 X 3.6
- =282528 N.Ans. 5
(i) Weight of water in tank = pg X Volume of tank
=1000x9.81 x[3x04x2+4x.6x2]
= 1000 x 9.81 [2.4 + 4.8] = 70632 N. Ans.

(iif) From the results of (i) and (if), it is observed that the total weight of water in the tank is much
less than the total pressure at the bottom of the tank. This is known as Hydrostatic paradox.

> 3.5 INCLINED PLANE SURFACE SUBMERGED IN LIQUID

Consider a plane surface of arbitrary shape immersed in a liquid in such a way that the plane of the
surface makes an angle 6 with the free surface of the liquid as shown in Fig. 3.18.

FREE LIQUID SU RFACE;

9}/0 '-:-_‘__-;;.—

Fig. 318 Inclined immersed surface.
Let A =Total area of inclined surface :

h =Depth of C.G. of inclined area from free surface
h* = Distance of centre of pressure from free surface of liquid
0 = Angle made by the plane of the surface with free liquid surfage, 100 by Fahid
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Let the plane of the surface, if produced meet the free liquid surface at O. Then 0-O is the axis
perpendicular to the plane of the surface.
Let y = distance of the C.G. of the inclined surface from 0-O
y* = distance of the centre of pressure from O-0.
Consider a small strip of area dA at a depth ‘i’ from free surface and at a distance y from the axis
; 0-0 as shown in Fig. 3.18. :
= Pressure intensity on the strip, p =pgh
Pressure force, dF, on the strip, dF = p X Area of strip = pgh X dA

Total pressure force on the whole area, F = IdF = Jp ghdA

i 5o b
l But from Fig. 3.18, il :—_?=h— =sin O
: . ¥
h=ysin®

F=JpgxstinGXdA=pgsinBj)fdA

»

But J-,\'dA =Ay
where y = Distance of C.G. from axis 0-O
F=pgsin®yxA

= pgAh (-« h=ysin6)..(3.6)
Centre of Pressure (h*)
| - Pressure force on the strip,dF = pghdA
- =pgysinBdA i [h =y sin 0]

Moment of the force, dF, about axis 0-O
=dF xy = pgy sin 0 dA x y = pg sin 8 y*dA
Sum of moments of all such forces about 0-O

=ngsin9y2 dA =pgsin GijdA--

But jyz dA = M.O.L of the surface about 0-0 = Iy
Sum of moments of all forces about 0-0 = pg sin 6/, g ST
Moment ofthe total force, F, about -0 is also given by
= Fxy* ) ' ..(3.8)
L where y* = Distance of centre of pressure from O-0O.

Equalmg the two values given by equations (3.7) and (3.8)
F xv*=pg sin 6 I,
pgsin® I,

or = : ¢ .(3.9)
F - ;

sin 6

Now yE= L F pgAh.

and I, by the theorem of parallel axis = I + Ay®.

; ... scanned by Fahid
s PDF created by AAZSwapnil




LSG Fluid Mechanics : : i J

Substituting these.values in equation (3.9), we get

h* in@ -2
: = .pisl.__—-[fc; + A) ]
sin pgAh
. Si!'l2 (3] 9
h* = —— [l +Ay"
AT [ G y]
But f.—l:sinﬂ or ;zi—
y sin 8
=2
sin“0
=——|Ig+AX
h [ 2 sin’ 8]
- ) |
g =
o peaie 2 oy - .(3.10)
22 Ah
If 8 = 90°, equation (3.10) becomes same as cquation (3.5) which is applicable to'vertically plane

submerged surfaces. .
[n equation (3.10), I;=M.O.L of inclined surfaces about an axis passing through G and parallel to 0-O.

Problem 3.14 (a) A rectangular plane surface 2 m wide and 3 m deep lies in water in such a way
that its plane makes an angle of 30° with the free surface of water. Determine the total pressure and
position of centre of pressure when the upper edge is 1.5 m below the free water surface.
Solution. Given : : RFACE
Width of plane surface, b=2m = A
Depth, d=3m ' E
Angle, 6.=30°
Distance of upper edge from free water surface = 1.5 m
(i) Total pressure force is given by equation (3.6) as

F= pgA?E

where p = 1000 kg/m’
A=bxd=3x2=6m"

} = Depth of C.G. from free water surface
=1.5 + 1.5 sin 30° Fig, 3.19
(- h=AE+EB=15+BCsin30°=15+15 sin 30°}

=15+15%x+4=225m .
F = 1000 x 9.81 x 6 x 2.25 = 132435 N. Ans.

(i) Centre of pressure (h*)

Using equation (3.10), we have

iy = 3 3
h*=!_6_5“1—9+h, \:\ffl'lf:relc=£=2X?i =4.5m’
Ah 12 12
F 2 . 45% .
: % 3[}0 - =
h*=4_5_x_f‘.L+2_25= 4599095
6x225 6x2.25

_ PDF created by AAZSwapnil



L Hydrostatic Forces on Surfaces E]

Problem 3.14 (b) A rectangular plane surface 3 m wide and 4 m deep lies in water in such a way
that its plane makes an angle of 30° with the free surface of water. Determine the total pressure force
and position of centre of pressure, when the upper edge is 2 m below the free surface.

(Delhi University, Dec. 2002)

Solution. Given :
Free surface of water

b=3m.d=4m,0=30° o R D
Distance of upper edge from free surface of water = 2 m L‘Z$- = =
(i) Total pressure force is glv_en by equation (3.6) as he ot 5l
F=pgAh l

View normal
to plate

where  p = 1000 kg/m?,
A=bxd=3x4=12m?
and . h =Depth of C.G. of plate from

free water surface [
=2+BE=2+BCsin0

=2+2sin30°='2'+2x%:3m

Fig. 3.19 ()
5 F=1000x9.81 x 12 x 3 =353167 N = 353.167 kN. Ans.
(if) Centre of pressure (h*) :

Using equation (3.10), we have /i* = L:;;q +h
1
3 3
whercfc=£='3><4 =16 m*
— BT pp
S X 1
_ 16xsin? 30° e

&

+3= 4 4+3=3.111 m. Ans.
12x3 36

Problem 3.15 (a) A circular plate 3.0 m diameter is-immersed in water in such a way that its
greatest and least depth below the free surface are 4 m and 1.5 m respectively. Determine the total
pressure on one face of the plate and position of the centre of pressure.

Solution. Given : _ : FREE WATER SURFACE
Dia. of plate, d=3.0m [ peive D s
Area, Rhge % d*= :1’5 (3.0)2 = 7.0685 m?
Distance DC=15m.BE=4m . im ke
i 5 N
Distance of C.G. from free surface ] .~ 5 3 m
=h=CD+GCsin@=15+15sin9 o
B

: \| o
; A BE—-AE 40-DC 40-15
But sin=—~= o = ‘
28 N

BC & miane v %0
&N -
3.0 {\ Rz e scanned by Fahid . :
: h=15+1.5% 8333 = 1.5 +1.249 = 2,749 CreXigd¥20 AAZSwapnil .
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(i) Total pressure (F)

: F = pgAh
il ) = 1000 x 9.81 x 7.0685 x 2.749 = 190621 N. Ans.
(ii) Centre of pressure (h¥*)

i

e I.sin*0 -
Using equation (3.10), we have h* = —G;:--:_l—+h
2 : 1

’rc:' Tl a1 .
where [ ,=_—d4=-—~'34:3.9?6m4
GT gy 64()

B - 3976 (8333)x 8333
~ 7.0685x2.749
= 2.891 m. Ans. v

3
Problem 3.15 (b) If in the above problem, the given circular plate is having a concentric circular
hole of diameter 1.5 m, then calculate the total pressure and position of the_centre of pressure on one

+2.749 = 0,1420 + 2.749

face of the plate. ; T Eaces D
Solution. Given : [Refer to Fig. 3.20 (a)] - 1 ey 8
; . 4m =i 1.5m
Dia. of plate, d=3.0m
A / B Vi
3 T > > ! ) iew normal
Area of solid plate = = d- = 5 (3)" = 7.0685 m*~ 3 to plate
Dia. of hole in the plate, dy=1.5m B
. Areaofhole = E dy = g (1.5)° = 1.7671 m?
.. Area of the given plate, A = Area of solid plate — Area of hole (et
=7.0685 — 1.7671 = 5.3014 m’ o
Distance CD =15, BE=4m
Distance of C.G. from the free surface, Fig. 3.20 (a)
h =CD + GC sin 8
=15+1.5sin6
But Sinel_ﬁ:BE-AEsél—l.S:gE
BC BC 3 3
- . 2.5
h=15+15 XT =15+ 1.25=2.75m
(i) Total pressure force (F)
F=pgA h
= 1000 x 9.81 x 5.3014 x 2.75
= 143018 N = 143.018 kN. Ans. scanned by Fahid
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(if) Position of centre of pressure (h*)
Using equation (3.10), we have
IEsinc 8 — . ; v

h¥=————— +} .
Ah <

g ——

where I = g’% [d*-d = % (3*- 1.5 m*

L d-df= % (32 - 1.5%] m? .

sin B = ?7;2 and i = 2.75

[34 154]x (235]

h* = +2.75
= "3t -15%]x2.75
— [32 - l.5‘]><(—' ]2 :
ke 3 s liloswnaesr o
2.75 16%2.75 %9

By 0.177 +2.75 = 2.927 m. Ans.
Problem 3.16 A circular plate 3 metre diameter is submerged in water as shown in Fig. 3.21. Its
greatest and least depths are below the surfaces being 2 metre and I metre respectively. Find : (i) the

total pressure on front face of the plate, and (ii) the pa.smon of centre of pressure.
(A.M.LE., Winter, 1983)

Solution. Given: . S S _ ‘Water surface
Dia. of plate, - d=30m : ) R s I ! ?
-..._‘_‘-‘-‘ 2 T {
o Area, | A= 1‘» (3.0)> = 7.0685 m? o h 2
Distance, DE= 1 m, BE=2m 5 :%%QZQQJ :
s 5 : ~F !
e " sng-AB_BE-AE_BE_DC_30-10_I it
LA 5 BE BC 30 et o Fige 3.2t

The centre of gravity of the plate is at the middle of BC, i.e., at adistance 1.5 m from C.
The distance of centre of gravity from the free surface of the water is given by

h=CD+CGsinB=1.0+15x14 Eoi g (- sin@=1)
=1.5m. :
(#) Total pressure on the front face of the plate is given by
E= pg/‘ l'il'

; —IUOUx‘)SIx?OGSSxI5—1040131\1 Ans. :
Let the distance of the centre of pressure from the free surface of the water be #*. Then using equation
£3.10), we have

I sin® ‘0. i
T o e : scanned by Fahid - -
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1, P 3y a=L & h=15mandsin®=
: 4

!

where

Substituting the values, we get

—TE d;'x[ljh !] 1
h¥ = ﬂ_,_i._ 1 5= i._x— + 1.5
16:  9x15

: .
_ 3 415=.0416+15=1.5416 m. Ans.
5 16x9x15

Problem 3.17 A rectangular gate 5 m x2 m is hinged at its base and inclined at 60° to the horizon-
tal as shown in Fig. 3.22. To keep the gate in a stable position, a counter weight of 5000 kgf is
attached at the upper end of the gate as shown in figure. Find the depth of water at,which the gate
begins to fall. Neglect the weight of the gate and friction at the hinge and pulley.

Solution. Given :

Length of gate =5m : : : 5000
Widthofgate _. .. =2m T SRR Wi
0 = 60° : N
Weight, W = 5000 kgf
=5000 % 9.81 N : n
=49050 N (- 1 kgf =9.81 N)
As the pulley is frictionless, the force acting at B = 49050 N. First s
find the total force F acting on the gate AB for a given depth of water. !
; AE h 5 2h
From figure, AD = = 9,: T = TP = 7
2h 4h 4

Area of gate immersed in water, A = AD x Width X Bl X2= 7 m

Also depth of the C.G. of the immersed area = i g =0.5h

=i - 4h  h 19620 ,,
Total force F is given by F=pgAh = 1000 9.81 X —=x—==—7=—h"N
g . y P& 3 Nl -\[3—
The centre of pressure of the immersed surface, h* is given by
S
pe— he 8 O hG
Ah
where I =M.O.L of the immersed area
3
_bx(aD) _2 (2 L
12 12 \J/3 V3
16h* 4h’

= el 4
12x3x%x3 9x43 =
scanned by Fahid
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(V3 5 :
n— 4h XLZ _'_1'1_3!23 x}:_lz+h_h+3h__2h-
IxV3 4k kT3 qgp 3 G2 A Gt o
R
Now in the ACHD, CH = h* = % , ZCDH = 60°
—— =sin 60°
CD
CcD = .CH 3. _fl- E 2h ¥ 4h e
sin 60° sin 60° \/5 3xA3

2 :
2h 4h  6h—-4h 24
AESAD-€p-— L 0% huidh
V3 33 33 34

Taking the moments about hinge, we get

= 19620 , 2h
49050x5A0=F><AC'=———h X ——
V3 3V3
3
or 245250 = m
bipd)

Al 56.25 : oo
39240 it L s S
>, h =(56.25)"° =3.83 m. Ans. : B
Problem 3.18 An inclined rectangular sluice gate AB 1.2 m by 5 m size as shown in Fig. 3.23 is
installed to controlled the discharge of water. The end A is hinged. Determine the force normal to the |
gate applied at.B to open it. (A-M.LE., Summer, 1980)

Solution. Given :
A = Areaof gate = 1.2 X 5.0 = 6.0 m>

Depth of C.G. of the gate from free surface of the water = )
=DG=BC-BE
= 5.0 — BG sin 45°

S50 06% o dsTe

V2
The total pressure force (F) acting on the gate,
' F=pgAh
= 1000 x 9.81 x 6.0 x 4.576
= 269343 N

This force is acting at H, where the depth of H from
free surface is given by

h* = M +h seanned by Fahid :
i PDF created by AAZSwapnil
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3 3
bd = 50x12° —072m
12 12

_ 0.72 x sin” 45°

where  J; =M.O.L of gate =

ik Depth of centre of pressure  h* +4.576 =0.13 + 4.576 = 4.589 m

6 x4.576
h* :
But from Fig. 3.23 (a), L —sin 45°
OH
h* 4.5
Distance, OH = —‘f = —89— =4.589 x \/2 =6.489 m
Smedst ol
V2
Distance, BO = _—5_ =5%+2=7071m
: sin 45°
Distance, BH=BO-OH=17.071-6489=0.582m
Distance AH =AB-BH=1.2-0582=0.618m !

Taking the moments about the hinge A
PXAB=F x(AH) _
where P is the force normal to the gate applied at B
Px1.2=269343 x0.618

pi 36934?2—”-61_8 = 138708 N. Ans.
Problem 3.19 A gate supporting water is shown in Fig. 3.24. Find the he:’ghr h of the water so that
the gate tips about the hinge. Take the width of the gate as unity. :
Solution. Given : 0 = 60°
Distance, AC =— i = —2?—
sin 60° 43

where h = Depth of water.

The gate will start tipping about hinge B if the resultant pressure force acts at B. If the resultant
pressure force passes through a point which is lying from B to C anywhere on the gate, the gate will tip
over the hinge. Hence limiting case is when the resultant force passes through B. But the resultant force
passes through the centre of pressure. Hence for the given position point B becomes the centre of pres-
sure. Henée depth of centre of pressure, :
h*=(th-3)m FREE WATER SURFACE !

0] e
But h* is also given by = le i +h 55 I
S - Ah s INGE {
Taking width of gate unity. Then h { A
: l m
Area, A=AC><1—-2—h;><l;E=;—! TA 60°
V3 2
2 3 Fig. 3.24
b =
oo b 1xaAch X(ﬁ) =Bk 2h*
BT 12 12
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=
3 -
R 0% b o b 2k
Pt = X 3 +—= > +—=—4+—=—
Oney3-Sall chin 9p2 5956 2.7 3
V32
Equating the two values of h¥,
k-—3=—2£ or 11—3@:3 or E:3
23 3 3
h=3x3=9m

Height of water for tipping the gate = 9 m. Ans.

Problem 3.20 - A rectangular sluice gate AB, 2 m wide and 3 m long is hinged ar A as shown in
Fig. 3.25. It is kept closed by a weight fixed to the gate. The total weight of the gate and weight fixed
fo the gate is 343350 N. Find the height of the water ‘h’ which will just cause the gate to open. The
centre of gravity of the weight and gate is at G.

Solution. Given : ;

Width of gate, b=2m ;Length of gateL=3,m _
. Area, A=2x3=6m’

Weight of gate and W =343350 N

Angle of inclination, 0 = 45°

Let h is the required height of water.

Depth of C.G. of the gate and weight = A
From Fig: 3.25 (a), s
: ' h=h—-ED=h-(AD-AE) —

=h— (AB sin 8 - EG tan 0) { tanﬂz-:%.'.AEzEGtanﬁ}

i s ~ =h—(3sin45°- 0.6 tan 45°) =
: =h-(2.121 -0.6) =(h—1.521) m
The total pressure force, F is given by
F=pgAh = 1000 x9.81 x 6 x (h — 1.521)
= 58860 (h— 1.521) N. .

The total force F is acting at the centre of pressure as shown in Fig. 3.25 (b) at H. The depth of H from
fres surface is given by h* which is equal to

G2t A : 3 533
h*:—————[‘;“E 8+h.whcrclc=—_bd = = =E=4.5 m*
Ah 170 g sy
=0 1
4.5 sin> 4 :
: o DD L e D o
6 x (h—1.521) (h—1.521)

y scanned by Fahid
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FREE WATER SURFACE) z
fc
1
&
g
g
E =
H HINGE
h 2
A
gl \Gv
QO)
A \
: p| W e \7
] LA P77/ 777777, P P Tty é

(a) :
8= 45°

Fig. 3.25
Now taking moments about hinge A, we get
343350 x EG = F X AH
AK

or 343350 x 0.6 = F x —
sin 45°

l:From AAKH, Fig.324 (b) AK = AH sin 8 = AH sin 45° . AH = ‘A;{S ]
. sin 45°

_ 58860 (h—1521)x AK
& sin 45°

K= 343350 x 0.6 xsin 45  0.3535x 7

58860 (h— 1.521)  (h—1521) 20
e LA =
But AK=h*-AC= —"e—— + (h-1521)-AC (1))
(h-1.521)
But AC=CD-AD=h-ABsin45=h-3 xsin45°=h-2.121
Substituting this value in (ii), we get
375
K= — h-1. _ ety Al
1500 + (h—1.521)—(h-2.121)
375 :
-=m+2.121—]‘521=ﬂ-—- + 0.6 ..(iii)
T h=32Zhned by Fahid
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03535x7 _ 0375
h-1521 ~ h—152]

0.6

or ; 03535x7=0375+06(h-1521)=0375+0.6 h— 0.6 x 1.521
or 0.6h =2.4745 - 375+ 0.6 x 1.521 =2.0995 + 0.9126 = 3.0121
3.012
h== A = 5.02 m. Ans.

Problem 3.21  Find the total pressure and position of centre of pressure on a triangular plate of
base 2 m and height 3 m which is immersed in water in such a way that the plan of the platé makes an
angle of 60° with the free surface of the water. The base of the plate is parallel to water surface and at

a depth of 2.5 m from water surface. FREE WATER SURFACE
Solution. Given : '
Base of plate, : b=2m
Height of plate, h=3m
Area, A.:b><h=£><—3:3rn2
2w
Inclination, 06 = 60°

Depth of centre of gravity from free surfacé of water,
2 h =2.5 + AG sin 60°

=25+ % X3x ? { AG:-;Tof height of lriangle}

=25+ .866 m=3.366 m

(i) Total pressure force (F)

F=pgAh =1000x 9.81 x 3 x 3.366 = 99061.38 N. Ans.
(if) Centre of pressure (h*). Depth of centre of pressure from free surface of water is given by

yx = Lo sin®@
Ah
3 3
where IG=%=2:63 =-z-= 1.5 m*
e
o ORI G0 e L 01 T14,4:3.360'= 3,477 i As.
3 x 3366 :

» 3.6 CURVED SURFACE SUB-MERGE_D IN LIQUID

Consider a curved surface AB, sub-merged in a static fluid as shown in Fig. 3.27. Let dA is the area
of a small strip at a depth of & from water surface.
Then pressure intensity'on the area dA is = pgh
and pressure force, . dF =px Area=pgh X dA @D
This force dF acts normal to the surface.
Hence total pressure force on the curved surface should be

Fi= ohdA ...(3.12)
-[ |2 scanned by Fahid
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WATER
SURFACE C

dA cos 8

(b)

Fig. 3.27
But here as the direction of the forces on the small areas are not in the same direction, but varies from
point to point. Hence integration of equation (3.1 1) for curved surface is impossible. The problem can,
however, be solved by resolving the force dF in two components dF, and dF, in the x and y directions
respectively. The total force in the x and v directions, i.e.. F and F, are obtained by integrating dF, and
dF,. Then total force on the curved surface is :

F=Fl+F} ..(3.13)

v

and inclination of resultant with horizontal is tan o=— -(3.14)

X

Resolving the force dF given by equation (3.1 1) inx and y directions :

dF, = dF sin 8 = pghdA sin 0 { " dF = pghdA)
‘and dF, = dF cos 8 = pghdA cos 8
Total forces'in the x and ¥ directionare; =~ -~~~ ~ -
Fis J‘ dF, = [ pghdA sin 0= pg J' hdA sin © (3.15)
and : F,= _|' dF, = [ pghdA cos 0 = pg J' hdA cos © .(3.16)
Fig. 3.27 (b) shows the enlarged area dA. From this figure, i.e., AEFG, s
EF =dA
FG =dAsin 9
EG=dAcos 9

Thus in equation (3.15) dA sin © = FG = Vertical projection of the area dA and hence the expression
. pg jhdA sin O repfc_sents the total pressure force on the projected area of the curved surface on the

vertical plane. Thus :
F, = Total pressure force on the projected area of the curved surface on vertical plane. - ..(3.17)
Also dA cos B = EG = horizontal projection of dA and hence hdA cos 6 is the volume of the liquid

contained in the elementary areadA up to free surface of the liquid. Thus J hdA cos 6 is the total volumé
contained between the curved surface extended upto free surface. '
Hence pg J hdA cos B is the total weight supported by the curved surface. Thus

scanned by Fahid
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= weight of liquid supported by the curved surface upto free
surface of liquid. A3 IBYEE St

In Fig. 3.28, the curved surface AB is not supporting any fluid. In e _
such cases, F is equal to the weight of the imaginary liquid supported ' —_—_—_—_—_:__
by AB upto free surface of liquid. The direction of F will be taken in i
upward direction.
Problem 3.22 Compute the horizontal and vertical componenis :_//_: _________
of the total force acting on a curved surface AB, which is in the form SCaGE R
of a quadrant of a circle of radius 2 m as shown in Fig. 3.29. Take Fig. 3.28
the width of the gate as unity.

Solution. Given :

WATER SURFACE

Width of gate =10m
Radius of the gate =20m p FREE SURFACE OF WATER
Distance AO=0B=2m C + _—__:_-:-_____

Horizontal force, F, exerted by water on gate is given by
equation (3.17) as :
= Total pressure force on the prOJe(.tcd area of curved
surface AB on vertical plane - =
— =Total pressure force on OB -

Fig. 3.29

{projected area of curved surface on vertical p];mc: =0Bx1}

= pgAh

I
1-_)

=1000%9.81 x2x 1 x[1.5+%] {~ Arcaof OB=A=BOx1=2x1

h = Depth of C.G. of OB from free surface = 1.5 +
F,.=9.81 %2000 x 2.5 = 49050 N. Ans.

u'u

)

1 =
The point of application of F, is given by h* = A—% +h

bd® 1><23 DU

where I =M.O.1 of OB about its C.G. = ——= =—m
12 12 3
2
: o s Sy s el S
. 2x25 7]
=0.1333+25=2.633 m ff_om free surface.
4 Wertical force, F, exerted by water is given by equation (3.18)

F, = Weight of water supported by AB upto free surface
= Weight of portion DABOC
= Weight of DAOC + Weight of water AOB
= pg [Volume of DAOC + Volume of AOB]

= 1000 x 9.81 [npx AO %1 +-E-(AO)1 x 1]

scanned by Fahid
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I

= 1000 % 9.81 [1.5><2.0>< 1+ ; x 2% x |]
_ 1000 x 9.81 [3.0 + T|N = 60249.1 N. Ans.
Problem 3.23 Fj

ig. 3.30 shows a gate having a quadrant shape of radius 2 m. Find the resuliant
force due to water per metre length of the gate. Find also the an gle at which the total force will act.

Solyt:on. Spenc WATERSURFACEA ¢
Radius of gate = Dim s e e e e e '

R e ; 4.1_,___—{
Width of gate =1lm
Horizontal Force

Il

F = Force on the projected area of the
curved surface on vertical plane
= Force on BO= pgAh
b - I
where A=Areaof BO=2x1=2m", h = 5 X2=1m;
F,=1000x9.81 x2x1=19620 N

This will act at a depth of—i- s % m from free surface of liquid,
Vertical Force, F,
F, = Weight of water (imagined) supported by AB
=pg xAreaof AOBx 1.0
= 1000 X 9.81 x ; (2)* x 1.0 = 30819 N

This will act at a distance of 4R _4x20

3n
Resultant force, F is given by

2 2
F=F + Fy
= /19620 + 30819 = /384944400 + 949810761

=36534.4 N. Ans.
The angle made by the resultant with horizontal is given by

=0.848 m from OB.

B
e s b S ey o
F. 19620

8 =tan"' 1.5708 = 57° 31”. Ans.

magnitude and direction of the resultant force due to water actin gona
roller gate of cylindrical form of 4.0 m diameter, when the gate is placed on the dam in such a way

that water is just going to spill. Take the len gth of the gate as 8 m,
Solution. Given :

Problem 3.24 Find the

Dia. of gate =4 m
Radius, ~ R=2m !
Length of gate, . '{4=8m scanned by Fahid
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Horizontal force, F, acting on the gate is WATER

F,=pgA h = Force on projected area of curved surface ACB
on vertical plane
= Force on vertical area AOB
where A = Area of AOB =4.0x 8.0 =32.0m’
7 =Depth of C.G.of AOB=4/2=2.0m
F,= 1000 x 9.81 x 32.0x 2.0
= 627840 N. B

Vertical force, F is given by 2
F, = Weight of water enclosed or supported (actually or imaginary) by
" the curved surface ACB
= pg % Volume of portion ACB
=pg x Areaof ACB x1

= 1000 x 9.81 X = (R)’ x 8.0.= 9810 X g(zf x 8.0 = 493104 N

It will be acting in the upward direction.

Resultant force, F=JF? + F7 = [627840 + 493104 = 798328 N. Ans.
; F 5
Direction of resultant force is given by tan 8 = — = 19__103 =().7853
F. 627840
f=231°8". Ans.

Problem 3.25 Find the horizontal and vertical component of water pressure acting on the face of
a tainter gate of 90° sector of radius 4 m as shown in Fig. 3.32. Take width of gate unity.

Sol!.ltion. Giveng WATER SURFACE A
Radius of gate. R=4dm == ==
Horizontal component, F, of force acting on the gate is :
F, = Force on area of gate
projected on vertical planc
= Force on area ADB

= pgAh
where A = AB x Width of gate
=2xADx 1 (.- AB=24D) Fig. 3.32
=2 x4 X sin 45° = 8 Xx.707 = 5.656 m’ {-v AD =4 sin 45°}
T AB_ 2000 _ogiem
2
F,=1000x9.81 x 5.656 2,658 N=156911 N. Ans.

Vertical component

F, = Weight of water supported or enclosed by the curved surface
= Weight of watzr in portion ACBDA
= pg % Arca of ACBDA x Width of gate
= 1000 x 9.81 » [Arca of sector ACBOA — Area of AMABO] x |

scanned by Fahid
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m.,» AOXBO : ;
=9810 x [3!\" = b= —J [ AAOB is a right angled]
4x4

¥
=9810 x {14"— ]:44796 N. Ans.
Problem 3.26 Calculate the horizontal and vertical components of the water pressure exerted on
a tainter gate of radius 8 m as shown in Fi 8. 3.33. Take width of gate unity.
Solution. The horizontal component of water pressure is given by

F. = pgAh = Force on the area projected on vertical plane

= Force on the vertical area of BD WATER SURFACE

where A = BD x Width of gate =4.0x 1 =4.0m : =2

E:lx4=2m
2

F,=1000%9.81x4.0x 2.0 =78480 N. Ans.
Vertical component of the water pressure is given by
F, = Weight of water supported or enclosed (imaginary) by curved
surface CB
= Weight of water in the portion CBDC
= pg x [Area of portion CBDC] x Width of gate
= Pg X [Area of sector CBO — Area of the triangle BOD] x 1

= 1000 x 9.81 x[ﬂxﬂ;_w]
360 2

4.0 x 8.8 cos 30°
e

{*> DO = BO cos 30° = 8 x cos 30°}'
=9810 x [16.755 - 13.856] = 28439 N. Ans.

Problem 3.27 A cylindrical gate of 4 m diameter 2 m lon g has water on its both sides as shown in

Fig. 3.34. Determine the magnitude, location and direction of the resultant force exerted by the water

on the gate. Find also the least weight of the cylinder so that it may not be lifted away from the floor.
Solution. Given : WATER SURFAC A

Dia. of gate =4m i :
Radius =2m - : WATER
B L

:9810x|:—1—n:x82—
12

(1) The forces acting on the left side of the cylindér are : O ____ID SURFACE
The horizontal component, £

where F_ = Force of water on area projected on vertical __ ‘ e
g ; X Fy, R i
plﬂ!‘tc = = 5 sz ¥
= Force on area AOC
& _ Fig. 3.34
=pgAh where A =AC X Width=4 x 2 :
= 1000 x 9.81 x 8 x 2 =8 m?
= 156960 N. = x4=2m Scanned by Fahid
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Hydrostatic Forces on Surfaces 101

F, = weight of water enclosed by ABCOA

y
= 1000 x 9.81 x ER?} % 2.0 9810 _ZE x 2% x 2.0 = 123276 N.
Right Side of the Cylinder 3
s pgA,h2 = Force on vertical area CO |
~ 1000 X 9.81 X2 ><2><—§—{'.' A, =COx1=2x1=2m%}h; :%:1.0}

= 39240 N
F,, = Weight of water enclosed by DOCD

=pg X [g Rz] x Width of gate

= 1000 x 9.81 x%x22x2:61638N

Resultant force in the direction of x,
F.=F, =F, =156960 ~ 39240 = 117720 N
Resultant force in the direction of y, i
F,=F, +F, =123276 + 61638 = 184914 N
(i) Resultant force, F is given as

F=\[FZ + F? =\J(117720)" +(184914)° = 219206 N. Ans.
(ii) Direction of resultant force is given by

F. 184914
tan = ——~=—=— =
F. 117720

i 0 =57° 31°. Ans.
(:ii) Location of the resultant force

1.5707

. X = i
Force, F, acts at a distance of il = 2.67 m from the top surface of water on left side, white £

acts at a distance of % % 2 = 1.33 m from free surface on the right side of the cylinder. The resultant
force F_in the direction of x will act at a distance of y from the bottom as

Exxy=F, [4-2.67]-F, [2-133]
- 3 117720 x y = 156960 x 1.33 — 39240 X .67 = 208756.8 — 26290.8 = 182466

, = 182466
* e L1720

= 1.55 m from the bottom.

= ().8488 m from AOC towards

: 4R s 4x%20
Force F\.1 acts at a distance o from AOC or at a distance >
: T 3n

=it of AOC.

3 4R 3 : =
Also F__acts at a distance i 0.8488 m from AOC towards the right of AOC. The resultant force
= 3n

&_will act at a distance x from AOC which is given by i
. scanned by Fahid
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Foxx=F, x 8488~ F, x 8488

or : 184914 x x = 123276 x .8488 — 61638 x .8488 = .8488 [123276 - 61638] =52318.4
-~ 52
x= 22384 0.2829 m from AQOC.
184914
(iv) Least Weight of Cylinder. The resultant force in the upward direction is
F,= 184914 N

Thus the weight of cylinder should not be less than the upward force F,. Hence least weight of
cylinder should be at least. ' 3
‘- = 184914 N. Ans.
Problem 3.28 Fig. 3.35 shows the cross-section of a tank full of water under pressure. The length
of the tank is 2 m. An empty cylinder lies along the length of the tank on one of its corner as shown.
Find the horizontal and vertical components of the force acting on the curved surface ABC of the

cvlinder. (A.M.LE., May 1974)
Solution. Radius, R=1m 0.2 kgffem’
Length of tank, I=2m

Pressure, p = 0.2 kgflem? = 0.2 x 9.81 N/em?
= 1.962 N/cm” = 1.962 x 10* N/m’

ho P _1962%10°

pg  1000x9.81

Free surface of water will be at a height of 2 m from
the top of the tank.
Fig. 3.36 shows the equivalent free surface of water.

Pressure head,

(i) Horizontal Component of Force

F,=pgAh
where A = Area projected on vertical plane
=15%x2.0=3.0m’

h= 2+%-2?S

JIIII

F.=1000x9.81x3.0x2.75
= 80932.5 N. Ans.
(if) Vertical Component of Force
F, = Weight of water enclosed or supported
; actually or imaginary by curved surface ABC
= Weight of water in the portion CODE ABC
= Weight of water in CODFBC — Weight of water in AEFB

But m:lghl of water in CODFBC
= Weight of water in [COB + ODFBO]

||||Llliq||||'II|lJF|

Fig. 3.36

—PS [“5—+ BOXOD}x‘!—IOOOx‘)SJ [4x1'+10x75} 2

AN > Fahid
Weight of water in AEFB = pg [Area of AEFB] x 2.0 LRy
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= 1000 x 9.81 [Area of (AEFG + AGBH - AHB)] x 2.0 :

In AAHO, sinB=——=-" =05 s = ()2
AO 10
BH=BO-HO=10-A0cos8=1.0-1 xcos 30° =0.134
Area, ABH = Area ABO - Area AHO
3 .
L 30 AHXHO & nR°  0.5%.866 — 0.0453
360 2.0 12 2

Weight of water in AEFB
= 9810 X [AEXAG + AG X AH — 0.0453] x 2.0
= 9810 x [2.0 X .134 + .134 x .5 — .0453] x 2.0
= 9810 x [.268 + .067 — .0453] x 2.0 = 5684 N
E : - F, = 64458.5 - 5684 = 58774.5 N. Ans.

Problem 3 29 Find the magm!ude and direction of the resultant water pressure acting on a curved
- 2
face of a dam which is shaped according to the relation y = % as skown in Fig. 3.37. The height of

. the water retained by the dam is 10 m. Consider the width of the dam as wiiity.
Solution. Equation of curve AB is
2
% x=.9 =3y 10m
- Height of water, h=10m :
Width, b=1m e e i
The horizontal component, F is given by Fig. 3.37

F, = Pressure due to water on the curved area projected on vertical plane
= Pressure on arca BC
= pgAE
where A=BCx1=10x1m%h=1x10=5m
= 1000 x 9.81 x 10 X 5 = 490500 N
\’emcal component, F, is given by
F, = Weight of water SU[)TJUi'f’d by the curve AB
= Weight of water in the portion ABC
= pglArea of ABC] x Width of dam

10 - 10
=pg [L XX d)-} x 1.0 {Arca of strip=xdy .. Area ABC = Lxd)'}

10 -4
1000 x 9.81 x _[ 3y dy {<ox=3.05)

1l

‘” s ] 0" .
29430 | & —| =20430 x = [ﬁ“]' = 19620 [10™]
3;2 : 3 b

19620 x 31.622 = 620439 N

scanned by Fahid
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Resultant water pressure on dam

F= [F? + F} =/(490500)* + (620439)?

= 790907 N = 790.907 kN. Ans.
Direction of the resultant is given by
P
Ly _ 620439 - 1.265
F, 490500
6 = 51° 40". Ans.

t =

2 B
Problem 3.30 A dam has a parabolic shape y = y, (i} as shown in Fig. 3.38 below having x,= 6 m

Xg

and y, = 9 m. The fluid is water with density = 1000 kg/m‘?. Compute the horizontal, vertical and the
(A.M.LE., Summer, 1985)

resultant thrust exerted by water per metre length of the dam.
Solution. Given :
Equation of the curve OA is

s x ) o
H R
or = 4y
T -./K = 2y”2
Width of dam, b=1m.

(i) Horizontal thrust exerted by water
F, =Force exerted by water on vertical surface
OB, i.e., the surface obtained by projecting
“the curved surface on vertical plane

Y4

?

ORIGIN

= 1000 x 9.81 X (9 x 1) X % = 397305 N. Ans.

(#f) Vertical thrust exerted by water

F, = Weight of water supported by curved surface OA upto free surface of

water
= Weight of water in the pertion ABO
= pg X Area of OAB x Width of dam

9
1000 x 9.81 x [Lx x dy] x 1.0

A2

(3/2) |,

19620 x % x 27 = 353160 N. Ans.

9
1000 x 9.81 x [JO 2y® x dy] x 1.0

9
19620 x [ 2 ] = 19620 x % 9°2

sca

(v x=2y

nned by Fahid
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(iii) Resultant thrust exerted by water

F=,[F} + F? = /397305 + 353160 = 531574 N. Ans.

Direction of resultant is given by

353
L3 0000 5%
F, 397305

B =tan"' 0.888 = 41.63°. Ans.

Problem 3.31 A cylinder 3 m in diameter and 4 m long retains water on one side. The cylinder is
supported as shown in Fig. 3.39. Determine the horizontal reaction at A and the vertical reaction at

tan 8 =

B. The cylinder weighs 196.2 kN. Ignore friction. WATER SURFACE c
Solution. Given : i
Dia. of cylinder =3m
4 Length of eylinder =4m

Weight of cylinder, W= 196.2 kN = 196200 N
Horizontal force exerted by water
F, =Force on vertical area BOC

. S =pgAh
where A =BOCxI=3%x4=12m> ‘ﬁ:_-lz- %3=15m

F,=1000x9.81x12x 1.5 = 176380 N
The vert:ca] force exerted by water
F, = Weight of water enclosed in PDCOB

Ei

=pg >(L——Rz) ¥ !=1000x9.81 x — 5 X (1.5)* x 4 = 138684 N
/

Force F is acting in the upward direction.

For the equilibrium of cylinder

Horizontal reactionat . A = F, = 176580 M

Vertical reaction at B = Weight of Cytinder — I

¥y

= 196200 - 1386%4 = 57516 N. Ans.

» 3.7 TOTAL PRESSURE AND CENTRE OF PRESSURE ON LOCK GATES

Lock gates are the devices used for changi- ¢ the water level in a canal or a river for navigation.
Fig. 3.40 shows plan and elevation of a pair o jock gates. Let AB and BC be the two lock gates. Each
gate is supported on two hinges fixed on their ton and bottom at the ends A and C. In the closed position,
the gates meet at B, ;

Let  F = Resultant force due to water on tiie gate AB or BC acting are right angles to the gate

R =Reaction at the lower and upper hinge
P = Reaction at the common contact surface of the two gates and acting perpendicular to the
contact surface.

Let the force P and F meet at O. Then the reaction R must pass through O as the gate AB is in the
equilibrium under the action of three forces. Let 0 is the inclination of the lock gate with the normal to

b the side of the lock. | ScannédbyFahid
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In ZABO, ZOAB = ZABO = 0.
Resolving all force along the gate AB and putting equal to zero, we get
RcosB-Pcos@=00orR=P : .(3.19)

< HINGE
I

WATER SURFACE

b SRBY R ;
UPSTREAM SIDE o, y\ F
: '90 6 SIDE

~\y
PLAN i - SR
Fig. 3,40
; Resolving forces normal to the gate AB
! Rsin®+Psin®-F=0 ; -
or : F=Rsin®+PsinB=2Psin 0 = {FxR=F}
: F s
P= ..(3.20
2sin 6 ( :

To calculate P and R
In equation (3.20), P can be calculated if F and  are known. The value of 8 is calculated from the
angle between the lock gates. The angle between the two lock gate is equal to 180 — 26. Hencc 0 can be
calculated. The value of F is calculated as :
Let = Height of water on the upstream side
H » = Height of water on the downstream side
| F; = Water pressure on the gate on upstream side
' F, = Water pressure on the gate on downstream side of the gate
I = Width of gate

Now’ : F, = pgAh
! bald
=pg X Hy x1x T]
= pgl [ A=H, x| h :%]
Similarly, , = pgA,ha = pg x (Hy x 1) LR

i i - 2 2

2
- . Resultantforce _ F=F, - Fﬂ_pgi’H PS;Hﬂ

Subsmulmg the value of 0 and F in equanon (3.20), the value of P and R can be calculated.
Reactions at the top and bottom hinges scanned by Fahid
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R, = Reaction of the bottom hinge
Then R=R,+ R,
The resultant water pressure F acts normal to the gate. Half of the value of F is resisted by the hinges
of one lock gates and other half will be resisted by the hinges of other lock gate. Also F, acts at a

H, H,
distance 0f~3— from bottom while F; acts at a distance of — from bottom.

- Taking moments about the lower hinge
& = b
3 2804
where H = Distance between two hinges
Resolving forces horizontally
: e N 25 ;.
R,sin 0 + R, sin 6 = 55 ..(i0)
From cquauons (7) and (ii), we can find R, and R,.
Problem 3.32 Each gate of alock is 6 m hlgh and is supported by two h{nges placed on the top and
bottom of the gate. When the gates are closed, they make an angle of 120°. The width of lock is 5 m.
If the water levels are 4 m and' 2 m on the upstream and downstream sides respecnvel) determine the
3 magnitudes of the forces on the hinges due to water pressure.

R, xsin ® x H =

Solution. Given : Ry
Height of lock =6m o i
Width of lock =5m Sy
Width of each lock gate = AB ‘ { ] 'R
i ! [ S S
b 7 _"_‘_QT T0as5 - | e 155
cos 20° - cos 30° rebrerer iR o o
: =R R
=2.887 m o
Angle between gates =202 B
o= 180-120 60 ... E
. 2 2 _ | 25m | DOWNSTREAM
Height of water on upstream side \\i . s (e AN
Hy=4m PLAN A 30°
and H,=2m Fig. 3.41
-.  Total water pressure on upstream side
Fy =pgA,h1, where A, = H, x 1 =4.0 x 2.887 m’
: ! - H
= 1000 x 9.81 X 4 x 2.887 X 2.0 {h1=71=g=2.0m}
= 226571 N ' |
: : : H 4
Force F, will be acting at a distance of o 1.33 m from bottom.
Similarly, total water pressure on the downstream side
Fy=pgAshs, where A, = Hy x I =2 % 2.887 m°
= 2
= 1000 > 9.81 x2x 2887 x1.0 h:=H—2=:=I,{}m
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= 56643 N
; S 7 o Ay
F, will act at a distance of = = 3 =0.67 m from bottom,

Resultant water pressure on each gate
F=F;—F,=226571 - 56643 = 169928 N.
Letx is height of F from the bottom, then taking moments of F;, F, and F about the bottom, we have
Fxx=F x133-F, x0.67 :

or 169928 x x = 226571 X 1.33 — 56643 X 0.67
_ 226571x1.33 - 56643 x 0.67 _ 301339 ~37950 _ | oo
169928 169928
F 169928

From equation (3.20). P = = 169928 N.

2sin®  2sin 30
From equation (3.19), R =P =169928 N.
If- Ry and Ry are the reaction at the top and bottom hinges, then Ry + Rz = R = 169928 N.
Taking movements of hinge reactions Ry, R and R about the bottom hinges, we have

Ry x6:0+ Ry x0=Rx1.55

2 5
R.= _I_M = 43898 N
s 6.0

i Rp=R - Ry=169928 — 43898 = 126030 N. Ans.
Problern 3.33 The end gates ABC of a lock are 9 m high and when closed include on angle of 120°.
The width of the lock is 10 m. Each gate is supported by two hinges located at 1 m and 6 m above the
bottom of the lock. The depths of water on the two sides are 8 m and 4 m respem vely. Find :

( :J Resultant water force on each gate,

(ii) Reacrion between the gates AB and BC, and

(iii) Force on each hinge, considering the reaction of the gate acting in the same horizontal plane
as resultant water pressure. :

Solution. Given:

Height of gate r=0m
Inclination of gate = 120°
e 180;120 ~30°

A

i L HINGES

(b) ELEVATION
sscanned by Fahid
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Width of lock =10m

Width of each lock = 2 or{=5773m
cos 30
Depth of water on upstream side, H, =8m

Depth of water on downstream side, H,=4m
(i) Water pressure on upstream side
F,= pgAlgl
e o ot
where A, =IxH; =5.773 X 8§=46.184m, h = —2-=—2- =4.0m
F; =1000 x9.81 X 46.184 x 4.0 = 1812260 N = 1812.26 kN
Water pressure on downstream side,

= pgAsha
- 4
where A, =IxH,=5.713x4=23.092m, hz = i 2.0

F5=1000 x 9.81 x23092><20=453065N = 453.065 kN

Resultam water pressure
: =F, - F,=1812. 26 = 453.065 = 1359.195 kN
(ii) Reaction between the gates AB and AC. The reaction (P) between the gates AB and AC is
given by equation (3.20) as
1 1359.195

Fz=——— - =1359.195 kKN. Ans.
251n6 2 xsin 30

(iii) Force of each hinge. If R, and K, are the reactions at the top and bottom hinges then
R+ Rg=R

But from equation (3.19),R = P = 1359.195
Ry+ Rg=1359.195

: v H, '8 ; H, 4 :
The force F is acting at "-:,_l =3=267m from bottom and F, at —;— =3 =133m from bottom. The

resultant force F will act at a distance x from bottom given by
Fxx=F,x261-F,x1.33
_ B x267-Fx133 _181226x2.67 —453.065x%1.33

or =
- 1359.195
2 ¥ i"
E‘_’_ff‘l____"_iilﬁ <R ]15 311m
1359.195

Hence R is also acting at a distance 3.11m from bottom.
Taking moments of R and R about the bottom hinge
Ryx[6.0-1 0] Rx(x-1.0)
s Ry (x-1.0) _ 1359195 % 2115 573.58 N
5.0 5.0
Ry=R—Ry=1359.195 - 573.58
= 785.615 KN. Ans.
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> 3.8 PRESSURE DISTRIBUTION IN A LIQUID SUBJECTED TO CONSTANT
HORIZONTAL/VERTICAL ACCELERATION

In chapters 2 and 3, the containers which contains liquids, are assumed to be at rest. Hence the liquids
are also atrest. They are in static equilibrium with respect to containers. But if the container containing
aliquid is made to move with a constant acceleration, the liquid particles initially will move relative to
each other and after some time..there will not be any relative motion between the liquid particles and
boundaries of the container. The liquid will take up a new position under the effect of acceleration
imparted to its container. The liquid will come to rest in this new position relative to the container. The
entire fluid mass moves as a single unit. Since the liquid after attaining a new position is in static
condition relative to the container, the laws of hydrostatic can be applied to determine the liquid pres-
sure. As there is no relative motion between the liquid particles, hence the shear stresses and shear
forces between liquid particles will be zero. The pressure will be normal to the surface in contact with
the liquid.

The following are the important cases under consideration :

(f) Liquid containers subject to constant horizontal acceleration.

(ii) Liquid containers subject to constant vertical acceleration.
3.8.1 Liquid Containers Subject to Constant Horizontal Acceleration. Fig. 3.43 (a)
shows a tank containing a liquid upto a certain depth. The tank is stationary and free surface of liquid is
horizontal. Let this tank is moving with a constant acceleration ‘@’ in the horizontal direction towards
right as shown in Fig. 3.43 (). The initial free surface of liquid which was horizontal, now takes the
shape as shown in Fig. 3.43 (b). Now AB represents the new free surface of the liquid. Thus the free
surface of liquid due to horizontal acceleration will become a downward sloping inclined plane, with the
liquid rising at the back end the liquid falling at the front end. The equation for the free liquid surface
can be derived by considering the equilibrium of a fluid element C lying on the free surface. The forces

acting on the element C are : _
Free surface of
liquid Original liquid

,_.\ 3{
! ; ] F / surface
| Free surface of oAl / |
|
|

¢ liguid

Moving horizontal

Tank
(stationary)
N

>
@

Back end /

or Rear end

”"mj._“(@'\— ©

S e AT 7 o i

(a) i (b) Tank moving
Fig. 3.43 -

(i) the pressure force P exerted by the surrounding fluid on the element C. This force is normal to the
free surface.
(ii) the weight of the fluid element i.e., m X g acting vertically downward.
(iif) accelerating force i.e., m X a acting in horizontal direction.
Resolving the forces horizontally, we get

R R R R ==~ 1" 1 o AN S = =
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PsinB+mxa=0

or Psin@=-ma

Resolving the forces vertically, we get
PcosB-mg=0

or PcosO@=mxg

Dividing (i) by (i), we get

a
tan @ =- —

(i)

..(if)

or 2 NumericanyJ ..(3.204)

The above equation, gives the slope of the free surface of the liquid which is contained in a tank .
which is subjected to horizontal constant acceleration. The term (a/g) is a constant and hence tan 6 will
be constant. The —ve sign shows that the free surface of liquid is sloping downwards. Hence the free
surface is a straight plane inclined down at an'angle 0 along the direction of acceleration.

Now let us find the expression for the pressure at any point D in the liquid mass subjected to horizon-
tal acceleration. Let the point D is at a depth of ‘A’ from the free surface. Consider an elementary prism
DE of height ‘h’ and cross-sectional area dA as shown in Fig. 3.44. ' '

A

— —__ Lines of constant
—_— pressure

e

RS : Fs

Z [T A TATIATT

¥

f pah,

Consider the equilibrium of the elementary prism DE.

'\ ) N~ _pgh,—» O

The forces acting on this prism DE in the vertical direction are :
(i) the atmospheric pressure force (p, X dA) at the top end of the prism acting downwards,
(i) the weight of the element (p X g X h x dA) at the C.G. of the element acting in the downward

direction, and

(i) the pressure force (p x dA) at the bottom end of the prism acting upwar_ds.
Since there is no vertical acceleration given to the tank, hence net force acting vertically should be

zero.

pXdA—pyxdA—pghdA=0
or P—-po—pgh=0 or
or P-po=pgh

or Gauge pressure at point D is given by

or pressure head at point D,

P=po+tpgh
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From the above equation. it is clear that pressure head at any point in a liquid subjected to a constant
horizontal acceleration is equal to the height of the liquid column above that point. Therefore the pressure
distribution in a liquid subjected to a constant horizontal acceleration is same as hydrostatic pressure
distribution. The planes of constant pressure are therefore, parallel to the inclined surface as shown in
Fig. 3.44. This Fig. 3.44 also shows the variation of pressure on the rear and front of the tank.

If h; = Depth of liquid at the rear end of the tank

hy = Depth of liquid at the front end of the tank

F = Total pressure force exerted by liquid on the rear side of the tank

F, =Total pressure force exerted by liquid on the front side of the tank,
then F, = (Area of triangle AML) x Width

2
=(% xLMxAbe):%xpgh,xk, >~:b=Ei-!2)'i
and F, = (Area of traingle BNO) x Width
] 2
=(3 XBNxNO) = 1 xhzxpghsz=m

2
: where b = Width of tank perpendicular to the plane of the paper.
The values of F, and F, can also be obtained as
[Refer to Fig. 3.44 (a)]

Fi=pXxgxA;xh, where A, = h, x b and
=p><g><(hl><!;v}><i;-:%p‘g'.b.h]2
and Fzszngzxﬁg

ey
where A,=h,xband fi» =2

:ngx(hsz)x—hzl

4 = % pg.bxh? Fig. 3.44(a)
It can also be proved that the difference of these two forces (i.e., F 1 — F3) is equal to the force
required to accelerate the mass of the liquid contained in the tanki.e., S
Fl = F2 =Mxa
* where ‘M = Total mass of the liquid contained in the tank

a = Horizontal constant acceleration.

Note : () If a tank completely filled with liquid and open at the top is subjected to a constant horizontal
acceleration, then some of the liquid will spill out from the tank and new free surface with its slope given by

equation tan 8 = - £ will be developed.
g

(ii) If a tank partly filled with liquid and open at the top is subjected to a constant horizontal acceleration,
spilling of the liquid may take place depending upon the magnitude of the acceleration.

(iif) 1f atank completely filled with liquid and closed at the top is subjected to a constant horizontal accelera-
tion, then the liguid would not spill out from the tank and also there will be no adjustment in the surface elevation

of the liquid. But the equationtan 6 = - 2 js appliéable for this case also.  SCanned by Fahid : .
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Problem 3.34 A recrangu!ar tank is moving horizontally in the direction of its length w:rh a con-
stant acceleration of 2.4 m/s*. The length, width and depth of the tank are 6 m, 2.5 m and 2 m respec-
tively. If the depth of water in the tank is I m and tank is open at the top then calculate :

(i) the angle of the water suiface to the horizontal,
(it) the maximum and minimum pressure intensities at the bottom,
(iii) the total force due to water acting on each end of the tank.
Solution. Given :
Constant acceleration,  a = 2.4 m/s”.
Length=6 m; Width=2.5m and depth=2m, 2m [ """""

Free surface
after accelerate

Original free
surface

Depth of water in tank, h=1m

(i) Theai. - ui the water surface to the horizontal

Let 0 = the angle of water surface to the horizontal U
Using equation (3.20), we get

a =24 m/s?

{h, = 0.2662 m
-4 X

tanf= ——=——"— = _(.2446 y . :
g 9-81 Flb. 3-45

(the —ve sign shows that the free surface of water is sloping downward as shown in Fig. 3.45)
: tan © = 0.2446 (slope downward) '
: 0 = tan™ 0.2446 = 13.7446° or 13° 44.6. Ans.
(u) The maximum and minimum pressure intensities at the bottom of the tank
From the Fig. 3.45,
Depth of water at the front end,
hy=1-3tan 0=1-3x0.2446 = 0.2662 m
Depth of water at the rear end,
hy=1+3tan6=1+3x02446=1.7338 m
The pressure intensity will be maximum at the bottom, where depth of water is maximum.
Now the maximum pressure intensity at the bottom will be at point A and it is given by,
Pmax =P X g X hy
= 1000 x 9.81 x 1.7338 N/m” = 17008.5 N/m?®. Ans.
The minimum pressure intensity at the bottom will be at point E and it is given by
Pumin =P X8 X hl
= 1000 x 9.81 x 0.2662 = 2611.4 N/m”. Ans.
(iif) The total force due to water acting on each end of the tank

Let F, = total force acting on the front side (i.e., on face BD)
F, = total force acting on the rear side (i.e., on face AC)
Then Fy = pgA, hi, where A, = BD x width of tank = h, X 2.5 = 0.2662 X 2.5
and Ezﬂzh —O@%—OIB?IH
2 2 2
= 1000 x 9.81 x (0.2662 x 2.5) > 0.1331
= 868.95 N. Ans.
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and F,=p.gAs.h2, where A, = AB x width of tank = h; X 2.5 = 1.7338 X 2.5
= k :
o o L1338 st
D 2 -

= 1000 x 9.81 x (1.7338 x 2.5) x 0.8669
= 36861.8 N. Ans.
Resultant force = F, — F, _
= 36861.8 N — 868.95 C b
=35992.88 N

Note. The difference of the forces acting on the two ends of
the tank is equal to the force necessary to accelerate the liquid
mass. This can be proved as shown below :

Consider the control volume of the liquid i.e., control vol-
ume is ACDBA as shown in Fig. 3.46. The net force acting on
the control volume in the horizontal direction must be equal to
the product of mass of the liquid in control volume and accel-
eration of the liquid.

(Fi-F;)=MxXxa
= (p % volume of control volume) X a
= (1000 x Area of ABDCE x width) x 2.4

_ 1000 x {ﬁ%ﬂ] X AB x width] x 2.4

L
1: Area of trapezium =[£;£] X AB]

1.7338 ;0.2662) X 6x2.5%2.4

= 1000 x (
= 36000 N
(s AC=h,=1.7338 m, BD = h; = 0.2662 m, and AB = 6 m, width =2.5 m)
The above force is nearly the same as the difference of the forces acting on the two ends of the tank. (i.e.,
©35992.88 = 36000). . 3
Prablem 3.35 The rectangular tank of the above problem contains water to a depth of 1.5 m. Find
the horizontal acceleration which may be imparted to the tank in the direction of its length so that
(i) the spilling of water from the tank is just on the verge of taking place, v =1
(i) the front bottom corner of the tank is just exposed,
(iii) the bottom of the tank is exposed upto its mid-point.

-Also calculate the total forces exerted by the water on each end of the tank in each case. Also prove
that the difference between these forces is equal to the force necessary 1o accelerate the mass of water
tank. % '

Solution. Given :

Dimensions of the tank from previous problem,
L =6 m, width (b) = 2.5 m and depth

scanned by Fahid
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Depth of water in tank, h=15m

: Original free
(i) Horizontal acceleration imparted to the tank P surface
(a) When the spilling of water from the tank is just 2|rn am
on the verge of taking place ' A |8 e
Let a = required horizontal acceleration I : ——— | 0.5m
When the spilling of water from the tank is just on the [ 1 D e
verge of taking place, the water would rise upto the rear | l
top corner of the tank as shown in Fig. 3.47 (a) x _
215 f S A
el el RO ) i ' 5
AO 3 73 Fig. 3.47 (a) Spilling of water is just on
o the verge of taking place.
But from equation (3.20) tan 6 = E (Numerically)
= gxtan 0 =981 x0.1667 = 1.635 m/s”. Ans.
(b) Total forces exerted by water on each end of the 1ank *
The force exerted by water on the end CE of the tank is
= pgA hi. where A; = CE x width of the tank =2 x 2.5
ot 3 2
hi= el o1m
)
= 1000 x9.81 x (2x2.5)x 1
= 49050 N. Ans.
The force exerted by water on the end FD ot the tank is
F,=pgA, X ha. where A, = FD x width = 1 X 2.5 :
('+AC=BD=05m, .. FD=BF-BD=15-05=1)
= 1000981 X (1x2.5) 0.5 Tz = FZD _—;— =05m

=12262.5 N. Ans.
(c) Difference of the forces is equal to the force necessary to accelerate the mass of water in the tank
Difference of the forces =F| - F, :
= 49050 — 12262.5 = 36787.5 N
Volume of water in the tank before acceleration is imparted to it = L X b x depth of water
=6x25x1.5=225m".
The force necessary to accelerate the mass of water in the tank
= Mass of water in tank X Acceleration _
= (p X volume of water) X 1.635 (*+ a=1.635 m/s®)

= 1000 x 22.5 x 1.635 [There is no spilling of water and volume of
water = 22.5 m’]
scanned by Fahid
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Hence the difference betwezi the forces on the two ends of the tank is equal to the force necessary to
accelerate the mass of water in the tank.

CE ey
Volume of water in the tank can also be calculated as volume = (———;fi—)] X EF X Width [Refer to
Fig. 3.47 (a)]

Free surface Original free
after acceleration surface

= [3%—1] 6%2.5=22.5m’,
(if) (a) Horizontal acceler. “on when the front
bottom corner of the tank is jus: exposed.
Refer to Fig. 3.47 (b). In this case the free sur-
face of wa =r in tl.c tank will be ilong ¢ 2.
Let a = required horizontal acceleration.

In this case, tan B = £€. £h E . l

63

But from equation (3.17),

Fig. 3.47 ()

tan 6 = E (Nllmerical]y)_ E
&

(=g xtan B =981 x % =3.27 m/s>. Ans.
(b) Total forces exerted by water on each end of the tank
The force exerted by water on the end CE of the tank is

Fi=pgxA X h
where A, = CEx width=2x2.5=5m?2

E:=E23=lm =1000x9.81 x5 x 1
2B ) 2 .
=49050 N. Ans.
The force exerted by water c . the end BD of the tank is zero as there is no water against the face BD
: F,=0

Difference of forces = 49050 — 0 = 49050 N

(c) Difference of forces is equal to the force necessary to accelerate the mass of water in the tank.
Volume of water in the tank = Area of CED x Width of tank

E f
0 (.C zm J X255 (-~ Width of tank = 2.5 m)
3 2%6

x25=15m>

Force necessary to accel- ate the mass of water in the tank
= Mass of water in tank x Acceleration

= (1000 x Volume of water) x 3.27

= 1000 x 15 x 3.27 = 49050 N scanned by Fahid
Difference of two forces is also = 49050 N PDF created by AAZSwapnil
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Hence difference between the forces on the two ends of - Z;l‘;': :“m”:“l‘:fm;on SOJE;:' free
the tank is equal to the force necessary to accelerate the +
mass of water in the tank.

(iii) (a) Horizontal acceleration when the bottom of
the tank is exposed upto its mid-point.

Refer to Fig. 3.47 (¢). In this case the free surface of
water in the tank will be along CD*, where D* is the mid-
point of ED.

Let a = required horizontal acceleration from

Fig. 3.47 (¢), it is clear that

GCE

tanB=—=— ; —6m -
3 Fig. 3.47 ()

But from equation t3.20) numerically

t'zu19=E
g

a=gxtan =928l X% = 6.54 m/s’. Ans.

(b) Total forces exerted by water on each end of the tank
The force exerted by water on the end CE of the tank is
F, =pxng,x}1-1
where A, =CEXWidth=2x2.5=5m’

=1000x9.81 x5x 1

_ =49050 N. Ans.

The force exérted by water on the end BD is zero as there is no water against the face BD.
o F,=0 i '

. Difference of the forces = | - F, = 49050 — 0 = 49050 M

(¢) Difference of the two forces is equal to the force necessary to accelerate the mass of water
remaining in the tank.

Volume of water in the tank = Area CED x Width of tank

_ CEXED 2x3

X2.5= x25=75m>

Force heccssary to accelerate the mass of water in the tank
= Mass of water x Acceleration
= p X Volume of water x 6.54 (s a=6.54m/s%)
= 1000 x 7.5 x 6.54
='49050 N
This is the same force as the difference of the two forces on the two ends of the tank. :

Problem 3.36 A rectangular tank of length 6 m, width 2.5 and hefﬁﬁwggcg%f‘g@}? ﬁ%d with
water when at rest. The tank is open at the top. The tank is subjected 104 HOFiZohtaI Co fé inebr!!

linear
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Soiution. Given :

L=6m,b=25mand height, H =2 m

Horizontal acceleration, a=24m/s
The slope of the free surface of water after the tank is subjected to linear constant acceleration is

iven by equation (3.20) as Original free
z 5 . ( ) Free surface surface

after acceleration I

tan 6 = & (Numerically) : : J
g e e

B 00446 i

9.81

From the Fig. 3.48,

B
tan @ = —
AB

BC = AB X tan 0 *
=6x 0.2446
(= AB=Length=6m;tan 6 = 0.2446)
=1.4676 m
Volume of water spiiled == Area of ABC x Width of tank

=({xABXxBC)x25 = - (. Width=2.5m)
=4 X 06X 1.4676 x 2.5 ' (- BC=14676 m)
=11.007 m”. Ans.

3.8.2 Lliguid Container Subjected to Constant Vertical Acceleration. Fig. 3.49 shows

a tank containing a liquid and the tank is moving vertically upward with a constant acceleration. The

liquid in the tank will be subjected to the same vertical acceleration. To obtain the expression for the

pressure at any point in the liquid mass subjected to vertical upward acceleration, consider a vertical

elementary prism of liquid COFE.

Fig. 3.48

Free surface

—_—

f—«—pha--‘l-‘-— pah— -—]

=~ pgh(i+ g] -—-—E

Fig. 3.49
Let dA = Cross-sectional area of prism
h = Height of prism :
Pp = Atmospheric pressure acting on the face CE scanned by Fahid
p = Pressure at a depth /i acting on the face DF PDF created by AAZSwapnil
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The forces icting on the elementary prism are :
(i) Pressure force equal to p, X dA acting on the face CE vertically downward

(ii) Pressure force equal to p,x dA acting on the face DF vertically upward

(iii) Weight of the prism equal to p X g X dA X h acting through C.G. of the element vertically
downward. ; -

According to Newton’s second law of motion, the net force acting on the element must be equal to
mass multiplied by acceleration in the same direction.

Net force in vertically upward direction = Mass x acceleration

pdi —poXdA—pgdA . h=(pxdAxh)xa (- Mass = p xdA X h)
or P—po—pgh=phxa (Cancelling dA to both sides)
or P—Py=pgh+pha

= pgh [1+5} (3.21)
g

But (p — py) is the gauge pressure. Hence gauge pressure at any point in the liquid mass subjected to
a constant vertical upward acceleration, is given by

= pgh [1 +5]_ : -(3.22)
g :
: = pgh + pha i ...(3.224)
where p,=p - p,= gauge pressure
In the equation (3.22) p, g and a are constant. Hence variation of guage pressure is llnear Also when
k=0, p,=0. This means p — p, = 0 or p = p,.-Hence when h = 0, the pressure is equal to atmospheric
pressure. Hence free surface of liquid subjected to constant vertical acceleration will be horizontal.
From the equation (3.22A} it is also clear that the pressure at any point in the liquid mass is greater
than the hydrostatic pressure (hydrostatic pressure is = pgh) by an amount of p X h X a.
The Fig. 3.49 shows the variation of pressure for the liquid mass subjected to a constant vertical
upward acceleration.
If the tank contammg liquid is moving vetically downward with a constant acceleration, then the
gauge pressure at any point in the liquid at a depth of h from the free surface will be given by

(- po) = pgh {l - 5] =pgh—pha ..(3.23)
. : _

The above equation shows that the pressure at any
point in the liquid mass is less than the hydrostatic pres-
sure by an amount of pha. The Fig. 3.50 shows the vari-
ation of pressure for the liquid mass subjected to a con-
stant vertical downward acceleration.

If the tank containing liquid is mov mzf. downward with
a constant acceleration equal tog (i.e., whena =g), then
equation reduces to p — p, = 0 or p = p,,. This means the
pressure at any point is the liquid is equal to surrounding
atmospheric pressure. There will be no force on the walls Fig. 3.50
or on the base of the tank.

Note. If a tank containing a liquid is subjected 10 a constant acceleration in the i ¢ction, then the
acceleration may be resolved along the horizontal direction and vertical direiohY. ”ﬁ'@ lé "hL Iluql(dqe cases may
bcsepamlc[y analysed in accordance with the above procedure. PDF created by AAZSwapnil
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Problem 3.37 A tank containing water upto a depth of 500 mm is moving vertically upward with a
constant acceleration of 2.45 m/s’. Find the force exerted by water on the side of the tank. Also
calculate the force on the side of the tank when the width of tank is 2 mn and

(i) rank is moving vertically downward with a constant acceleration of 2.45 m/s’, and

(ii) the tank is not moving at all.

Solution. Given :

A a=245m/s’
Depth of water, h =500 mm=0.5m g ;
Vertical acceleration, a=2.45m/s* £ ;50
Width of tank, b=2m Ex

To find the force exerted by water on the side of
the tank when moving vertically upward, let us first
find the pressure at the bottom of the tank.

The gauge pressure at the botfom (i.e., at point B)
for this case is given by equation as

pgh (l + EJ
&

1l

Pg

1000 x 9.81 x 0.5 (I-I—i'—:?) = 6131.25 N/m?

This pressure is represented by line BC.
Now the force on the side AB= Area of triangle ABC x Width of tank

= (£ x ABx BC) x b

= 3065.6 N. Ans.

(i) Force on the side of the tank, when tank is moving vertically downward.
The pressure variation is shown in Fig. 3.52. For this case, the pressure at the bottom of the tank

= (4 x0.5%6131.25) x 2 (- BC=6131.25and b=2m)

(i.e., at point B) is given by equation (3.23) as i
a “-.
P,s:ﬂgh[l——J S e
8 s
245 ! St i
=1000x9.81 x0.5 | 1-—— :
e
=3678.75 N/m™ O S A AT
This pressure is represented by line BC. 3] C  ._—h

_ay
Now the force on the side AB = Area of triangle ABCx Width | pg}.:[ Pghﬁ 1 )

= ($x ABx BC) xb

Fig. 3.52
= (4% 0.5%3678.75) x 2 (- BC=3678.75, b = 2)

=-1839.37 N. Ans.
scanned by Fahid
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(ii) Force on the side of the tank, when tank is stationary.
The pressure at point B is given by, =
pp=pgh=1000x9.81x0.5= 4905 N.fm

This pressure is replesented by line BD in Fig. 3.52
Force on the side AB = Area of triangle ABD x Width

= (4 x ABx BD) x b

= (4 x0.5x 4905) x 2 (-+ BD = 4905)
= 2452.5 N. Ans.
For this case, the force on AB can also be obtained as
Fup=pgA.h
where A=ABXxWidth=05x2=1 m>
= ”‘qB 025 —025m=1000%98Ix1x025 *
= 2452.5 N. Ans.

Problem 3.38 A tank contains water upto a depth of 1.5 m. The léngth and width of the tank are 4 m
and 2 m respectively. The tank is moving up an inclined plane with a constant acceleration of 4 m/s .
The inclination of the plane with the horizontal is 30° as shown in Fig. 3.53. Find,

(i) the angle made by the free surface of water with the horizontal.

(ii) the pressure at the bottom of the tank at the front and rear ends.

Solution. Given : Cofe—tm—
Depth of water, h=1.5m; Length L=4mand T ;ég\_:

Width, b=2m . E =
Constant acceleration along the inclined plane, F f % h

; a=4 rmf:-;2
Inclmauon of plane, o = 30°
Let 0= Angle made by the free surface of water after -
the acce]eraglqn is 1mpaned to the tank
p, = Pressure at the bottom of the tank at the frontend and

pp = Préssure at the bottom of the tank at the rear end. : Fig. 3.53
_ This prob]em can be done by resolving the given acceleration along the horizontal direction and
vertical directions. Then each of these cases may be separately analysed according to thie set procedure.
_Horizontal and vertical components of the acceleration are :
a, = acos o=4cos 30° = 3.464 m/s’

D

a,=asina=4sin30°=2 m/s’
When the tank is stationary on the inclined plane, free surface of liquid will be along EF as shown in
Fig. 3.53. But when the tank is moving upward along the inclined plane the free surface of liquid will be
along BC. When the tank containing a liquid is moving up an inclined plan w ith a constant acceleration,

the angle made by the free surface of the liquid with the horizontal issgiveniioyl by ‘Fahid
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—= 2ne =(0.2933
agtg s 208l

2 6=tan"' 0.2933 = 16.346° or 16°20.8". Ans.
Now let us first find the depth of liquid at the front and rear end of the tank.
Depth of liquid at front end = h; = AB

.GX

tan O =

Depth of liquid at rear end = h, = CD

CE
From the Fig. 5.21, in triangle COE, tan 6 = =

or : CE =EQ tan 6 = 2 x 0.2933 (" EO=2m,tan 6 = 0.2933)
=0.5866 m
5 CD=hy=ED+ CE=1.5+0.5866 = 2.0866 m
Similarly h,=AB=AF - BF I
= 1.5 - 0.5866 (. AF = 1.5, BF = CE = 0.5866)
=09134 m

The pressuie at the bottom of tank at the rear end is given by,

a,
Pp=pghy |1 +_g_

DEN e
-- |=24642.7 N/m’. Ans.
0.81)

The pressure at the bottom of tank at the front end is given by

= 1000 x 9.81 x2.0866 (1 !

T
pu=pun (142
: &

=1000 x9.81 09134 | 1+ 551 =10787.2 N/m”. Ans.

HIGHLIGHTS

. When the fluid is at rest, the shear stress is zero.
2. The force exerted by a static fluid on a vertical, horizontal or an inclined plane immersed surface,
F=pgAh . :
where  p = Density of the liquid,
A = Area of the immersed surface, and
_ h= Depth of the centre of gravity of the immersed surface from free surface oflhe-]iquid,
3. Centre of pressure is defined as the point of application of the resuliant pressure..
4. The depth of centre of pressure of an immersed surface from free surface of the liquid,

h* = ;% +h for vertically immersed surface.
-~ Ah
I sin’8 - scanned by Fahid A
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5. The centre of pressure for a plane vertical surface lies at a depth of two-third the height of the immersed
surface, i

6. The total force on a curved surface is givenby F = 1“,}2 + F?
where F, = Horizontal force on curved surface and is equal to total pressure force on the projected area
of the curved surface on the vertical plane,
= pgA;!- : A
and * F, = Vertical force on submerged curved surface and is equal to the weight of liquid actually or
imaginary supported by the curved surface, ;

7. The inclination of the resultant force on curved surface with horizontal, tan 0 = ——.
X

8. The resultant force on a sluice gate, F = F, - F,
where F| = Pressure force on the upstream side of the sluice gate and

3 F, = Pressure force on the downstream side of the sluice gate. :
9. For a lock gate, the reaction between the two gates is equal to the reaction at the hinge, R = P.

Also the reaction between the two gates, P = 25in 6
4 SIn

where F = Resultant water pressure on the lock gate=F, - F,

and O = Inclination of the gate with the normal to the side of the lock.

EXERCISE 3

(A) THEORETICAL PROBLEMS

1. What do ‘you understand by ‘Total Pressure’ and ‘Centre of Pressure’ 7 ;

2. Derive an expression for the force exerted on a sub-merged vertical plane surface by the static liquid and
locate the position of centre of pressure. o B

3. Prove that the centre of pressure of a completely sub-merged plane surface is always below the centre of T
gravity of the sub-merged surface or at most coincide with the centre of gravity when the plane surface is
horizontal. : ) At

4. Prove that the total pressure exerted ‘by a static liquid on an inclined plane sub-merged surface is the same
as the force exerted on a vertical plane surface as lon g as the depth of the.centre of gravity of the surface is
unaltered. :

S. Derive an expression for the depth of centre of pressure from frec surface of liquid of an inclined plane
surface sub-merged in the liquid. ; By o =

~ 6. " (@) How would you determine the horizontal and vertical components of the resl._lit:_ln!.pre'ssure on a sub-

? - merged curved surface ? ] _ A
() Explain the procedure of finding hydrostatic forces on curved surfaces. ' '
! A (Délhi University, Dec. 2002)
7. Explain how you would find the resultant pressure on a curved surface immersed in a liquid.
% (AM.IE.. Summer [98])

8. Why the resultant pressure on a curved sub-merged surface is determined by first finding horizontal and
vertical forces on the curved surface ? Why is the same method not adopted for a plane inclined surface
sub-merged in a liquid ? scanned by Fahid

" PDF created by AAZSwapnil




[124 Fluid Mechanics - - i

9.

10,

I1.
12.
13.

14.

16.

b

0.

Describe briefly with sketches the various methods used for measured pressure exerted by fluids.

- (A.M.LE., Summer 1980)
Prove that the vertical component of th= resultant pressure on a sub-merged curved surface is equal to the
weight of the liquid supported by the curved surface. ' .
What is the difference between sluice gates and lock gates ?
Prove that the reaction between the gates of a lock is equal to the reaction at the hinge.

Derive an expression for the reaction between the gates as P = R
sin

where I” = Resultant water pressure on lock gate, 8 = inclination of the gate with normal to thz side of the lock.
When will centre of pressure and centre of gravity of an immersed plane surface coincide ?
: (A.M.LE., Summer 1990)

- Find an expression for the force exerted and centre of pressure for a completely sub-merged inclined plane

surface. Can the same method be applied for finding the resultant force on a curved surface immersed in
the liquid ? If not, why 2 -. : . (Delhi lf]niversiry, 1992)
What do you understand by the hydrostatic equation ? With the help of this equation derive the expressions-
for the total thrust on a sub-merged plane area and the buoyant force acting on a sub-merged body.

(A.M. a"b Summer 1 99Q)

(B) NUMERICAL PROBLEMS

Determine the total pressure and depth of centre of pressure on a plane rectangular surlace of 1 m wide and
3 m deep when its upper edge is horizontal and (a) coincides with water surface (b} 2 ™ below the free
water surface. [Ans. (a) 44145 N, 2.0 m, (b) 103005 N, 2.714 m]
Dietermine the total pressure on a circular plate of diameter 1.5 m which is placed vertically in water in
such a way that centre of plate is 2 m below the free surface of water, Find the position of centre of pressure
also, [Ans. 34665.54 N, 2.07 m)
A rectangular sluice gate is situated on the vertical wall of a lock. The vertical side of the siuice is 6 m in
length and depth of centroid of area is 8 m below the water surface. Prove that the depth of centre of
pressure is given by 8.475 m. 4
A circular opening, 3 m diameter, in a vertical side of a tank is closed by a disc of 3 m diameter which can
rotate about a horizontal diameter. Calculate : (i) the force on the disc, and (if) the torque required to
maintain the disc in equilibrium in the vertical position when the head of watkr above the horizontal
diameler is 6 m. [Ans. (i) 416.05 kN (i) 39005 Nim]
The pressure at the centre of a pipe of diameter 3 m is 29.43 N/cm?. The pipe contains oil of sp. gr. 0.87 and
is filled with a gate valve. Find the force exerted by the oil on the gate and position of centre of pressure,
! [Ans. 2.08 MN, .01&'m below centre of pipe]
Determine the total pressure and centre of pressure on an isosceles triangular plafé of bese 5 1 and altitude
5 m when the plate is immersed vertically is an oil of sp. gr. 0.8. The base of the plaie is'1 m below the free
surface of water. * : [Ans 261927 N, 3.19 m]
The opening in a dam is 3 m wide and 2 m high. A vertical sluice gate is used to-cover the opening. On the
upstream of the gate, the liquid of sp. gr. 1.5, lies upto a height of 2.0 m above the top of the gate, whereas
on the downstream side, the water is available upto a height of the top of the gate. Find the resultant force
acting on the gate and position of centre of pressure. Assume that the gate 1s higher at the bottom.
[Ans. 206010 N, 0.964 m above the hinge]

scanned by Fahid
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10.

11.

12.

13.

14.

15.

16.

17.

Agaisson for closing the entrance to a dry dock is of trapezoidal form 16 m wide at the top and 12 m wide
at the bottom and 8 m deep. Find the total pressure and centre of pressure on the caisson if the water on the
outside is 1 m below the top level of the caisson and dock is empty. (A.M.LE., Winter 1980)
[Ans. 3.164 MN, 4.56 m below water surface]
A sliding gate 2 m wide and 1.5 m high lies in a vertical plane and has a co-efficient of friction of 0.2
between itself and guides. If the gate weighs one tonne, find the vertical force required to raise the gate if
its upper edge is at a depth of 4 m from free surface of water. [Ans. 37768.5 N]
A tank contains water upto a height of 1 m above the base. An immiscible liquid of sp. gr. 0.8 is filled on
the top of water upto 1.5 m height. Calculate : (i) total pressure on one side of the tank, (ii) the position of
centre of pressure for one side of the tank, which is 3 m wide. [Ans. 76518 N, 1.686 m from top]
A rectangular tank 4 m long, 1.5 m wide contains water upto a height of 2 m. Calculate the force due to
water pressure on the base of the tank. Find also the depth of centre of pressure from free surface.
[Ans. 117720 N, 2 m from free surface]
A rectangular plane surface 1 m wide and 3 m deep lies in water in such a way that its plane makes an
angle of 30° with the free surface of water. Determine the total pressure and position of centre of pressure
when the upper edge of the plate is 2 m below the free water surface. [Ans. 80932.5 N, 2.318 m]
A circular plate 3.0 m diameter is immersed in water in such a way that the plane of the plate makes an
angle of 60° with the free surface of water. Determine the total pressure and position of centre of pressure
when the upper edge of the plate is 2 m below the free water surface.
[Ans. 228.69 kN, 3.427 m from free surface]
A rectangular gate 6 m X 2 m is hinged at its base and inclined at 60° to the horizontal as shown in Fig. 3.54.
To keep the gate in a stable position, a counter weight of 29430 N is attached at the upper end of the gate.
Find the depth of water at which the gate begins to fall. Neglect the weight of the gate and also friction at
the hinge and pulley. [Ans. 3.43 m]

m WATER SURFACE

Fig. 3.54 Fig. 3.55

An inclined rectangular gate of width 5 m and depth 1.5 m is installed to control the discharge of water as

shown in Fig. 3.55. The end A is hinged. Determine the force normal to the gate applied at B to open it.
[Ans. 97435.8 N]

A gate supporting water is shown in Fig. 3.56. Find the height *i’ EREE WATER SURFAC?,f
of the water so that the gate begins to tip about the hinge. Take the T ? S GATE
width of the gate as unity. (Delhi University, 1986) i 4 ; &
\ oF Za— HINGE
[Ans. 3 x JE m] / 'I '}'ﬂff@f_
% £l r L i e
Find the total pressure and depth of centre of pressure on a trian- - esce aal U
gular plate of base 3 m and height 3 m which is immersed in water Fig. 3.56 5

in such a way that plane of the plate makes an angle of 60° with the free surface. The base of the plate is
parallel to water surface and at a depth of 2 m from water surface. [Ans. 126.52 kN. 2.996 m]
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18. Find the horizontal and vertical components of the total force acting on a curved surface AB, which is in
the form of a quadrant of a circle of radius 2 m as shown in Fig. 3.57. Take the width of the gate 2 m.
[Ans. F. = 117.72 kN, F,=140.114 kN]

WMTERSURFAcgg

Fige3.57 Fig. 3.58

19. Fig. 3.58 shows a gate having a quadrant shape of radius of 3 m. Find the resultant force due to water per-
metre length of the gate. Find also the angle at which the total force will act. [Ans, 82.201kN, 8=57°31"]

20. A-roller gate is shown in Fig. 3.59. Itis cylindrical form of 6.0 m diameter. It is placed on the dam. Find the
magnitude and direction of the resultant force due to water acting on the gate when the water is just going

to spill. The length of the gate is given 10 m. [Ans. 2.245 MN, 6 = 38° 8"
ROLLER '
GATE

Fig. 3.60
21, Tind the horizontal and vertical components of the water pressure exerted on a tainter gate of radius 4 m as
shown in Fig. 5.60. Consider width of the gate unity. [Ans. F, = 19.62 kN, F, = 7102.44 N]
22.-Find the magnitade and direction of the resultant water pres-
sure acting en a curved face of a dam which is shaped accord-

WATER SURFACE A

ing to the relaticn y = x? as shown in Fig. 3.61. The height
8]

. of water retained by the dam is 12 m. Take the width of dam
as unity. [Ans. 970.74 kN, 0 = 43° 19’]
Each gaie of a nck is 5 m high andis supported by two hinges

4 on the top and bottom of the gate. When the gates are

:d, they make an angle of 120°. The width of the lock is 4 m. If the depths of water on the two sides of

the gates are 4 m and 3 m respectively, determine : (i) the magnitude of resultant pressure on each gate, and
(ii) magnitude of the hinge reactions, [Ans. (i) 79.279 kN (ii) Ry =27.924 kN, R, =51.355 kN]
24. The end gates ABC of a lock are 8 m high and where closed make an angle of 120°. The width of lock is
10 m. Each gate is supported by two hinges located at 1 mand 5 m above the bottom of the lock. The depth
of water on the upstream and downstream sides of the lock are 6 m and & myrespdesivelyhind :
(1) Resultant water force on each gate. PDF created by AAZSwapnil
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(if) Reaction between the gates AB and BC, and
(iif) Force on each hinge, considering the reaction of the gate acting in the same horizontal plane as
resultant water pressure. [Ans. 566.33 kN, (ii) 566.33 kN and (ifi) Ry = 173.64 kKN, Ry = 392.69 kN]

25. A hollow circular plate of 2 m external and | m internal diameter is immersed vertically in water such that
the centre of plate is 4 m deep from water surface. Find the total pressure and depth of centre of pressure.
; (Punjab, 1972) [Ans. 92.508 kN, 4.078 m]
26. A rectangular opening 2 m wide and 1 m deep in the vertical side of a'tank is closed by a sluice gate of the same
size. The gate can turn about the horizontal centroidal axis. Determine : (i) the total pressure on the sluice gate

and (i) the torque on the sluice gate. The head of water above the upper edge of the gate is 1.5 m.
: [Ans. (1) 39.24 kN and (ii) 1635 Nm]

27. Determine the total force and location of centre of pressure on one face of FREE SURFACE OF LIQUID
the plate shown in Fig.'3.62 immersed in a liquid of specific gravity 0.9. e e

; = [Ans.62.4kN,3.04m] 2m =
28. A circular opening, 3 m diameter. in the vertical side of water tank is closed
by a disc of 3 m diameter which can rotate about a horizontal diameter ?
Calculate : (i) the force on the disc. and (ii) the torque required to maintain
the disc in equilibrium in the vertical position when the head of water above
the horizontal diameter is 4 m. [Ans. (i) 270 kN, and (ii) 38 kN m] _
29. A penstock made up by a pipe of 2 m diameter contains a circular disc of |
_ same diameter to act as a valve which controls the discharge passing through
it. Tt can rotate about a horizontal diameter. If the head of water above its
centre is 20 m. find the total force acting on the disc and the torque required
to maintain it in the vertical position. (A.M.LE., Summer 1990)

30. A circular drum 1.8 m diameter and 1.2 m height is submerged with its axis vertical and its upper end at a
depth of 1.8 m below water level. Determine :
(i) total pressure on top, bottom and curved surfaces of the drum,
(i) resultant pressure on the whole surface, and
(iif) depth of centre of pressure on curved surface. / (A.M.LE., Winter 1991)
31. A circular plate of diameter 3 m is immersed in water in such a way that its least and greatest depth from
the free surface of water are | m and 3 m respectively. For the front side of the plate, find (i) total force
exerted by water and (ii) the position of centre of pressure. (Delhi University, Dec. 1996)
; : [Ans. (i) 138684 N ; (ii) 2.125 m]
32. A tank contains water upto a height of 10 m. One of the sides of the tank is inclined. The angle between
free surface of water and inclined side is 60°. The width of the tank is 5 m. Find : (i) the force exerted by
water on inclined side and (ii) position of centre of pressure. (Delhi University, June 1996)

Ans. (i) 283.1901 kN (if) 6.67 m
33. A circular plate of 3 m diameter is under water with its plane making [ @ @ ]

m

e m
Fig. 3.62

an angle of 30° with the water surface. If the top edge of the plate is 1 8 =30°
m below the water surface, find the force on one side of the plate and :
its location. (J.N.T.U., Hvderabad § 2002) ._,__'__#____ N
i =4 qAm|
[Hint.d =3 m, 8 = 30°, height of topedge = 1 m, /i = 1 + 1.5 xsin 30° m /
=175
: = e } - Tss
F=pgAh = 1000 x9.8] x I\: x3'} x 1.75 = 121.35 kN. Ans.

X

Ah T [31)>< 175 e /
4 \/’5@
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CHAPTER

Buoyancy and Floatation

p 4.1 INTRODUCTION

In this chapter, the equilibrium of the floating and sub-merged bodies will be considered. Thus the
chapter will include : 1. Buoyancy, 2. Centre of buoyancy, 3. Metacentre, 4. Metacentric height,
5. Analytical method for determining metacentric height, 6. Conditions of equilibrium of a floating and
sub-merged body, and 7. Experimental method for metacentric height.

> 4.2 BUOYANCY

When a body is immersed in a fluid, an upward force is exerted by the fluid on the body. This
upward force is equal to the weight of the fluid displaced by the body and is called the force of
buoyancy or simply buoyancy.

b 4.3 CENTRE OF BUOYANCY

It is defined as the point, through which the force of buoyancy is supposed to act. As the force of

buoyancy is a vertical force and is equal to the weight of the fluid displaced by the body, the centre of
buoyancy will be the centre of gravity of the fluid displaced.
Problem 4.1 Find the volume of the water displaced and position of centre of buoyancy for a
wooden block of width 2.5 m and of depth 1.5 m, when it floats horizontally in water. The density of
wooden block is 650 kg/m’ and its length 6.0 m.

Solution. Given :

Width =25 m WATER x5
Depth =G SURFACE| sl
Length =60m == i""’ e
Volume of the block =25 x 1.5 x 6.0 = 22.50 m’ CE; mh
Density of wood. p =650 kg/m® TFB l l
Weight of block  =p x g x Volume e g
=650 x 9.8]1 x 22.50 N = 143471 N Fig. 4.1
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For equilibrium the weight of water displaced = Weight of wooden block
= 143471 N
Volume of water displaced
_ Weight of water displaced 143471
" Weight density of water - 1000 x 9.81
(- Weight density of water = 1000 x 9.81 N/m")
Position of Centre of Buoyancy. Volume of wooden block in water :

= 14.625 m>. Ans.

= Volume of water displaced

or 2.5 x h x 6.0 = 14.625 m’. where h is depth of wooden block in water
= ——-—14'625 =0.975 m
2.5%x6.0
0.975 :
Centre of Buoyancy = s 0.4875 m from base. Ans.

Problem 4.2 A wooden log of 0.6 m diameter and 5 m length is floating in river water. Find the
depth of the wooden log in water when the sp. gravity of the log is 0.7.

B
Solution. Given : - _T
Dia. of log =0.6m : —= - 5 C:‘F“f":' -
Length, k=5 m > 5
Sp- gL, - _ _ S0 ; m h
: Density of log = 0.7 x 1000 = 700 kg/m’ I
Weight density of log, w=pXxg 2
: =700 x 9.81 N/m® . Fig. 4.2
Find depth of immersion or & . §
Weight of wooden log = Weight density X Volume of log
= 700 x 9.81 X % (DY x L
=700 x 9.81 x % (6)* x 5 N =989.6 x 9.81 N
For equilibrium, 2rah .
Weight of wooden log = Weight of water displaced
= Weight density of water x Volume of water displaced
; .8
Volume of water displaced = gz a8l =0.9896 m’
* 1000 x 9.81 -

(* Weight density of water = 1000 x 9.81 N/m")
Let 4 is the depth of immersion
Volume of log inside water = Area of ADCA x Length
= Area of ADCA x 5.0

But volume of log inside water = Volume of water displaced = O'Sgc86?lglr[1]é3d b b
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0.9896 = Area of ADCA x 5.0

. Area of ADCA . = m =0.1979 m*
5.0
But area of ADCA = Area of curved surface ADCOA + Area of AAOC
= [&?—8} + L rcos 6 x 2rsin @
360 2
=’ [l —l] +r” cos 0 sin 0
180
0.1979 = 1t (.3) [1 -i] (.3)% cos O sin 6
180
0.1979 = .2827 — .00157 6 + 0.9 cos O sin B !
or .00157 © — .09 cos 6 sin 8 = .2827 - .1979 = 0.0848
SRl cos O sin 0 = 0848
.00157 00157
or 6 — 57.32 cos B sin 8 = 54.01.
or ©-57.32cos 0sinB-54.01 =0
For 6 = 60, 60 — 57.32 x 0.5 x .866 — 54.01 = 60 — 24.81 — 54.01 = — 18.82
For 8 = 70, . 70 - 57.32 x .342 x 0.9396 — 54.01 = 70 — 18.4 — 54.01 = - 2.41
For. 8= 72; 72 - 57.32 x .309 x 951 — 54.01 =72 - 16.84 - 54.01 =+ 1.14
For 8 = 71, 71 —57.32 %x 325 X 9455 — 54.01 =71 - 17.61 - 54.01 == 0.376
(2) =2 7 s 71.5 - 57.32 x 3173 x 948 — 54.01 =71.5 = 17.24 - 54,01 = + .248
Then h= r+tcos71.5°

= 0.3 + 0.3 x0.3173 = 0.395 m. Ans.

Problem 4.3 A stone weighs 392.4 N in air and 196.2 N in water. Compute the volume of stone
and its specific gravity.

Solution. Given :

Weight of stone in air =3924 N

Weight of stone in water =196.2 N

Forequilibrium,

Weight in air — Weight of stone in water = Weight of water displaced
or 3924 - 196.2 = 196.2 = 1000 x 9.81 x Volume of water displaced

Volume of water displaced

196.2 :
et e S L m® = L>< 10% em® = 2% 10* em?®. Ans.
1000x 981 50

= Volume of stone
Volume of stone =2 x 10* em®. Ans.
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Specific Gravity of Stone

Weight in ai 92 .
eight in air :3_J__4 — 40 ke

Mass of stone =
g 9.81
inair 40.0K
Density of stone = Massmar s M = 40 x 50 = 2000 -%
Volume e m
50
Sp. gr. of stone = M = 2 2.0. Ans.
Density of water 1000

1.0 m x 2 m, weighs 1962 N in water. Find its weight

Problem 4.4 A body of dimensions 1.5 m X
in air. What will be its specific gravity ?
Solution. Given :
Volume of body
Weight of body in water = 1962 N
Volume- of the water displaced = Volume of the body = 3.0 m’
Weight of water displaced = 1000 x 9.81 x 3.0 = 29430 N

150 x 1.0 x 2.0 =3.0m’

1}

For the equilibrium of the body
Weight of body in air — Weight of water d
W, - 29430 = 1962 _
W, = 29430 + 1962 = 31392 N
s Weight inair _ 31392 _ 3200 ke

isplaced = Weight in water

Mass of body
g 9.81

Density of the body = TI-Ml—aS-S— = 332—(:}9— = 1066.67
olume i

_ 1066.67 _ 4 067. Ans.

dy which floats at the interface of mercury of sp. gr.
b-merged in mercury and 60% in water.

Sp. gravity of the body

1000
Problem 4.5 Find the density of a metallic bo
13.6 and water such that 40% of its volume is su

Solution. Let the volume of the body = vV m’

Then volume of body sub-merged in mercury

_Dy_gavm
100
Volume of body sub-merged in water
_ 0 yv=06vm’
100

For the equilibrium of the body
Total buoyant force (upward force)

But total buoyant force = Force of buoyancy
= Weight of water displaced by body
sater displaced

= Density of water X g % Volume of w
= 1000 x g x Volume of body in water
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= 1000 x g x 0.6 x VN

and Force of buoyancy due to mercury = Weight of mercury displaced by body
3 & X Density of mercury x Volume of mercury displaced
=g X 13.6 X 1000 x Volume of body in mercury
=gXx13.6x1000x04 VN
Weight of the body = Density x g X Volume of body = pXgxV
where p is the density of the body
For equilibrium, we have

1}

Total buoyant force = Weight of the body
1000 X g X 0.6 X V+13.6 X 1000 X g X 4 V=px g x V
or : p = 600 + 13600 x .4 = 600 + 54400 = 6040.00 kg/m’
Density of the body ) = 6040.00 kg/m>. Ans. -

Problem 4.6 A floar valve regulates the flow of oil of sp. gr. 0.8 into a cistern. The spherical float
is 15 cm in diameter. AOB is a weightless link carrying the float at one end, and a vdlve at the other
end which closes the pipe through which oil Sflows into the cistern. The link is mounted in a [rictionless
hinge at O and the angle AOB is 135°. The length of OA is 20 cm, and the distance between the centre
of the float and the hinge is 50 cm. When the flow is stopped AO will be vertical. The valve is to be
pressed on to the seat with a force of 9.81 N to completely stop the flow of oil into the cistern. It was
observed that the flow of oil is stopped when the free surface of oil in the cistern is 35 cm below the

hinge. Determine the weight of the float. : (U.P.S.C., Engg. Services, 1975)
Solution. Given : oIL :
Sp. gr. of oil =0.8 S el [
. Density of oil, Py = 0.8 x 1000 - ZOT =— AT
i e i oL -
; = 800 kg/m 3%& e S
Dia. of float, D=15cm T 'f@i__:,- _
ZAOB = 135°
=7
G2y ol Fig. 4.4
Force, P=981N
OB = 50 cm

Find the weight of the float. Let it is equal to W.

When the flow of oil stopped, the centre of float is shown in Fig. 44

The level of oil is also shown. The centre of float is below the level of oil, by a depth “h’.
: OD _OC+CD 35+h :

From ABOD, sin45°=—=——_~"~
OB OB 50
50 X sin45° =35+ h
1
or h=50%~—= —35=35355—-35=0355cm = .00355 m.

: V2
The weight of float is acting through B, but the upward buoyant force is acting through the centre
of weight of oil displaced.

Volume of oil displaced = 2 nr + hx e i = L = 2 =7.5cm }
3 scanned b
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2 x 1t x (075)° + .00355 x 1 X (075)> = 0.000945 m*

. Buoyant force = Weight of oil displaced
= Py X g X Volume of oil
= 800 x 9.81 x .000945 = 7.416 N
The buoyant force and weight of the float passes through the same vertical line, passing through B.
Let the weight of float is W. Then net vertical force on float
= Buoyant force — Weight of float = (7.416 — W)
Taking moments about the hinge O, we get
- Px20=(7.416 — W) x BD = (7.416 — W) x 50 x cos 45°
or 9.81 x 20 =(7.416 — W) x 35.355

We 7416~ =28l o 16— 555 = 1866 N. Ans.
35.355

» 4.4 META-CENTRE

It is defined as the point about which a body starts oscillating when the body is tilted by a small
angle. The meta-centre may also be defined as the point at which the line of action of the force ol
buoyancy will meet the normal axis of the body when the body is given a small angular displacement.

Consider a body floating in a liquid as shown in Fig. 4.5 (a). Let the body is in equilibrium and G is
the centre of gravity and B the centre of buoyancy. For equilibrium, both the points lie on the normal
axis, which is vertical.

NORMAL AXIS T\ ANGULAR
| DISPLACEMENT

NORMAL AXIS
(a) (b)

Frcr 4.5 Meta-centre

Let the body is given a small angular displacement in the clockwise direcuon as shown in Flg 4.5 (b).

The centre of buoyancy, which is the centre of gravity of the displaced liquid or centre of gravity of

- the portion of the body sub-merged in liquid, will now be shifted towards right from the normal axis.
Let it is at B; as shown in Fig. 4.5 (b). The line of action of the force of buoyancy in this new position,
will intersect the normal axis of the body at some point say M. This point M is called Meta-centre.

» 4.5 META-CENTRIC HEIGHT

The distance MG, i.e., the distance belween the meta-centre of a floating body and the centre of
gravity of the body is called meta-centric hengh(

i
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» 4.6 ANALYTJCAL METHOD FOR META-CENTRE HEIGHT

Fig. 4.6 («) shows the position of a floating body in equilibrium. The location of centre of gravity
and centre of buoyancy in this position is at G and B. The floating body is given a small angular
displacement in the clockwise direction. This is shown in Fig. 4.6 (b). The new centre of buoyancy is
at By. The vertical line through B, cuts the normal axis at M. Hence M is the meta-centre and GM is
meta-centric height.

ANGULAR

DISPLACEMENT
0 dF

M
&N&“&!!‘IC.. B’
dF, &

Y

ALRY

(c) PLAN OF BODY AT WATER LINE

AN SRR NNy

i

Y|

e

Fig. 4.6 Meta-centre beight of floating body.

X

d

The angular displacement of the body in the clockwise direction causes the wedge-shaped prism
BOB’ on the right of the axis to go inside the water while the identical wedge-shaped prism repre-
sented by AOA” emerges out of the water on the left of the axis. These wedges represent a gain ir.
buoyant force on the right side and a corresponding loss of buoyant force on the left side. The gain is
represented by a vertical force dF, acting through the C.G. of the prism BOB’ while the loss is
represented by an equal and opposite force dFy acting vertically downward through the centroid of
AOA’. The couple due to these buoyant forces dFy tends to rotate the ship in the counter clockwise
direction, Also the moment caused by the displacement of the centre of buoyancy from B to B, is also

in the counter clockwise direction. Thus these two couples must be equal.

Couple Due to Wedges. Consider towards the right of the axis a small strip of thickness dx at a
distance x from O as shown in Fig. 4.5 (b). The height of strip x X ZBOB’ = x x 0,

_ : (" ZBOB' = ZAOA" = BMB/|' = 6}
Area of strip = Height x Thickness = x x 8 x dx
If L is the length of the floating body, then
Volume of strip = Area X L
=xX0XLxdx
Weight of strip = pg x Volume = pgx 8L dx

Similarly, if a small strip of thickness dx at a distance x from O towards the left of the axis is
considered, the weight of strip will be pgx0 L dx. The two weights are-actingdiheropposite direction
and hence constitute a couple. PDF created by AAZSwapnil
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Moment of this couple = Weight of each strip x Distance between these two weights
= pgx OL dx [x + x]
= pgx OL dx X 2x = 2pgx” OL dx

Moment of the couple for the whole wedge

= [ 2pgx® OL dx (4.1)
Moment of couple due to shifting of centre of buoyancy from B to B,

=E X BB,

=FpxBM X0 {~ BB, = BM x 8if 6 is very small}

=WxBM %0 [ Fp= W} ..(42)

But these two couples are the same. Hence equating equations (4.1) and (4.2), we get
W x BM x 0 =[2pgx” 0 Ldx
* Wx BM x 6=2pg8 | x’Ldx
W x BM =2pg | X*Ldx
Now de Eiememal area on the water line shown in Fig. 4.6 (¢) and dA
W x BM = 2pg | x’dA.

But from Flg 4.5 (c) it is clear that 2 | x* dA is the second moment of area of the plan of the hody
at water surface about the axis y-y. Therefore

. W x BM = pgl {where I =2 [ x* dA}
H.’
But W= Weight of the body

= Weight of the fluid displaced by the body
= pg % Volume of the fluid displaced by the body

= pg % Volume of the body sub-merged in water

= pg x v 5
ppapexl 1 3)
pgxV V¥V
GM =BM - BG = é ~ BG
Meta-centric height =GM = T:’ - BG. i : e ARy

Problem 4.7 A rectangular pontoon is 5 m long, 3 m wide and 1.20 m high. The depth of immer-
sion of the pontoon is 0.80 m in sea water. If the centre of gravity is 0.6 m above fhe bottom of the
pontoon, determine the meta-centric height. The density for sea water = 1025 kg/m’.
(Dethi University, 1992)
Solution. Given :
Dimension of pontoon =5mx3mx1.20m
Depth of immersion =08 m '
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Distance AG=06m ~ Jim =
Distance AB = % x Depth of immersion e B Y
=1 x.8= 04 m | g;ﬂi 0.6m(12Mogm
Density for sea water = 1025 kg/m® B e
Meta-centre height GM, given by Equation (4.4) is N S fiife
G- B ¥ I
Ao 3
where /= M.O. Inertia of the plan of the pontoon about Y-y axis 5.0m
[
:-I_x5><33m"*=£m4 "
12 | |
~ V = Volume of the body sub-merged in water > 2l oh
= = 3
=3x08x50=120m PLAN AT WATER SURFACE
BG=AG-AB=06-04=02m Fip: 4.7
=5 4 1
GU—-—SX——O.Z—E—OZ 0.9375 - 0.2 = 0.7375 m. Ans.
! 12.0 48

Problem 4.8 A uniform body of size 3 m long x2 m wide x I m deep floats in water. What is the

w e:ghr of the body if depth of immersion is 0.8 m ? Determine the meta-centric height also.
-3, Om T

ciution. Given :
Dlmenslon of body =3x2x1
Depth of immersion =08 m
Find (i) Weight of body, W
(if) Meta-centric height, GM
(i) Weight of Body, W
= Weight of water displac_cd

- B N Y
= pg X Volume of water displaced == _h' i P
= 1000 x 9.81 x Volume of body in water Qy
=1000 x9.81 x .3 x2x08N =g
=47088 N. Ans. ELEVATION
(i) Meta- centric Height, GM i o
Usmg equation (4.4), we get

GM=— - BG
V >
where  + 7 = M.O.I about y-y axis of the plan of the body
S i X
12 12

V = Volume of body in water
=3x2x08=48m’

BG = AG - AB—]—ZO——%ﬁ_—US 04=0.1

E 7 en= 29 oy Do dier s o Se st maad iy atid
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Problem 4.9 A block of wood of specific gravity 0.7 floats in water. Determine the meto-centric

height of the block if its size is 2m x 1 m X 0.8 m.

Y
Solution. Given : —— o
Dimension of block =2x1x0.8 i
Let depth of immersion =hm | I 2.0m
Sp. gr. of wood =07 i |
: : 5 : PLAN B
Weight of wooden piece = Weight density of wood* x Volume e
=0.7%1000x9.81 x2x1x08N [+ 1} 4
: : Gt = e G B
Weight of water displaced = Weight density of water BE 018m h
X Volume of the wood sub-merged in water e 3
=1000 x 9.81 x2x 1 xh N e— 10—
For equilibrium, : Fig. 4.9

Weight of wooden piece = Weight of water displaced
700 x9.81 x2x1x0.8=1000x981 x2x1xh
700x9.81x2x1x08
~ 1000% 981 2x1 —

Distance of centre of Buoyancy from bottom, i.e.,

AB:EzEéE:OQSm
2 2

=07 x08=056m

and AG=08R20=04m
= BG=AG-AB=04-028=0.12m
The meta-centric height is given by equation (4.4) or

GM:i—BG
v

where ;":L X 2 X ].03"—"'l m!
12 6

V¥ = Volume of wood in water
=2x1xh=2x%x1x.56=1.12m’

GM:-% X -l—;—i -0.12=0.1488 — 0.12 = 0.0288 m. Ans.

Problem 4.10 A solid cylinder of diameter 4.0 m has a height of 3 metres. Find the meta-centric

height of the cylinder when it is floating in water with its axis vertical. The sp. gr. of the cylinder

= 0.6. :
Solution. Given :

Dia. of cylinder, D=40m

Height of cylinder, h=30m

= p % g, where p = density of wood
=0.7 x 1000 = 700 kg/m’. Hence w for wood =700 x 9.81 N/m”.

* Weight density of wood
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Sp. gr. of cylinder =0.6 (PLBS 4my__ =
Depth of immersion of cylinder s
=06 x3.0=18m 4|\

'AB=]—é8~=O.9m

T PLAN |
and - AG=—=—=15m .
2 === Gl T—}%
BG=AG-AB By U
=15-09=06m A
Now the meta-centric height GM is given by equation (4.4) ig. 41
GM = i - BG
v
But I = M.O.L. about y-y axis of the plan of the body
=L pte T 40
64 64
and 'V = Velume of cylinder in water
= g D? x Depth of immersion
LS 2 3
=— (4)"x1.8m
i 4)
- L x(4.0)*
m=_8___ o6
= %(4.0)* x18
4 ;
2
= 220 g6l ni065085-0.65~10:08 m. Ans.
16 1.8 1.8

— ve sign means that meta-centre, (M) is below the centre of gravity (G).
Problem 4.11 A body has the cylindrical upper portion of 3 m diameter and 1.8 m deep. The lower
portion is a curved one, which displaces a volume of 0.6 m’ of water. The centre of buoyancy of the
curved portion is at a distance of 1.95 m below the top of the cylinder. The centre of gravity of the
whole body is 1.20 m below the top of the cylinder. The total displacement of water is 3.9 tonnes. Find
the meta-centric height of the body.

Solution. Given :

Dia. of body 3.0m

Depth of body 1.8 m

Volume displaced by curved portion

= 0.6 m’ of water.

Let By is the cemrc of buoyancy of the curved surface and G is the &éAtHe Gt Qﬁéﬂﬁh&# the whole
body. PDF created by AAZSwapnil
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Then CB,=195m - 3.0m —
CG=120m /“y
Total weight of water displaced by body = 3.9 tonnes : /
=3.9 x 1000 = 3900 kgf \ /PLAN
= 3900 x 9.81 N = 38259 N =
Find meta-centric height of the body. =X ~——3.0m Sl s
Let the height of the body above the water surface x m. Total :--_:__:_-_:E_:_i- 1_9561*2m-/_-_—x__-_?
weight of water displaced by body A i Sl
= Weight density of water x [Volume of water displaced] \ y
= 1000 x 9.81 X [Volume of the body in water] A
= 9810 [Volume of cylindrical part in water + Volume Elé;”ﬁ':

of curved portion]

l: x D* x Depth of cylindrical part in water

= 9810
i + Volume displace by curved portion}
i or 38259 = 9810 E (3 x (18— x )+O.6]
T ian e (ol s =ity
B 4 9810
: %x32><(].8—x)=3.9—0.6:3,3
or e aees
ntx3x3

5 x=18- 4668 = 1.33 m
Let B, is the centre of buoyancy of cylindrical part and B is the centre of buovancy of the whole

body.
Then depth of cylindrical parl in water = 1.8§ — x = 0467 m
¥ csz_x+4767_133+ 2335 =1.5635 m.

The distance of the centre of buoyancy of the whole bedy from the top of the cylindrical part is
given as
i CB = (Volume of curved portion X CB, + Volume of cylindrical part in water x CB,)
+ (Total volume of water displaced) : :
_ 06x195+33x15635 _ 117+5.159

L =1.623 m.
(06 +33) 39 o

Then BG=CB-CG=1.623-1.20= 423 m,
Meta-centric height, GM, is given by

GMZ-L—BG
v
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where I = M.O.L of the plan of the body at water surface about y-y

xD'=— x3'm*
| 64 64
h V = Volume of the body in water = 3.9 m’
’ e

GM = —x—=— - 423 = 1.019 — .423 = 0.596 m. Ans.
64. 39

» 4.7 CONDITIONS OF EQUILIBRIUM OF A FLOATING AND SUB-MERGED‘
BODIES

A sub-merged or a floating body is said to be stable if it comes back to its original position after a
slight disturbance. The relative position of the centre of gravity (G) and centre of buoyancy (B,) of a
body determines the stability of a sub-merged body.

4.7.1 Stability of a Sub-merged Body. The position of centre of gravity and centre of buoy-

. ancy in case of a completely sub-merged body are fixed. Consider a balloon, which is completely sub-

! merged in air. Let the lower portion of the balloon contains heavier material, so that its centre of

f gravity is lower than its centre of buoyancy as shown in Fig. 4.12 (a). Let the weight of the balloon

is W. The weight W is acting through G, vertically in the downward direction, while the buoyant force

Fg is acting vertically up, through B. For the equilibrium of the balloon W = F,. If the balloon is given

an angular displacement in the clockwise direction as shown in Fig. 4.12 (a), then W and F constitute

- acouple acting in the anti-clockwise direction and brings the balloon in the original position. Thus the
~ balloon in the position, shown by Fig. 4.12 (@) is in stable equilibrium.

w \ A BeG |
(a) k) (c)
STABLE EQUILIBRIUM UNSTABLE EQUILIBRIUM  NEUTRAL EQUILIBRIUM

Fig. 4.12  Stabilities of sub-merged bodif's.

(a) Stable Equilibrium. When W = Fy and point B is above G, the body is said to be in stable
equilibrium,

€h) 1 istable-Equilibrium. If W= Fg but the centre of buoyancy (B) is below centre of gravity
(G). the body is in unstable equilibrium as shown in Fig. 4.12 (b). A slight displacement to the body,
in the clockwise direction, gives the couple due to W and Fp also in the clockwise direction. Thus the
body does not return to its’original position and hence the body is in unstable equilibrium,

.~ (¢) Neutral Equilibrium. If Fz = Wand B and G are at the same point, as shown in Fig. 4.12 (¢),

the body is said to be in Neutral Equilibrium.

4.7.2 Stability of Floating Body. The stability of a floating body;isidese¢minéd/fioin the posi-
tion of Meta-c&ntre (M). In case of floating body, the weight of the/Yodycis equal by%&ﬂﬁg‘uwﬁl

N liquid displaced. : :




s Buoyancy and Floatation -lﬂl

(a) Stable Equilibrium, If the point M is above G, the floating body will be in stable equilibrium as
shown in Fig. 4.13 (a). If a slight angular displacement is given to the floating body in the clockwise
direction, the centre of buoyancy shifts from B to B, such that the vertical line through B, cuts at M.
Then the buoyant force Fy through B, and weight W through G constitute a couple acting in the anti-
clockwise direction and thus bringing the floating body in the original position. :

DISTURBING
A COUPLE

(a) Stable equilibrium M is above G (b) Unstable equilibrium M is below G.
Fig.4.13  Stability of floating bodies.

(b) Unstable Equilibriumn, If the point M is below G, the floating body will be in unstable equilib-
rium as shown in Fig. 4.13 (b). The disturbing couple is acting in the clockwise direction. The couple
due to buoyant force Fgand W is also acting in the clockwise direction and thus overturning the
floating body.

(¢) Neutral Equilibrinm. If the point M is at the centre of gravity of the body, the floating body
will be in neutral equilibrium.

Problam 4,12 A solid eylinder of diameter 4.0 m has a héight of 4.0 m. Find the meta-centric
height of the cylinder if the specific gravity of the material of cylinder = 0.6 and it is floating in water

with its axis vertical. State whether the equilibrium is stable or unstable.
<« 4.0 —a-|

Salution. Given : D=4m ¥

Height, h=4m /f_
Sp. gr. =0.6 | i =

Depth of cylinder in water = Sp. gr. X h

=06 x40=24m PLAN Y
Distance of centre of buoyancy (B) from A :
or AB = % =12m , T

Distance of centre of gravity (G) from A:

or AG:£=-@=2.0m
2 2

£ BG=AG-AB=20-12=08m
Now the meta-centric height GM is given by
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where =/ = M.O.L of the plan of the body about y-y.

= Bipi W @y
64 64
V = Volume of cylinder in water
= T % D? x Depth of cylinder in water = ~ x 4% x 2.4 m?
4.0 4
Ty _
—=xa 2
.f_z;“___=ixi__=i = 04167 m
Ve o Sl n R
GM = é — BG =04167 - 0.8 = - 0.3833 m. Ans.

— ve sign means that the meta-centre (M) is below the centre of gravity (G). Thus the cylinder is in
unstable equilibrium. Ans.

Problem 4.13 A solid cylinder of 10 cm diameter and 40 cm long, consists of two parts made of
different materials. The first part at the base is 1.0 cm long and of specific gravity = 6.0. The other
part of the cylinder is made of the material having specific gravity 0.6. State, if it can float vertically
in water.
Solution. Given : D =10 cm 24
Length, L=40cm @

‘Length of 1st part, [y,=1.0 cm I

Sp. gr., : $,=6.0 ~10cm=
Density of 1st part, P, =6 x 1000 = 6000 kg/m’ £
Length of 2nd part, . 1, =40 - 1.0 = 39.0 cm BTk [
Sp. gr., . $,=0.6 . fggr—;- e 8_7
Density of 2nd part, P2 =0.6 X 1000 = 600 kg/m’* & i
The cylinder will float vertically in water if its mo?ta-centric height GM is e - J

positive. To find meta-centric height, find Fhe lcca.uon qf centre of gravity Li i

(G) and centre of buoyancy (B) of the combined solid cylinder. The distance ot =

of the centre of gravity of the solid cylinder from A is given as T S\;gr =60

AG = [(Weight of 1st part X Distance of C.G. of 1st part from A) Fig. 4.15
+ (Weight of 2nd part of cylinder -
x Distance of C.G. of 2nd part from A)]
+ [Weight of Ist part + weight of 2nd part]

(% D> x 1.0 % 6.0 x 0.5) + (g D? x39.0% 0.6 x (1.0 x 39{2))

(: D* X10x 6.0+ : D’ x39x0.6)

10X 6.0 x 0.5 +39.0 x.6 X (20.5)
1.0x6.0+39.0x0.6

30+479.7 _ Mhnef bg Fahid
60x234 _ IO Cr gl? d b_y AAZSwapnil

T ; . :
Cancel I D? in the Numerator and Denominator =
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To find the centre of buoyancy of the combined two parts or of the cylinder, determine the depth
of immersion of the cylinder. Let the depth of immersion of the cylmder is h. Then
Weight of the cylinder = Weight of water displaced

T 12 x 20 600 x9814+ % {1) x 10 6000x 981 = & (.nlx-"’_ x 1000 x 9.81
4 100 100 100
[+ hisin cm]
1000 x 9.81
100
390x06+10x60=h or h=234+60=294
The distance of the centre of the buoyancy B, of the cylinder from A is

AB:hfZ:Ei—'i=l4.7

or cancelling g (.1)* x throughout, we get

BG = AG - AB = 16.42 — 14.70.= 1.72 cm.
Meta centnc helght GM is given b}'

GM:——BG
v

where I=M.O.I of plan of the body about y-y

=L pt o oy em!
64 64

V = Volume of cy!inder in water

=X pxn="L (102 x294 m®
4 4

100 100

— = — = (212
294 19% 294

1
=k (10 /4(10) X294 = = x
= GM =0.212 - 1.72 = — 1.508 cm. 3
As GM — ve. It means that the Meta-centre M is below the centre of gravity (G). Thus the cylinder
is in unstable equilibrium and so it cannot float vertically in water. Ans.
Problem 4.14 A rectangular pontoon 10.0 m long, 7 m broad and 2.5 m deep weighs 686.7 kN. It
carries on its upper deek an empty boiler of 5.0 m diameter weighing 588.6 kN. The centre of gravity

of the boiler and the pontoon are at their respective: remres along a LEHICHf line. Find the meta-
centric height. Weight density of sea water is 10.104 kN/m’.

Solution. Given : Dimension of pontoon = 10 x 7 x 2.5 _T
Weight of pontoon, W, = 686.7 kN : 50m
Dia. of boiler, D=50m l
Weight of boiler, W, = 588.6 kN 5 S
w for sea water = 10.104 kN/m’ B {1 h""’;"‘
To find the meta-centric height, first determine the common cen- ____;h___... e
tre of gravity G and common centre of buoyancy B of the boiler and gt £ U bt i
pontoon. Let G| and G, are the centre of gravitics of pontoon and Fig. 4.16

boiler respectively. Then
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AG, S 2oy Y
2 = i
i 5.0 ;
AGz=2-5+7:2-5+2-5=5-0m I
The distance of common centre of gravity G from A is given as
. W X AG, +W, X AG,
! | = W W, i 10.0m
' 6867x125+5886x50 S0
=298 m.
| (686.7 + 588.6)
; 5 Let h is the depth of immersion. Then "y
" Total weight of pontoon and boiler = Weight of sea water displaced 2 > 0:1 |
or (686.7 + 588.6) = w x Volume of the pontoon in water : , !
Fig. 4.17 Plan of the body
= 10.104 x L x b x Depth of immersion . at water-line
1275.3 = 10.104 x 10 x 7 x h
e T
10 x7 % 10.104
. . The distance of the common centre of buoyancy B from A is
et SRR
2ieo : _
BG=AG-AB =298 - 9015 =2.0785 m =2.078 m
Meta-centric height is given by GM = é - BG
where I =M.O.L of the plan of the body at the water level along y = y
Sl i Gaapie O X9 X e
12 - 12
V = Volume of the body in water LEES
=Lxbxh=100x7x 1.857 :
49x7
S =l popn
V.  12x10x7x1857 12x1857
GM-F—BG 2198 2.078 = 0.12 m.
\deta centric height of both the pontoon and bmler = 0.12 m. Ans.

Problem 4.15 A wooden cylinder of sp. gr. = 0.6 and circular in cross-section is required to float
in oil (sp. gr. = 0.90). Find the L/D ratio for the cylinder to float with its longitudinal axis vertical in
_oil. where L is the height of cxlinder and D is its diameter.

Solution. Given :

Dia. of cylinder =D
Height of cylinder =L hid
Sp. gr: of cylinder, - §,=06 “ scanned by L
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Sp. gr. of oil 5, =09 . I
Let the depth of cylinder immersed in oil = h b )
For the principle of buoyancy =FF —
Weight of cylinder = wt. of oil dlsplaced ; Toi3
L G
ED2XLX0.6><100{)X9.81=ZDZXhX0‘9x100{}X9.81 B : h
or Lx06=hx0.9 : E
: Sk = ¥
o UeXL 2 ey
0.9 3
: _ Fig. 4.18
The distance of centre of gravity C from A, AG = — .
The distance of centre of buoyancy B from 4,
- e LI
A 25
Bz G Ape s TSR
Sl e 6 : :
The meta-centric height GM is given by e : S
: oM=L _BG
v
where [= — D*and V = volume of cylinder in oil = % D?xh
2 2 2 9
-’-_[ D‘*/ DEJ:) ! fl—sz=§& { hzlL}
v 64 16 h 1651 32L 3
3
¥
oM=L L
321 .6
For stable equilibrium, GM should be +ve or
2
GM>0 or Dol >0
32L° 6
3D L 3%6 L
or >—= Of ——>—
2L 6 0D
T 9
or > <— or —
D 32 16
L 9
— < B
D 16 4

: L/D < 3/4. Ans.
Pr dem 4.16  Show that a cylindrical buoy of 1 m dianieter and 2.0 m height weighing 7.848 kN .
will not float vertically in sea water of density 1030 kg/m'{. Find the force necessary in a vertical
chain artached at the centre of base of the buoy that will keep it vertical.
scanned by Fahid
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Solution. Given ;: Dia. of-buoy, D =1 m '

Height, ; H=20m
Weight, W= 7.848 kN -

= 7.848 x 1000 = 7848 N
Density, : - p=1030 kg/m’

(/) Show the cylinder will not float vertically.
(i) Find the force in the chain.
Part 1. The cylinder will not float if meta-centric height is — ve.
Let the depth of immersion be A
Then for equilibrium, Weight of cylinder
= Weight of water displaced

= Density x g X Volume of cylinder in water L,_ 1.0 _..l

7848 = 1030 x 9.81 x % D*xh Fig. 419

= 101043 x% (12 x h

4 x 7848

=——— =0.989 m.
101043 x &
The distance of centre of buoyancy B from A,
B —0'(‘;89 =0.494 m.

2

And the distance of centre of gravity G, from A is AG = % =1.0m

BG =AG-AB =10 - .494 = 506 m.

Now meta-centric height GM is given by GM = é - BG
where I=-—D'=L x (1)*m?*
64 64

‘and V' = Volume of cylinder in water = % D*x h= ; 17 x 989

LI e T
I _ 64 =S = 2
Vo o Tpiyn Tx12x0989 :
4 4
e e o
16 989 16 x .989

GM = .063 - .506 = — 0.443 m. Ans.

As the meta-centric height is — ve, the point M lies below G and heneg the [gylm;ﬂmdvn]l be in
unstable equilibrium and hence cylinder will not float vertically. PDF created by AAZSwapnil
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Part II. Let the force applied in a vertical chain attached at the centre
of the base of the buoy is 7 to keep the buoy vertical. :
Now find the combined position of centre of gravity (G') and centre ~==° . =i
of buoyancy (B’). For the combined centre of buoyancy, let :

I’ = depth of immersion when the force 7 is applied. Then R e
Total downward force = Weight of water displaced B4
or (7848 + T) = Density of water X g X Volume of cylinder in water
= 1030 x 981 X g D’ x I [ where ' = depth of immersion | - 1
; ! .
HE 7848 + T % 7848 +T 101043+ T = Fig. 4.20 .
s 79359

101043 x % xD? 101043 xg x 12

AR = h_ [?848+T}=7848+T
-2 2] 79359 15871.8
The combined centre of gravity (G”) due to weight of cylinder and due to tension T in the chain
from A is :
AG’ = [Wt. of cylinder x Distance of C.G. of cylinder from A

+ T-x Distance of C.G. of T from A] + [Weight of cylinder + 7]
7848

————

7848 +T

7848 + 1
P g el 88 s (S T)
(7848 +7) 158718

= (7848x-§—+T><0) +[7848 + T =

e Sk i e
The meta-centric height GM is given by GM = T B'G

1
'-—m

4 64 :
T 2 (7848+T) X 7848+ T
4

where Sl gt g g
64 6

and V——__szh—

7935.9 2779359

= k3

1 Ba e 79850

vV w(7848+7) 16 (?848 +7)
4 79359

779350 E g _-(?848+T)
16(7848+T) |(7848+T) = 158718

For stable equilibrium GM should be positive
or GM=> 0

79359 [ 7848 (1848+T7)|
16(7848+T) |(7848+T) 158718

or
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; 3 79359 7848 . 78484 T
i | 16(7848+7) (7848+T) 158718
i 79359 - 16 x 7848 (7848 +T)
| 16 (7848 +T) 15871.8
| -117632  (7848+T)
: or >
' 16(7848+7) 158718 33
= (7848 +T) 117632
: I 158718 ~ 16(7848 + T)
or (7848 + T)* > ”-’:32 x 15871.8

vertical position. Ans.

.Solution. Given :
Sp. gr. of cone =

> 116689473.5
> (10802.3)?
7848 + T > 10802.3
T>10802.3 — 7848
> 2954.3 N. Ans.

0.8

Density of cone,
Let '

For the cone, the distance of centre of gravity from the apex Ais

also

Volumc of water dlsplm:ed =

Volume of cone

5 Wcighl of cone

Now from AAEF,

Similarly,

tanf= —=—
EA

p = 0.8 x 1000 = 800 kg/m>

D = Dia. of the cone

d = Dia. of cone at water level
20 = Apex angle of cone

H = Height of cone

h = Depth of cone in water

G = Centre of gravity of the cone

B = Centre of buoyancy of the cone

AC =

AB =23 depth of cone in water =

 height of cone = 3 H
3h
Ll xh
:%anth
—SOOng x R? x H

EFCAR

H -
R=Htan 8 -~
r=htan 0

The force in the chain must be at least 2954.3 N so that the cylindrical buoy can be kept in

Problem 4.17 A solid cone floats in water with its apex downwards. Determine the least apex
angle of cone for stable equilibrium. The specific gravity of the material of the cone is given 0.8.

- i

1 =
o PLAN OF
CONE AT
WATER LINE
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800x g x T x H tan” 0
3

-, Weight of cone =800 x g x ! x X (H tan 8)* x H =

-. Weight of water displaced = 1000 X g x 4 X kX h _
1000 x g X Tt x h” tan’ ©

= 1000 X g X 4 x 7(h tan 0)° x h =

3.0
For equilibrium
Weight of cone = Weight of water displaced
- 800 x g x TX H tan’6 _ 1000x 9.81x 7t x h* X tan’ 0
30 3.0
or 800 x H® = 1000 x h*
1/3
e 100 A :(@)
800 h 800

For stable equilibrium, Meta-centric height GM should be positive. But GM is given by
GM b BG
v

where 7 = M.O.L. of cone at water-line = 6% a
¥ = Volume of cone in water =% ; d*x h

=il d4/—1-x-ﬂd2x;‘z

1\<3 d2 3g o3 -
ot SRS ( ) e

96 e f6n 16h _4 I
htan0)”
_3 (hanb) (== r=htan 0}
4 h
= %hlanze
and BG=AG-AB=3H-3h=3(H-h)
GM = 3htan’6-- 2(H-h)
For stable equilibrium GM should be positive or
3htan’ - 3(H-h)>0 or htan’0-(H-h)>0
or htan29>(H—h) or htan’0+h>H
or htan’0 + 1] > H or 1+tan’0> H/h or seczﬁb%
1/3
But s [1000] = 1.077
h 800
SechO A 0T ot ke e sy oaes
1.077

cos 0 > 0.9635

2 O =152 300 Sor=— 200> 3 1.2 scanned by Fahid
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i 20 = Apex angle and
' A = Apex of the cone

h = Depth of immersion
d = Dia. of cone at water surface

3
Then AG=—H
- 4
AB = 3 h
4

Also weight of cone =Weight of water displaced.

lOOOngx TR* x H = ]OOOXg-x%nr'lxh or SR*H=rh

SR*H:
)

r

But tanf=—=_
h
R =H'tan 8, r—htane
Sx(HtanB) X H

(h tan 8)"

SxH*xtan’OxH _ SH>
k= T e
f 5 : h-'tan” @ h
or (SHS)JH SIB
Distance; - BG =AG - AB

mlx

or. hW=SH’

3 3 3 3 13
e —— b= (H = = — (H—=5§"
41‘1’ - 4( h) 4{H S H)

3
= Hili - 87
3 [ ]
Alsa : - I=M.O. Inertia of the plan of body at water surface

AL
64

V¥ = Volume of cone in water =

1
: oy
 ——— R R N I N SN R

| D*obiﬂm 4 18 A cone of specific gravity. S, is floating in water with its apex downwards. It has a

1] 3 _ DP gl 172
1 | diameter D.and vertical height H. Show that for stable equilibrium of the cone H < 7 [W
| | : . 19—
' Solution. Given : e d —|
Dia. of cone =D
Heightof cone = H
PLAN OF
Sp. gr. of cone =S CONE AT
Let G = Centre of gravity of cone WARERLING
i B = Centre of buoyancy

(1)

[ h= SH3 H}

Su2)
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W=,
I P 34>

vV 1 %, an I6HS”
374

Now Meta-centric height GM is given as

2
GM =~ —BG=—3d-ﬁ 2 3H gy
Vv 16.H.5 4
GM should be +ve for stable equilibrium or GM > 0
3d® 3H iR
—_—— - (1=-85")>0
& 6HS? 4 ) 4
; 3d2 jH 1/3 “ :
———>"—(1-5
SRS . 6HS? T4 ! e
A]so we know R = Htan 0 and r = htan © ' b TRRR e ¥
R_H_D
ey :
sy D 5D, x HS'? = DS
- - . i nm SR S S P A e s H H
Substituting the value of d in equation (3), we get
Z
3[DSIB) 3H 143 DE‘SU?‘ - -1/3
W>T([ §7) or >H{-5)
D‘J Si!3 $ - DE .5”3
———>H or H< 173
£'5 4(1—5”2) : 4(!—5 )
s Tk
or H l{D '31,3:1 Ans
P1=§ o

> 4.8 EXPERIMENTAL METHOD OF DETERMINATION OF META CENTRIC
HE[GHT‘

The meta-centric helght of a floating vessel can be determined, proudcd we know the centrei@fm

gravity of the floating vessel. Let w; is a known weight placed over the centre of the vewscl as shown,
in Fig. 4.23 (a) and lhe vessel is floating. .

o e i

(a) Floating body (b) Tilted body

Fig. 4.23 Meta-centric height.

scanned by Fahid
PDF created by AAZSwapnil




e [ T e —

e

lISZ Fluid Mechamcs. - s J

Let W Weight of vessel including w,
G = Centre of gravity of the vessel
B = Centre of buoyancy of the vessel R S :

The weight w, is moved across the vessel towards right through a d:stance: x as shown in Fig. 4.23 {b)
The vessel will be tilted. The angle of heel 8 is measured by means of a plumbline and a protractor
attached on the vessel. The new centre of gravity of the vessel will shift to G, as the weight w, has
been moved towards the right. Also the centre of buoyancy will change to B, as the vessel has tilted.
Under equilibrium, the moment caused by the movement of the load w; through a distance x must be
equal to the moment caused by the shift of the centre of gravity from G to G,. Thus

The moment due to change of G=GG, xW=WxGMtan B
The moment due to movement of w, =w, Xx
wix= WGM tan 6

Hence GM = R L ...(4.5)
W tan 8

Problem 4.19 A ship 70 m long and 10 m broad has a displacement of 19620 kN. A weight of

343.35 kN is moved across the deck through a distance of 6 m. The ship is tilted through 6°. The

moment of inertia of the ship at water-line about its fore and aft axis is 75% of M.O.L. of the

circumscribing rectangle. The centre of buoyancy is 2.23 in below water-line. Find the mem centric
height and position of centre of gravity of ship. Specific weight of sea water is 10104 N/m’.

(Anna University, May, 1986)

Solution. Given :

: Length of ship, L=70m
Breadth of ship. b=10m
Displacement, W= 19620 kN
Angle of heel, o 0=18°
M.O.L of ship at water-line = 75% of M.O.L of circumscribing rectangle
w for sea-water = 10104 N/m’ = 10.104 kN/m*
Movable weight, w, = 343.35 kN
Distance moved by w,, x=6m
Centre of buoyancy = 2.25 m below water surface

Find (i) Meta—ce_ntric height, GM
. (ii) Position of centre of gravity, G
(i) Meta-centric height, GM is given by equation (4.5)
wyx  34335kN x6.0

GM =
~Wian 8 19620 kN x tan 6°
43.35 kN ;
_ 34335kNx60 _ 0.999 m. Ans.
19620 kN x .1051
(ii) Position of Centre of Gravity, G

GM =— - BG

v

where [/ =M.0O.1. of the ship .a: water-line about _\‘—;\' scanned by Fahid
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Y
------- T
£ |
ATER LINE
2.25
G
1.254
s EE
=10 m-»{ :
Fig. 4.24 ; i Fig.4.25

=75%o-fé x 70 x 10° = .75 x % x 70 x 10° = 4375 m*
Weightof ship 19620

and V = Volume of ship in water = - - = =1941.74 m*
Weightdensit of water 10.104
A . 4375 =953 m
Y  1941.74

GM =2.253 - BG or .999 = 2.253 — BG

2 BG =2.253 — 999 = 1.254 m.

From Fig. 4.25, it is clear that the distance of G from free surface of the water = distance of B
from water surface — BG

= 2.25 - 1.254 = 0.996 m. Ans.-

Probiem 4.20 A pontoon of 15696 kN displacement is floating in water. A weight of 245.25 kN is
moved through a distance of 8 m across the deck of pontoon, which tilts the pontoon through an angle
4°. Find meta-centric height of the pontoon. ;

Solution. Given: '

Weight of pontoon = Displacement

or W= 15696 kN
Movable weight, wy = 245.25 kN
Distance moved by weight w;, x=8 m
Angle of heel, 0=4°

The meta-centric height, GM is given by equation (4.5)
wyx 24525kN x 8

or GM = =
Witan 6 15696 kN x tan4°
= —ﬂg—— = 1.788 m. Ans.
15696 x 0.0699

» 4.9 OSCILLATION (ROLLING) OF A FLOATING BODY

Consider a floating body, which is tilted through an angle by an overturning couple as shown in
Fig. 4.26. Let the over-turning couple is suddenly removed. The bodyswilli&tér{ és¢iflatiig. Thus, the
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body will be in a state of oscillation as if suspended at the meta-centre M. This is similar to the case of
_ a pendulum. The only force acting on the body is due to the restoring couple due to the weight W of
I the body force of buoyancy Fj.

|
ks
FORE JAND

<[ AET. AXIS’ Fi<

Fig. 4.26

Restoring couple = W x Distance GA
= W x GM sin 6 : i (l)
This couple tries to decrease the angle

: d'e
Angular acceleration of the body, o = — =
0

— ve sign has been introduced as the restoring couple tries to decrease the angle 6.

Torque due to inertia = Moment of Inertia about Y-Y x Angular acceleration
: - d’®
=lpyx|——5
Y-¥ ( df]
B I - K
ut ="
& SRYE Y
where W = Weight of body, K = Radius of gyration about Y-Y _
o W 2
Inertia torque =g ——f =-—K’ d—? (i)
a dt g dt
Equating (i) and (ii), we get !
: : W _,d® d
WxGMsin®=--—K>— or GMsin 8= —K—d—?
8 dr* g di
For small angle 6. sin® = 0 :
KE 2 2 2
GM:«E}:--—d—.[,ﬂ or ifi—f—"’ +GMx0=0
g dr” g di” ;
Dividing by . we get 4 ? + GM)«:—;gxe =0
dr” K-

The above equation is a differential equation of degree second. The solution is

3 . |GM.g [GMa@mned by Fahid .
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where C, and C, are constants of integration.
The values of C, and C, are obtained from boundary conditions which are
(i) atr=0,08=0

T
1] (1|'-_—"'“.B=0
(ii) a 5

where T is the time period of one complete oscillation.
Substituting the Ist boundary condition in (iii), we get

0=C,x0+Gx1 {~sin®=0,cos 8=1}
G, =10
Subsututmg 2nd boundary conditions in (iii); we get

1. g
0=C,sin "GM;g X —
K 2

But C, cannot be equal to zero and so the other alternative is

sin GM;.g —=0=sinmx I i [~ sin T =0}
K
GM. T : K
Y o 1= 0% ..(4.6)
KE50S GM.g

Time period of oscillation is given by equation (4.6).
Problem 4.21 The least radius of gyration of a ship is 8 m and meta-centric height 70 cm. Calcu-
late the time period of oscillation of the ship.
Solution. Given :
Least radius of gyration, K =8 m -
Meta-centric height, GM = 70 cm = 0.70 m
The time period of oscillation is given by equation (4.6).

2 =
T=2n s =27 ﬂ = 19.18 sec. Ans.
GM .8 0.7 x 9.81

Problem 4.22 The time period of rolling of a ship of weight 29430 kN in sea water is 10 seconds.
The centre of buoyancy of the ship is 1.5 m below the centre of gravity. Find the radius of gyranon of
the ship if the moment of inertia of the ship at the water line about fore and aft. axis is 1000 m’. Take
specific weight of sea water as = 10100 N/

Solution. Given : :

Time period, s = 10 sec

Distance between centre of buoyancy and centre of gravity, BG = l Sm
Moment of Inertia, [ = 10000 m*

Weight, W= 29430 kN = 29430 x 1000 N

Let the radius of gyration = K
First calculate the meta-centric height GM, which is given as

GM = BM - BG = cljan: BG scanned by Fahid
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where /= M.O. Inertia
and V = Volume of water displaced
s W‘tzlght of ship _ 29430 x1000 =2912.6 m’*
Sp. weight of sea water 10104 i
GM = LU 1.5 =3.433 — 1.5 = 1.933 m.
2912.6
KZ
Using equation (4.6), we get T'=2n
GM x g
K? igank

or

or

10 = 2 =
1933x9.81 /1933 x 981

10x {1 .
e p e IR A

2n I

HIGHLIGHTS

2
3.
4.

S

74

buoyancy or force of buoyancy.

The point through which force of buoyancy is supposed to act is called centre of buoyancy.

The point about which a body starts oscillating when the body is tilted is known meta-centre.
The distance between the meta-centre and centre of gravity is known as meta—centric-héight.

Sy A 1
The meta-centric height (GM) is given by GM = v BG

where I = Moment of Inertia of the floating body (in plan) at water surface about the axis Y-¥
¥V = Volume of the body sub-merged in water

BG = Distance between cemre of gravity and centre of buoyancy : -
Conditions of equilibrium of a floating and submerged body are : :

Equilibrium Floating Body !I Sub-merged Body
(i) Stable Equilibrium M is above G B is above G
(i) Unstable Equilibrium " Misbelow G B is below G
(iif) Neutral Equilibrium “'M and G coincide B and G coincide !
The value of meta-centric height GM, experimentally is given as GM = Mz

Wtan8
where  w; = Movable weight : 3
x = Distance through which w; is moved
W = Weight of the shi‘p or floating body including w,
6 = Angle through the ship or floating body is tilted due to the movement of wy.
K2
GM x g

The time period of oscillation or rolling of a floating body is given by T = 2n

where K = Radius of gyrition, GM = Meta-centric height

T = Time of one complete oscillation. Scannéd by Fahid
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rEXERCISE 4

(A) THEORETICAL PROBLEMS S

Define the terms ‘buoyancy’ and ‘centre of buoyancy’.

. Explain the terms ‘meta-centre’ and ‘meta-centric height’.

Derive an expression for the meta-centric height of a floating body.
Show that the distance between the meta-centre and centre of buoyancy is given by BM = _\7_’

where I = Moment of inertia of the plan of the floating body at water surface about longitudinal axis.
¥ = Volume of the body submerged in liquid.

What are the conditions of equilibrium of a floating body and a submerged body ?

(A.S.M.E., June 1992 ; Delhi University, 1982)

. How will you determine the meta-centric height of a floating body experimentally 7 Explain with neat

sketch.

. Select the correct statement :

(a) The buoyant force for a floating body passes through 1he
(i) centre of gravity of the body (i) centroid of volume of the body X
(iit) meta-centre of the body (iv) centre of gravity of the submerged part of the body
(v) centroid of the displaced volume. -
(b) A body submerged in liquid is in equilibrium when :
(i) its meta-centre is above the centre of gravity
(ii) its meta-centre is above the centre of buoyancy
(iii) its centre of gravity is above the centre of buoyancy
(iv) .its centre of buoyancy'is above the centre of gravity
(v) none of these. - [Aps. 7 (@) (v), (b) (V)]

. Derive an expression for the time period of the oscillation of a floating body in terms of radius of

gyration and meta-centric height of the floating body.

. Define the terms : meta-centre, centre of buoyancy, meta-centric height, gauge pressure and absolute

pressure. = (A.S.M.E., June 1992)

. What do you understand by the hydrostatic equation ? With the help of this equation, derive the

expression for the buoyant force acting on a sub-merged body. : (A.M.LE. § 1990)

_ With neat sketches, explain the. conditions of equilibrium for floating and sub-'!mergcd bodies.

(Delhi University, June 1 996)

. Differentiate between :

(i) Dynamic viscosity and kinematic viscoscity, (ii) Absolute and gauge pressure (iif) Simple and
differential manometers (iv) Centre of gravity and centre of buoyancy.
(Delhi University, Dec. 2002)

(B) NUMERICAL PROBLEMS

A wooden block of width 2 m, depth 1.5 m and length 4 m floats horizontally in water. Find the volume
of water displaced and position of centre buoyancy. The specific gravity of the wooden block is 0.7.
[Ans. 8.4 m’, 0.525 m from the base]
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18.

A wooden log of 0.8 m diameter and 6 m length is floating in river water. Find the depth of wooden
log in water when the sp. gr. of the wooden log is 0.7. [Ans.0.54 m]

. A stone weighs 490.5 N in air and 196.2 N in water. Determine the volume of stonc and its Spemﬁc

gravity. [Ans. 0.03 m*or 3 x 10° cm?, 1.67]

. A body of dimensions 2.0 m x 1.0 m x 3.0 m weighs 3924 N in water. Find its weight in air. What w:]l be

its specific gravity ? [Ans. 62784 N, 1.0667]
A metallic body floats at the interface of mercury of sp. gr. 13.6 and water in such a way that 30% of

_its volume is submerged in mercury and 70% in water. Find the density of the metallic body.

[Ans. 4780 kg/m’]
A body of dimensions 0.5 m x 0.5 mx 1.0 m and of sp. gr. 3.0 is immersed in water. Determine the least

force required to lift the body. [Ans. 4905 N]
A rectangular pontoon is 4 m long, 3 m wide and 1.40 m high. The depth of immersion of the pontoon
is 1.0 m in sea-water. If the centre of gravity is 0.70 m above the bottom of the pontoon, determine the

meta-centric height. Take the density of sea-water as 1030 kg/m”>. [Ans.0.45 m]
A uniform body of size 4 mrlong X 2 m wide X 1 m deep floats in water. What is the wclgh: of the body
if depth of immersion is 0.6 m ? Determine the meta-centric height also. [Ans. 47088 N, 0,355 m]
A block of wood of specific gravity 0.8 floats in water. Determine the meta-centric height of the block
ifits sizeis3Imx2mx I m. : [Ans.0.316 m]
A solid cylinder of diameter 3.0 m has a height of 2 m. Find the meta-centric height of the cylinder when
it is floating in water with its axis vertical. The sp. gr. of the cylinder is 0.7. ~ [Ans. 0.1017 m]

A body has the cylindrical upper portion of 4 m diameter and 2 m deep. The lower portion is a curved
one, which displaces a volume of 0.9 m° of water. The centre of buoyancy of the curved portion is at a
distance of 2.10 m below the top of the cylinder. The centre of gravity of the whole body is 1.50 m below
the top of the cylinder. The total displacement of water is 4.5 tonnes. Find the meta-centric height of
the body. [Ans. 2.387 m]
A solid eylinder of diameter 5.0 m has a height of 5.0 m. Find the meta-centric height of the cylinder if
the specific gravity of the material of cylinder is 0.7 and it is floating in water with its axis vertical. State
whether the equilibrium is stable qr?'unstahle. [Ans. — 0.304 m, Unstable Equilibrium]

- A solid cylinder of 15 cm diamctp'i"’ and 60 cm long, consists of two parts made of different materials.

The first part at the base is 1.20 ¢m long and of specific gravity = 5.0. The other parts of the cylinder is
made pf the material having specific gravity 0.6. State, if it can float vertically in water.

, [Ans. GM = - 5.26, Unstable, Equilibrium]
A fectangular pontocn 8.0 m long, 7 m broad and 3.0 m deep weighs 588.6 kN. It carries on its upper’
deck an empty boiler of 4.0 m diameter weighing 392.4 kN. The centre of gravity of the boiler and the
pontoon are at their respective centres along a vertical line. Find the meta-centric height. Weight
density of sea-water is 10104 N/m’. [Ans;0.325 m]
A wooder cylinder of sp. gr. 0.6 and circular in cross-section is required to float in oil (sp. gr. 0.8). Find
the L/D ratio for the cylinder o float with its lnngltudmal axis vertical in oil where L is the height of

cylinder and D is its diameter. [Ans. (L/D) <0.8164]

. Show that a cylindrical buoy of IIZS m diameter and 3 m long weighing 2.5 tonnes will not float vertically

in sea-water of density 1030 kg/m’. Find the force necessary in a vertical chain attached at the centre

of the base of the buoy that will keep it vertical. [Ans. 10609.5 N]
A solid cone floats in water its apex downwards. Determine the least apex angle of cone for stable
equilibrium. The specific gravity of the material of the cone is given 0.7. [Ans.39° 7']

A ship 60 m long and 12 m broad has a displacement of 19620 kN. A weight of 294.3 kN is moved across
the deck through a distance of 6.5 m. The ship is tilted through 5°. The moment of inertia of the ship at

scanned by Fahid _
PDF created by AAZSwapnil




4 - _Buoyancy and Floatation 159 -

i ine about its force and aft. axis is 75% of moment of inertia the circumscribing rectangle. The
‘of buoyancy is 2.75 m below water line. Find the meta-centric height and position of centre of

of ship. Take specific weight of sea water = 10104 N/m’.
[Ans. 1.1145 m, 0.53 m below water surface]

6011 of 1500 tonnes displacement is floating in water. A weight of 20 tonnes is moved through
e of 6 m across the deck of pontoon, which tilts the pontoon through an angle of 5°. Find

itric height of the pontoon. [Ans.0.9145 m]
time period of rolling of a solid circular cylinder of radius 2.5 m and 5.0 m long. The specific
y of the cylinder is 0.9 and is floating in water with its axis vertical. [Ans. 0.35 sec]
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CHAPTER

Dynamics of Fluid Flow

» 6.1 INTRODUCTION

In the previous chapter, we studied the velocity and acceleration at a point in a fluid flow, without
taking into consideration the forces causing the flow. This chapter includes the study of forces causing
fluid flow. Thus dynamics of fluid flow is the study of fluid motion with the forces causing flow. The
dynamic behaviour of the fluid flow is analysed by the Newton's second law of motion, which relates
the acceleration with the forces. The fluid is assumed to be incompressible and non-viscous.

» 6.2 EQUATIONS OF MOTION

According to Newton’s second law of motion, the net force F, acting on a fluid element in the direc-
tion of x is equal to mass m of the fluid element multiplied by the acceleration a, in the x-direction. Thus
mathematically,

F.=m.a, ...(6.1)

In the fluid flow, the following forces are present : :

() F o gravity force.
(if) F.IJ the pressure force.
(m) F . force due to viscosity.
(w) F,, force due to turbulence.
(v) F_, force due to compressibility.
Thus in equation (6.1), the net force
Fy = (F+ (F)) + (F), + (F) + (F)),.
(i) If the force due to compressibility. F__is negligible. the resulting net force
F.l = (Fs.’)\ = ('Fp).: + (}‘l)\ + (FI}.\
and equation of motions are called Reynold’s equations of motion.
(if) For flow. where (F,) is negligible, the resulting equations of motion are known as Navier-
Stokes Equation.
(ifi) If the flow is assumed to be ideal. viscous force (F,) is zero and equation of motions are
known as Euler’s equation of motion.

4

256
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» 6.3 EULER'S EQUATION OF MOTION '

This is equation of motion in which the forces due to gravity and pressure are taken into considera-
tion. This is derived by considering the motion of a fluid element along a stream-line as :

Consider a stream-line in which flow is taking place in s-direction as shown in Fig. 6.1. Consider a
cylindrical element of cross-sectiondA and lengthdS. The fortes acting on the cylindrical element are :

1. Pressure force pdA in the direction of flow. :

5 ;
2. Pressure force (p + EW ds] dA opposite to the direction of flow.
SR,

3. Weight of element pgdAds.

Let 0 is the angle between the direction of flow and the line of action of the weight of element.

The resultant force on the fluid element in the direction of s must be equal to the mass of fluid
element x acceleranon in the direction s. L s

pdA — [p+? a's] dA - pgdAds cos 6
iy

= pdAds x a, beviss e (6.2)
whcrc a, is the acceleration in the dlrectmn of 5.
d :
Now ag= ?v’ where v is a function of s and 1.
t

dvds odv vdv v { db; }
=t =—t— L —— =y
ds dt  or g5 It dr

a v
If the flow is steady, — = 0

ot
vo
Aom——
S WEB
Substituting the value of a, in equation (6.2) and simplifying
% pgd Ads
the equation, we get
o (a) (b)
deA pg dAds cos 8 = pdAds X — = Fig. 6.1 Forces on a fliid element,
e dp vov i
Dividing b dsdA, ——— —gcosf=—
goby p pds 8 =%
or —@p~+gcosﬂ+v§‘i=0
pads ds
But from Fig. 6.1 (b), we have cos 8 = gi ' é
2 :
—l-@mk dz ey =0 or -a£+gdz+rdv:0' oy
p op N p
or - 92 ey =0 .(6.3)
p
Equation (6.3) is known as Euler’s equation of motion. scanned by Fahid
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» 6.4 BERNOULLI'S EQUATION FROM EULER’S EQUATION

Bernoulli’s equation is obtained by integrating the Euler’s equation of motion (6.3) as
J L + jgdz = Ivdv = constant
P

If flow is incompressible. p is constant and
2

P v '
— 4+ g+ —2- = constant
p v?
or —~— + z +— =constant
[ 28
or 8o 125 + z = constant ...(6.4)
pg 2g

Equation (6.4) is a Bernoulli’s equation in which

L pressure energy per unit weight of fluid or pressure head.
P&

v}/2g = kinetic energy per unit weight or kinetic head.
z = potential energy per unit weight or potential head.

p 6.5 ASSUMPTIONS

The following are the assumptions made in the derivation of Bernoulli’s equation :
(i) The fluid is ideal, i.e., viscosity is zero (ii) The flow is steady
(iii) The flow is incompressibie (iv) The flow is irrotational.
Problem 6.1 Water is flowing through a pipe of 5 cm diameter under a pressure of 29.43 N/em?
(gauge) and with mean velocity of 2.0 m/s. Find the total head or total energy per unit weight of the
water at a cross-section, which is 5 m above the datum line.
Solution. Given:

Diameter of pipe =5cm=05m
Pressure, p = 29.43 N/cm?® =29.43 % 10* N/m®
Velocity, v=2.0m/s
Datum head, z=5m
Total head E = pressure head + kinetic head + datum head
29.43 % 10*
Pressure head o A =30m p for water = 1000 ke
pg 1000x9.81 m’>
Kinetic head Do =2 =0.204 m
2 2x98l
Total head =P Y --30+0204+5=35204 m. Ans.
pg 28

Problem 6.2 A pipe, through which water is flowing, is having diameters, 20 cm and 10 cm at the
cross-sections | and 2 respectively. The velocity of water at section 15, given W p&’hiﬁ'fnd the
velocity head at sections 1 and 2 and also rate of discharge. PDF created by AAZSwapnil
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Solution. Given :

D, =20cm=02m @ @
- Area, A = g D= % (2)%=0.0314 m? - LE% |
{Dy=20cm 1p,=10cm
Vi =4.0m/s e V: = 40 m/sec |2
D,=0.1m I
Ay =T (1) = 00785 m?
4 Fig. 6.2
(i) Velocity head at section 1
1
S A0 8ism Aus,
2g 2x98l1
(if) Velocity head at section 2 = sz;‘Zg
To find V,, apply continuity equation at 1 and 2
AIVI = A2VQ or V2 = AIVl = l0314 X40 = ]6.0 lTl!'S
2 A, .00785
Velocity head at section 2 Do M = 83.047 m. Ans.
2g 2x981
(iii) Rate of discharge =AV, or AV,
=0.0314 x 4.0 =0.1256 m/s
= 125.6 litres/s. Ans. {~+ 1 m?=1000 litres)

Problem 6.3 State Bernoulli’s theorem for steady flow of an incompressible fluid. Derive an
expression for Bernoulli's equation from first principle and state the assumptions made for such a
derivation. ' 2 (A.M.LE., May 1974)

Solution. Statement of Bernoulli’s Theorem. It states that in a steady, ideal flow of an incom-
pressible fluid, the total energy at any point of the fluid is constant. The total energy consists of pressure
energy, kineticenergy and potential energy or datum energy. These energies per unit'weight of the fluid
are :

Pressure energy = =

Pg

Kinetic energy = o

Datum energy = z
Thus mathematically, Bernoulli’s theorem is written as
P Vi
— +-— + z = Constant.
wo 2g

Derivation of Bernoulli’s theorem. For derivation of Bernoulli’s theorem, the Articles 6.3 and 6.4
should be written.
Assumptions are given in Article 6.5.
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Problem 6.4 The water is flowing through a pipe p, _

s . ¥ ! =39
having diameters 20 cm and 10 cm at sections | and 2q Ney. >
2 respectively. The rate of flow through pipe is N
35 litres/s. The section I is 6 m above datum and
section 2 is 4 m above danum. If the pressure at sec-
tion 1 is 39.24 Nfcm?, find the intensity of pressure
at section 2.
™ Solution. Given :

DATUM LINE

At section 1, D/ =20cm=02m Fio. 6.3

A, = % (2)*=.0314 m

P, = 39.24 N/em?
=39.24 x 10* N/m?

3 =6.0m
At section 2, D;=0.10m
A,= g (0.1)> = 00785 m?
=4m
p'! = r}
: 35 3
Rate of flow, Q=351litVYs=——=035m/s
1000
0 035
=== """ —1114m/s
'T A T 0314
and V,= O e m/s
: A,  .00785
Applying Bernoulli's equation at sections 1 and 2, we get
2 2
V
PR ST
pg 2g pg+ 28 :
4 2 4 2
or 24x10° (U4 . p . (4456)
1000x9.81 2x9.81 1000x 981 2x981
or 40 +0.063 + 6.0= 2 +1.012 +4.0
9810
or 46,063 = L2 4+ 5012
9810
P2 = 46.063 - 5.012 =41.051
9810
py=41.051 x 9810 N/m’
~ 41.051x 9810 scanned by Fahid
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Problem 6.5 Water is flowing through a pipe having diameter 300 mm and 200 mm at the bottom
! and upper end respectively. The intensity of pressure at the bottom end is 24.525 N/em® and the
pressure at the upper end is 9.81 N/em?. Determine the difference in datum head if the rate of flow
through pipe is 40 lit/s. @
Solution. Given: "D, =200 mm

Section 1, D, =300mm=0.3m . 3 P2 = 9.81 Nicm
Py = 24.525 Nlem® = 24.525 x 10* N/m?
Section 2, D, =200 mm=0.2 m
p> =9.81 Nlcm? = 9.81 x 10* N/m? %2 @3 S
Rate of flow = 40 lit/s l T p;=24.525 Nicm’.
1
= £
or 9= 1000 0.04 m/s DATUM LINE
Now AV, = A,V, = rate of flow = 0.04 Fig. 6.4
e e e 008 S icie
e
4 4
= 0.566 m/s
v2='04: TS ey

A T et
2= — (D —(0.2
2 (D,) 3 % 02)?
Applying Bernoulli’s equation at (1) and (2), we get

2
.EL+V_!+Z]:&+KZ_+“

pg 28 - pg 28
24525x10* | 566x.566 _ _ 981x10° +(z.274)2 %
1000x9.81  2x981 ' 1000x981 2x981

or 25+ .32+7;=10+1.623 + z,
o= 2532+2,=11.623 + z,

: -2 =2532-11.623 = 13.697 = 13.70 m

Difference in datum head =z, —z; = 13.70 m. Ans.

Problem 6.6 The water is flowing through a taper pipe of length 100 m having diameters 600 mm
at the upper end and 300 mm at the lower end, at the rate of 50 litres/s. The pipe has a slope of I in 30.
Find the pressure at the lower end if the pressure at the h;gher level is 19.62 N/cm’.

Solution. Given: :

3

Length of pipe, L=100m
Dia. at the upper end, D, =600 mm = 0.6 m
; b8 2 T 2
Area, Ai=— D “=—x(.6
i i)
=0.2827 m?
Py = pressure at upper end 00/"
= 19.62 N/cm? Fig. 6.5

scanned by Fahid
PDF created by AAZSwapnil




262 Fluid Mechanics ; 23 J

=19.62 x 10* N/m?
Dia. at lower end, D, =300mm=0.3m

- Area, A= % D2= % (.:3)* = 0.07068 m

50

Q = rate of flow = 50 litres/s = : =0.05 m'/s

Let the datum line is passing through the centre of the lower end.

Then =0

S 1 : 10
Asslopeis 1 in 30 means 7, =— X 100=—m

30 3
Also we know 0=A,V,=A4A,V,
V.= Q = 0—05— =0.1768 m/sec = 0.177 m/s
e e e
and 9 Ll 0.7074 m/sec = 0.707 m/s

V.= =
27 A, 07068

Applying Bernoulli’s equation at sections (1) and (2), we get

V2
Py =24

£1 Z5
pg 2 pg 2g

1962 10° - 775 10 ps = 407
+ o

= +
1000981 2x981 3 pg 2x981

or 20 + 0.001596 + 3.334 = £2 4 0.0254
Pg
Of Kanies 23.335 - 00258 = —F2__
1000 x 9.81
or Py = 23.3 X 9810 N/m” = 228573 N/m? = 22.857 N/em®. Ans.

» 6.6 BERNOULLI’'S EQUATION FOR REAL FLUID

The Bernoulli’s equation was derived on the assumption that fluid is inviscid (non-viscous) and
therefore frictionless. But all the real fluids are viscous and hence offer resistance to flow. Thus there
are always some losses in fluid flows and hence in the application of Bernoulli's equation, these losses
have to be taken into consideration. Thus the Bernoulli’s equation for real fluids between points 1 and 2
is given as

e R I L e (6.5)
P 2g PEL28 i e
where 1, is loss of energy between points 1 and 2.

g
\’l

scanned by Fahid
PDF created by AAZSwapnil

b3




.

o ~ Dynamicsof Fluid Flow 263

Problem 6.7 A pipe of diameter 400 mm carries water at 2 velocity of 25 m/s. The pressures at the
points A and B are given as 29.43 N/em?® and 22.563 N/em® respectively while the datum head ar A
and B are 28 m and 30 m. Fmd the loss of head between A and B.

Solution. Given :
Dia. of pipe;
Velocity,

At point A,

Total energy at 4,

At point B,

Total energy at B,

Loss of energy '

D =400 mm=0.4 m 00‘“‘“ o
V =25m/s 2 LAO8 7955
0
pa =29.43 Nfem? = 29.43 x 10* N/m’ I \4 Q.f;%
24=28m 2
va=v=25mfs
Zg
Pa 2 z
A e z A
EA & +2 22 L4z, 51 . DATUM,LINE
CBa3xi0t 252 He 88
= + + 28 '
1000x 981 2 %981

=30+31.85+28=89.85m

- py=22.563 NJem?= 22.563 x 10* N/m’

ZB=30m

vp=v=v,=25m/s

E =2 +ﬁ+33
pg 28

_ 22563107 257"
~ 1000x981 2x981
=E,; - E;=89.85-84.85=5.0m. Ans.

+30=23+3185+30=84.85m

Problem 6.8 A conical tube of lengfh 2 0 m is fived vertically with its smaller end upwards. The
\elocm ofﬂou at the smaller end is 5 m/s while at the lower end it is 2 m/s. The pressure head at the

smaller end is 2. 5 m of liquid. The loss-of head in the tube is

0.35(v, - v,)’

, where v, is the velociry
2g

at the smaller end and V, at the lower end respectively. Determine the pressure head at the lower end.

Flow takes place in the downward direction.
Solution. Let the smaller end is represented by (1) and lower end by )

Given :
Length of tube,

Loss of head

v, =5 m/s \
pi/pg = 2.5 m of liquid i

@
L=20m : ["r—\

vV, =2 m/ls : / . 1\

Sy 0.35(v, = v,)"

Fig. 6.7
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0.35[5-2F :035%9

2¢g 2x981

Py
pg
Applying Bernoulli’s equation at sections (1) and (2), we get

Pressure head,

2 : 2
ﬂ-}—v—l +2) :&+1—2- +z+ Ny
pg 28 pg 28
Let the datum line passes through section (2). Thenz, =0, z; =2.0

2

> +20=22'

2.5+ 3 ——— + 0+ 0.16
2% 981 pg  2x981
25+127+20="22 £0203 +.16
pg
or . P1 _ (254127+2.0)-(203 +.16)

pg

=5.77 — .363 = 5.407 m of fluid. Ans.

= = =0.16 m

Problem 6.9 A pipe line carrying oil of specific gravity 0.87, changes in diameter from 200 mm
diameter at a position A to 500 mm diameter at a position B which is 4 metres at a higher level. If the
pressures at A and B are 9.81 N/em? and 5.886 N/cm® respectively and the discharge is 200 litres/s

determine the loss of head and direction of flow.
Solution. Disg:harge, Q0 =2001it/s=0.2 m’/s

(A.M.LE., Summer 1976)

Sp. gr. of oil =0.87
p for oil = 87 x 1000 = 870 ~%
m
Given : At section A, D, =200mm=0.2m
= . I ok A6 2
Area, Ay=—=(D) =— (2
T A= (Dy) 2 (:2)
=0.0314 m*
OF oA

ps=9.81 Nlem?
=981 x 10* N/m®  o¥
If datum line is passing through A, then

Z,=0
V,= Uy 6.369 m/s
A, 00314

At section B, Dy =500 mm = 0.50 m

Area, Ag= % ;D.,,.2 = a[- (.5)2 =0.1963 m’

pp = 5.886 N/em® = 5.886 x 10* N/m?

Fig. 6.8
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Zg=40m
v B 0 Soh res
Area 1963
Total energy at A =Ey= p—"‘+£+ZA
- pg 28

_981x10° _ (6369)"
870x9.81  2x9.81

+0=1149 +2.067 =13.557 m

2
Total energy at B =E;=P2 Yy Zp
_ pg 2g
_ 5886x10° (1.018)
870x9.81 2x9.81

() Direction of flow. As E, is more than Ez and hence flow is taking place from A to B. Ans.
(ii) Loss of head = h; = E, — Ez = 13.557 — 10.948 = 2.609 m. Ans. :

+4.0 =6.896 + 0.052 + 4.0 = 10.948 m

» 6.7 PRACTICAL APPLICATIONS OF BERNOULLI'S EQUATION

Bernoulli’s equation is applied in all problems of incompressible fluid flow where energy considera-
tions are involved. But we shall consider its application to the following measuring devices : '

1. Venturimeter.

2. Orifice meter.

3. Pitot-tube.

6.7.1 Venturimeter. A venturimeter is a device used for measuring the rate of a flow of a fluid
flowing through a pipe. It consists of three parts :
(i) A short converging part, (if) Throat, and (iii) Diverging part. It is based on the Principle of
Bernoulli’s equation. '
Expression for Rate of Flow Through Venturimeter
Consider a venturimeter fitted in a horizontal pipe through which a fluid is flowing (say water), as
shown in Fig. 6.9. '
Let d, =diameter at inlet or at section (1),
P, = pressure at section (1)
v, = velocity of fluid at section (1),

7 m
a = area at section (1) = 7 d,z

INLET \THROAT

and dy, py, v, G are corresponding values at section (2). -

Applying Bernoulli’s equation at sections (1) and (2), we get Fig. 6.9 Venturimeter.

2
£3_+r‘_+31:&+‘_3+12
pg 28 pg 2
As pipe is horizontal, hence z; =2,
2 2 2 2
il p Vi PEgVe s g =By Vi i
Pe 28 ps 28 P 2g 28
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But 2722 g the difference of pressure heads at sections 1 and 2 and it is equal to /1 or B =bai g
P8 Ps
Substituting this value of PL=P2 i the above equation, we get
Pg
4 -2
he -2 L (6.6)

23 2g

Now applying continuity equation at sections 1 and 2
4

Substituting this value of v, in equation (6.6)

TE-
[@v_z]
X 2 2. 3 2 2
gt e A s ¥a | s ol ova By
-

26 - 2 del ol Yol a4
2
or 1-'33=2gh zal 5

q 2

at a
=gt = O e
iy a; —a;
Discharge, Q = a5,

ﬂ]ﬂ‘!

=% m{z e
i az ay _az

Equation (6.7) gives the discharge under ideal conditions and is called, theoretical discharge. Actual
discharge will be less than theoretical discharge. .

...(6.7)

aa ! '-
Qe =CyX% J%' X y/2gh ...(6.8)
a —a,

where C,= Co-efficient of venturimeter and its value is less than 1.
Value of ‘h’ given by differential U-tube manometer

Case L. Let the differential manometer contains a liquid whlch is heavier than the liquid flowing
through the pipe. Let
S, = Sp. gravity of the heavier liquid
S, = Sp. gravity of the liquid flowing through pipe
x = Difference of the heavier liquid column in U-tube

Then h=x ]:gi - ]} - .(6.9)

o

Case IL If the differential manometer contains a liquid which is lighter than the liquid flowing

through the pipe, the value of A is given by scanned by Fahid
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h=x {1—?—] - ..(6.10)

where S, = Sp. gr. of lighter liquid in U-tube
Sy = Sp. gr. of fluid flowing through pipe
x = Difference of the lighter liquid columns in U-tube.
Case [11. Inclined Venturimeter with Ditferential U-tube manometer. The abovc two cases are
given for a horizontal venturimeter. This case is related to inclined venturimeter having differential U-
tube manometer. Let the differential manometer contains heavier liquid then h is given as

h=(fi+z,]—(£3-+zz] = [—Si~ ] o6 11)
- \ps P8 So s

Case IV. Similarly, for inclined venturimeter in which differential manometer contains a liquid
which is lighter than the liquid flowing through the pipe, the value of k is given as

h =(ﬂ+2') (_P_2+22] 2){]_5_,} : ..(6.12)
P P8 So

Probilem 6.10 A horizontal venturimeter with inlet and throat diameters 30 cm and 15 cm respec-

tively is used to measure the flow of water. The reading of differential manometer connected to the

inlet and the throat is 20 cm ofmercm; Determine the rate of flow. Take C, = 0.98. 54
Solution. Given:

Dia. at inlet, d; =30 cm
Area at inlet, a = % d}= ; (30)* = 706.85 cm®
Dia. at throat, d,=15cm

e x 152 =176.7 cm*
4

C{f = 0‘98
Reading of differential manometer = x = 20 cm of mercury.
Difference of pressure head is given by (6.9)

or h = (-Sl -1
LS(:
where S, = Sp. gravity of mercury = 13.6, §, = Sp. gravity of water = 1

=20 [% - 1:1 =20 x 12.6 cm =252.0 cm of water.

The discharge through venturimeter is given by eqn. (6.8)

a,a,

R e L e
\}af—azz
=098 x 70685X]767._x 3% 981% 252

J(706.85)2 - (176.7)°

scanned by Fahid
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8606759336 _ 86067593.36
J499636 9-312229 6844 s

= 125756 ol = %%{5]_6 lit/s = 125.756 lit/s. Ans.

Problem 6.11 An oil of sp. gr. 0.8 is flowing through a venturimeter having inlet diameter 20 cm
and throat diameter 10 cm. The oil-mercury differential manometer shows a reading of 25 cm. Calcu-
late the discharge of oil through the honzomai venturimeter. Take C; = 0.98.

Solution. Given :

Sp. gr. of oil, 5,=038
Sp. gr. of mercury, Sy= 136 :
Reading of differential manometer, x =25 cm L
s, E
. Difference of pressure head, h = x S -1 : &

136 ; :
=25 ﬁ“l cm of oil = 25 [17 — 1] = 400 em of oil. 1
Dia. at inlet, d; =20 cm "
' a == d> =L x 20" = 314.16 cm® |
4 4 -
d, =10cm

a,=Z %107 = 78.54 cm?
4

The discharge Q is given by equation (6.8)
or ; ’ 0=C, X +/2gh
af ~7a;
2098 o BORIEPAL S o s

J(31416)? — (78 54)?

2142137568 _ 21421375.68
J98696 6168 304

= 70465 cm’/s = 70.465 litres/s. Ans.
Problem 6.12 A horizontal venturimeter with inlet diameter 20 cm and throat diameter 10 cm is
used 1o measure the flow of oil of sp. gr. 0.8. The discharge of oil through venturimeter is 60 litres/s.
Find the reading of the oil-mercury differential manometer. Take C,=0.98
Solution. Given : d; =20cm

cm’/s

ay= = 20 = 314.16 cm’
4

d,=10cm scanned by Fahid
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ay= : x 10? = 78.54 cm?

C,=0.98
0 = 60 litres/s = 60 x 1000 cm’/s

a i,
ay —a,

314.16 x 78.54 o =1071068.?8J}7

Using the equation (6.8), 0=C,

or 60 x 1000 = 9.81 x
J(314.16) — (78.54)* - 304
or R o obx 00000 =0 0o
1071068.78

h = (17.029)* = 289.98 cm of oil

But h=x[—s-':’-—l]

o

where - S, = Sp. gr. of mercury = 13.6
S, =Sp. gr. of 0il = 0.8
x = Reading of manometer

289.98 = x [@ = 1} S 163
0.8
x= 287.98 =18.12 cm.
16

. Reading of oil-mercury differential manometer =18.12 em. Ans.
Problem 6.13 A horizontal venturimeter with inlet diameter 20 cm and throat diameter 10 cm is

used to measure the flow of water. The pressure at inlet is 17.658 N/cm® and the vacuum pressure al
the throat is 30 cm of mercury. Find the discharge of water through venturimeter. Take C, = 0.98.

Solution. Given :

Dia. at inlet, d; =20 cm

a,; =L x (20)* = 314.16 cm?
4

Dia. at throat, d,=10cm -
a, = -E % 10% = 78.74 cm?

\

py = 17.658 N/em? = 17.658 x 10* N/m?

4
p for water = 1000 k—% and .. P RLOOR 10 = 18 m of water
m pg  9.81x1000 :
P2
—= =—30 cm of mercury

pg

=—0.30 m of mercury = —0.30 Xslgblﬁn?lé B&)@/ lp;lfuyg}alcr |
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Differential head =h= LA

Pg Pg

=18 — (- 4.08)

= 18 + 4.08 = 22.08 m of water = 2208 cm of water

The discharge Q is given by equation (6.8)

aya
Q:Cd_____ll X
_ R

4y =a;

31416 x 78.54

=0.98 x

2gh

JB14.16)?

_ 50328837.21
304

- (78.74)

%X 4/2 X 981 % 2208

% 165555 cm’/s = 165.555 lit/s. Ans.

Problem 6.14 The inlet and throat diameters of a horizontal venturimeter are 30 cm and
10 cm re.specm ely. The liquid flowing through the meter is water. The pressure intensity ar inlet is
13.734 Nfem® while the vacuum pressure head at the throat is 37 cm of mercury. Find the rate of flow.

Assume that 4% of the differential head is lost between the inletr and throat. Find also the value of C,

for the venturimeter.
Solution. Given :
Dia. at inlet, d; =30cm

ay = g (30) = 706.85 cm?

Dia. at throat, d>=10cm

ay= ?:" (102 =78.54 cm®

Pressure, py = 13.734 N/em? = 13.734 x 10* N/m?

p_ 13734 x10°

Pressure héad, =
pg  1000x9.81

= 14 m of water

(A.M.LE., Winter, 1980)

P2 - _37cmof mercury
pg
= 13. '
= —Sixiin m of water =~ 5.032 m of water
100
Differential head, h=p,/pg - p.lpg
=14.0 - (- 5.032) = 14.0 + 5.032
= 19.032 m of water = 1903.2 cm
Head lost, hy=4% of h= % x 19.032=0.7613 m
c,= \/h SR J19.032 = 76131
: h 19.032 scanned by Fahid
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Discharge _ ¢, Qy2sh J2gh

; Ja—a _
- 098 X 706.85 x 78.54 X /2 x 981 x 1903.2

J(706.85)* — (78.54)°

- LO132UT8 _ _ 149692.8 cm¥/s = 0.14969 m¥s. Ans.

J499636.9 - 6168

PROBLEMS ON INCLINED VENTURIMETER

Problem 6.15 A 30 cm x 15 cm venturimeter is inserted in a vertical pipe carrying water, flowing
in the upward direction. A differential mercury manometer connected to the inlet and throat gives a
. reading of 20 cm: Find the discha rge. Take C; = 0.98.
Solution. Given :
Dia. at inlet, d; =30cm

a=2 G0 =T0s85em?

Dia. at throat, d,=15cm

TR

a,= ; (15) = 176.7 cm’

i
5 :
h=x|—+-1|=20 [13—-"2 - 1.0] =20x 12.6 = 252.0 cm of water
S 10
C, =098
Discharge, 0=C,— ‘:‘a" = X \[2gh

{ll- "ﬂz

= 00g o OOBIXITOT . 5o ogTx252

J(706.85)* — (176.7)°

7 86067593.36 _ 86067593.36 - i
1/499636.3 - 312229 684.4

= 125756 cm’/s = 125.756 lit/s. Ans.
Problem 6.16 A 20 cm x 10 cm venturimeter is inserted in a vertical pipe carrying oil of sp. gr.
r 0.8, the flows of oil is in upward direction. The difference of levels between the throat and inlet section
is 50 cm. The oil mercury differential manometer gives a reading of 30 cm of mercury. Find the
discharge of oil. Neglect losses. -
Solution. Dia. at inlet, d; =20cm

a;= E (20)* = 314.16 cm?

Dia. at throat, dy,=10cm

scanned by Fahid .
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4= g (10)> = 78.54 cm?

Sp. r. of oil. 5, =08
Sp. gr. of mercury. S,=13.6
Differential manometer reading, x =30 cm

s S
(8 e[
pg pg S,

=30 [%—1]=30[1?-1]:30x16=480cm0foi[

c,=1.0
a,a,
The discharge. 0=C; —Tl:—-; X \2gh
Vay —a;

1.0x 31416 x 78.54

: - — x /2 981x 480 cm/s
\(314.16)° — (78.54)°

S
239‘: Bi’ﬂ = 78725.75 cm/s = 78.725 litres/s. Ans.

Problem 6.17 in a vertical pipe conveying oil of specific gravity 0.8, two presxm"e gauges have

been installed ar A and B where the diametres are 16 cm and 8 cm respectively. A is 2 metres above

B. The pressure gauge readings have shown that the pressure at B is greater than at A by 0.981 N/

cm?. Neglecting all losses, calculate the flow rate. If the gauges at A and B are replaced by tubes

filled with:the same liguid and connected to a U-tube containing mercury, calculate the difference of

level of mercury in the two limbs of the U-tube. (A.M.LE., Summer 1985)
Solution. Given:
Sp. gr. of oil. S, =028 -
: kg > —
Density, p=0.8 x 1000 = 800 — 16 cm
; m - -
Dia. at A, D, = 1n6 cm=0.16m - rLg)_
.. ArteaatA. A, = 5 (167 =00201 m’ ! ‘
Dia. at B, Dp=8cm=0.08m 2'm
Area at B. Ay= % (.08)* = 0.005026 m? |
| |
(i) Difference of pressures. py —p, = 0.981 N/em® ® [ r_\L‘;j‘ =

8 cm
- 0.981 x 10" N/m? = 221N gj

m i

Difference of pressure head Fig. 6.9 (a)

ok 9810 :
P Pa _ S5 ,scanied bp £800kg/m’)

pg 800 x 9.81 PDF created by AAZSwapnil
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or

Applying Bernoulli’s theorem at A and B and taking the reference line péssing through section B, we

get
2 2
P_"+_"_}@“+Z‘A :&.{._Vi.'.zﬂ

pg  2g i :
2 2
or Pag Pa s s, Y
Pg P 2g 2g
Vi 2 2
or {MJ+2.D—O.O=£—L—A
Pg 2g 2
= 2 2
or —1.25+2.0:E"’——V—*"
2¢ 2g
0.75 = V—";—ﬁ
2g  2g

Now app]ying. continuity equation at A and B, we get
VXA, = Vy XA,

n 2
V. x—(16
VB=VAXA1= A 4( ) A
A U 2
B — (.08
,(08)

Substituting the value of Vp in equation (i), we get

16V = Vil 15

0.75 =—*= =
2g 2g 2g
b [0.75x 2 x9.81 = 0.99 m/s
e 15
Rate of flow, 0=V, xA

( Pp— Py _ 1_25)
Pg

Fig. 6.9 (b)

= 0.99 x 0.0201 = 0.01989 m?/s. Ans.

(if) Difference of level of mercury in the U-tube.
Let i = Difference of mercury level.

hY
h=x [—g-—lJ
S(J

Then

where it:[P—‘+ZAJ—(&+ ZBJ = -p?‘_—pB-+Zd—ZB
pPg P8 Pg
=-125+20-0
=0.75

0750 x [ﬁ -_]} =110
0.8

(__. P — Pa :]‘25]
Pg
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= (—}[? =0.04687 m = 4.687 cm. Ans.

Problem 6.18 Find ihe discharge of water flowing through a pipe 30 cm diameter placed in an
inclined position where a venturimeier is inserted, having a throat diameter of 15 cm. The differei:«
of pressure between the main and throat is measured by a liquid of sp. gr. 0.6 in an inverted U-iube
which gives a reading of 30 cm. The loss of head between the main and throat is 0.2 times the kinetic

head of the pipe : : J
Solution. Tia. at intet =30cm s —~ 7 '/

dy=30cm ‘e [EI RN
i i \/ / 7\
% Ty

= g (302=706.85cm®> 39

"
>
_.:‘

Dia. at throat, dy=15cm S (e >’/
S B
a = & (157 =1767 cm’ S
Reading of differential niancmeter, x = 30 cm // o
Difference of pressure head. & is given by o S /
- S ey
FARE i “
(_&_.“IJ_( B, ] i A,
Pg P8 R et
Also h=x|1--% \“L/‘ Vi -
5 e 1

where §; = 0.6 and §,= 1.0 Fig. 6.10

=30 [1 = %] =30 x.4 = 12.0 cm of water

2
Loss of head, h, = 0.2 x kinetic head of pipe = 0.2 x ;—*
8

Now applying Bernoulli’s equation at sections (1) and (2), we get

2
14 _ P
=47z ke =2 +-—+h,_
pg 23 pg 28
2
or (p’-i-z,] (&4.7]4.‘1 2 op,
pg pg 2g 2g
But [ﬂq. 31)_[.&3—+23) =h=12.0 cm of water
P8 P8
and _ ' h, =02 xv,’2g
T o 2
12.0 + L =02x
2g 2 2g
1 :pz
120 + 08 -2 -9 ’ scanned by Fahid ...(1)
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Applying continuity equation at (1) and (2), we get

: (311."] = ﬂzl'z
> y - ¢
a; '4‘_".‘5) lo = v,
Vl = — Vz — _J'E -y
a, 4_{30)2 4
Substituting this value of v, in equation (1), we get
4 eI e TE
12.0 + %(-‘-’2—) -2 _0or120+ ‘?—[9':-' T]=0
2¢\ 4 2¢g 2g L 16
2 2
or 2 [05-1]=-120 or 2% _ 129
2g 2g !
% 12 |
Vo= flm-—o = 157.4 cm/s
NERE005
Discharge =asv, |

= 176.7 X 157.4 cm’/s = 27800 cm’/s = 27.8 litres/s. Ans.
Probiem 6.19 A 30 cm x 15 cm venturimeter is provided in a vertical pipe line carrying oil of
specific gravity 0.9, the flow being upwards. The difference in eleverion of the throat section and
entrance section of the venturimeter is 30 cm. The differential U-tiibe mercury manometer shows a
gauge deflection of 25 cm. Calculate :
(i) the discharge of oil, and
(ii) the pressure difference between the entrance section and the throat section. Take the co-effi-

cient of meter as 0.98 and specific gravity of mercury as 13.6. (A-M.LE., Summer, 1978)
Solution. Given:
Dia. at inlet, d; =30 cm
Area, a, = -z- (30)% = 706.85 cm?
Dia. at throat, dy=15cm
Area, a,= %:- (15> = 176.7 cm?
Let section (1) represents inlet and section (2) represents throat. Then z, - z, = 30 cm
Sp. gr. of oil, §,=09
Sp. gr. of mercury, S,=13.6
Reading of diff. manometer, x=25cm

The differential head, / is gi'ven by

)‘z:[ﬂ+:,]—[&+:2J
pg P8

13.6 Scanned by Fahid
i s [0_9__ 1] = 352. T b ik ted by AAZSwapnil
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276 Fluid Mechanics

a,a,

2
a; —a,

& 0.98 x 706.85 %176.7 £ m
J(706.85)% - (176.7)°
_ 1018322199
6844
= 148.79 litres/s. Ans.
(if) Pressure difference between entrance and throat section

h= (ﬂ*l—q) (&Hl} =352.77
pe pg

(i) The discharge, Q of oil =C, x [2gh

= 148790.5 cm’/s

or (ﬂ_&) +2,-2,=352.77
pg P8
But Z-2;=30cm
[ﬂ & ﬁ) ~30=1352.77
pg  pg
; : Fig. 6.11
Pr_ P2 - 35077 +30=382.77 cm  of oil = 3.8277 m of oil. Ans.
pg pg
or (7, = py) =3.8277 x pg

='Sp. gr. of oil x 1000 kg/m’
= 0.9 x 1000 = 900 kg/cm®

(1 - p) = 3.8277 % 900 X 9.81 %

But density of oil

= 3:;95 N/cm® = 3.3795 N/em?. Ans.

Problem 6.20 Crude oil of specific gravity 0.85 flows upwards at a volume rate of flow of 60 litre
per second through a vertical venturimeter with an inlet diameter of 200 mm and a throat diameter of
100 mm. The co-efficient of d:scharge of the venturimeter is 0.98. The vertical distance between the
pressure tappings is 300 mm.

(i) Iftwo pressure gauges are connected at the tappmgs such that they are posmoned at the levels
of their corresponding tapping points, determine the difference of readings in Nfem? of the two pres-
sure gauges.

(if) If a mercury differential manometer is connected, in place of pressure gauges, to the tappings
such that the connecting tube upto mercury are filled with oil, determine the difference in the level of
the mercury column. (A.M.LE., Summer 1986)

Solution. Given : .

Specific gravity of oil, S, =0.85
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Density; p = 0.85 x 1000 = 850 kg/m*

Discharge, Q = 60 litre/s |
S iagegy IR TR
1000
Inlet dia, d; =200mm=0.2m
/ ~ Area, ay = ; (.22 =0.0314 m?

Throat dia., d, =100 mm=0.1 m

Arca, az = 7 (0.17 = 0.00785 m? |
Value of C, =0.98 '

Let section (1) represents inlet and section (2)
represents throat. Then

23-2,=300mm=0.3m
(i) Difference of readings in Niem? of the two pressure gauges
- The discharge Q is given by,

OEEr=12 5o by Fig. 6.11 (a) i
fa, -a;
- 0.06 = DSBXOMUX000T8S  pooare |
J0.0314* —0.00785° |
_ 098000024649 0 1=
0.0304
3 0.06  0.0304 Tt
0.98 x 0.00024649 x 4.429

h =1.705%>=2.908 m

But for a vertical venturimeter, h = (p' Z ] [P—zﬁ-zz}

Pg pg
i 4! P P P
e 2.908=(“—+Z|]_(‘—+ZJ [ L ]+Z|—ZQ
: pg ) \pg pg pg
Pi=P2 o908 +2,- 2, =2.908 + 0.3 (" 2-2=03m)
pg
= 3.208 m of oil

Py =P = pg X 3.208

] 2
= 850 X 9.81 x 3.208 N/m” = 220X 9‘?}]4" 3208 Nfem?

= 2.675 N/cm>. Ans.

scanned by'Fahid
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(i1} Difference in the levels of mercury columns (i.e., x)

S
The value of f1is givenby, h=ux [S—S = 1]

o

2908—1[ﬁ—' }:1’[16—1]:]5);
0.85 :

= % =0.1938 m = 19.38 cm of oil. Ans.

Problem 6.21 In a 100 mm diameter horizontal pipe a venturimeter of 0.5 contraction ratio has
been fixed. The head of water on the metre when there is no flow is 3 m (gauge). Find the rate of flow
JSor which the throat pressure will be 2 metres of water absolute. The co-efficient of meter is 0.97. Take

atmospheric pressure head = 10.3-m of water. . (A.MLLE., Winter 1976)

Solution. Given: :
Dia. of pipe, ; d] =100 mm = 10 cm

Area, =L a2=T 10 =78.54 cm? : |

4 4 : '

Dia. at throat, d;=05%d{=05x10=5cm = I

Area, a,= % (5)% = 19.635 cm?
Head of water for no flow LA 3 m (gauge) =3 + 10.3 = 13.3 m (abs.)

i P8 :
Throat pressure head =P o5 m of water absolute. |
: PS

Difference of pressure head, & = _P_Pr 133 20=113m=1130¢m
pg  pg '

a,a;

'\ia ‘_ﬂ'z
0075 A SO IXIAO85 T b e iTia0

J(78.54)% - (19.635)?

17 : %
= -2-2_2%”_ = 29306.8 cm?/s = 29.306 litres/s. Ans.
6.7.2 Orifice Meter or Orifice Plate. Itis a device used for measuring the rate of flow of a
fluid through a pipe. It is a cheaper device as compared to venturimeter. It also works on the same
principle as that of venturimeter. It consists of a flat circular plate which has a circular sharp edged hole
called orifice, which is concentric with the pipe. The orifice diameter is kept generally 0.5 times the
diameter of the pipe, though it may vary from 0.4 to 0.8 times the pipe diameter.

A differential manometer is connected at section (1), which is at a distance of about 1.5 to 2.0 times
the pipe diameter upstream from the orifice plate, and at section (2), whu:h is at zﬁgc%of about half
the diameter of the orifice on the down stream side from the orifice plate

= o 73DF Created by AAZSwapnil
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Let p, = pressure at section (1),
v, = velocity at section (1),
a, = area of pipe at section (1), and

DIRECTION OF FLOW(

—

|
e IF
A@.-. &

Fig. 6.12. Orifice meter.
Pa» V5, @, are corresponding values at section (2). Applying Bernoulli’s equation at sections (1) and

(2), we get
3 -
2 _1
& + ‘_V-L- +Zp= p" @ B o i
pg 2¢g pPg 23
or [ﬂ"'ﬁ}_(&'fzzjzi_i
Pg Pg 28 2
But (ﬂ+ 4 ] [P 2 zz.) = h = Differential head
Pg Pg i
2 2
& ;_2 = ;_] or 2gh=vy’ - v’
g 2g

or : vy=2gh+v} - ' (i)

Now section (2) is at the vena contracta and a, represents the area at the vena contracta. If g is the
area of orifice then, we have

@

===

dy

where C, = Co-efficient of contraction
a,=ayx C, .()
By continuity equation, we have
a e a0 G,
av,=azy, or v= i vy = it vy ..(iii)
a a :

Substituting the value of v, in equation (i), we get

2250 :
C
Vo= ’Zgh+—--H“a;V2
1 3
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2 2 2
or vf =2gh + (E-Q-] Clvior 1-'22 = {l -[ﬂ}—} C:'] =2hg
' a a
2gh
¥y = 7
1—[“—J G
d ) _
The discharge Q = v, xa, = v, x a, C, { ay = ayC, from (i)}

ayC.2gh

e - . ()
' 1-| % | ¢
@Y x s, .

‘The above expression is simplified by using

Substituting this value of C, in equation (iv), we get

: 2
a
1/1— e T
(“J ! V2gh
T 2
L B 2o Pl 5 g
4 £ -
:' Cyay+/2gh _ Caa9a,2gh (6.13)

1-[% : Jaf~a§ =
V. \q {

where  C,= Co-efficient of discharge for orifice meter.

“The co-efficient of discharge for orifice meter is much smaller than that for a venturimeter.
Problem 6.22  An orifice meter with orifice diameter 10 cm is inserted in a pipe of 20 cm diameter.
The pressyre gauges fitted upstream and downstream of the orifice meter gives readings of
19.62 Nfcm® and 9.81 Nfem? respectively. Co-efficient of discharge for the meter is given as 0.6. Find
the discharge of water through pipe. :

L Q@=ayxC,
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Solution. Given :

Dia. of orifice, dy=10cm
Area, ap = -4“- (10)* = 78.54 cm?
'r Dia. of pipe, d; =20cm
Area, a, = g (20)% = 314.16 cm?
p1 = 19.62 N/em® = 19.62 x 10* N/m?
4
Bie ——19'62 210 =20 m of water
pg 1000 x9.81
4
Similarly D ot wtes
pg 1000 x9.81
h=PL_P2 _500_10.0< 10 m of water = 1000 cm of water |
Pg P2 s
C;=0.6 i

The discharge, Q is given by equation (6.13)

dad
O L =
al _ﬂc-
S0 EHISIEIG T R 1000

J314.16)> - (78.54)>

_20736838.09
i 1 304
Problem 6.23  An orifice meter with orifice diameter 15 cm Is inserted in a pipe of 30 cm diameter.
The pressure difference measured by a mercury oil differential manometer on the two sides of the
orifice meter gives a reading of 50 cm of mercury. Find the rate of flow of oil of sp. gr. 0. 9 when the
co-efficient of discharge of the meter = (0.64.
Solution. Given :

2gh

=68213.28 cm’/s = 68.21 litres/s. Ans.

Dia. of orifice, dy=15cm
Area, ag= ; (IS)2 =176.7 cm’
Dia. of pipe, d, =30cm
Area, a, = g (30)% = 706.85 cm?
Sp. gr. of oil, So=09
Reading of diff. manometer, x =50 cm of mercury
: : S, 13.6 -
1 - Differential head, h=x —S— —-1|=50 5o 11 emof Qil ;,10004 by Fahid
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282 Fluid Mechanics

=50x14.11 =705.5 cm of oil
C,=0.64
The rate of the flow, Q is given equation (6.13)

a
5 \[2gh
a GU

= 054/ T]008S . o GoRT 7055,
J(70685)* - (176.7)?

_ 94046317.78
6844

6.7.3 Pitot-tube. It is a device used for measuring the
velocity of flow at any point in a pipe or a channel. It is based on
the principle that if the velocity of flow at a point becomes zero, the
pressure there is increased due to the conversion of the Kinetic
energy into pressure energy. In its simplest form, the pitot-tube
consists of a glass tube, bent at right angles as shown in Fig. 6.13.
The lower end, which is bent through 90° is directed in the up-__
stream direction as shown in Fig. 6.13. The liquid rises up in the
tube due to the conversion of kinetic energy into pressure energy. _
The velocity is determined by measuring the rise of liquid in the tube. ~ Fig- 6.13  Pitot-tube.
Consider two points (1) and (2) at the same level in such a way that point (2) is just as the inlet of the
pitot-tube and point (1) is far away from the tube.
Let : p, = intensity of pressure at point (1)
v, = velocity of flow at (1)
P, = pressure at point (2)
v, = velocity at point (2), which is zero
H = depth of tube in the liquid
h = rise of liquid in the tube above the free surface.
Applying Bernoulli’s equations at points (1) and (2). we get

QC};

= 137414.25 cm’/s = 137.414 litres/s. Ans.

e i e L + 25
P8 23 Pg 28
But z; = z, as points (1) and (2) are on the same line and v, = 0.
P

— = pressure head at (1) = H
Pg

Fa' ‘pressure head at (2) = (h + H)
Pg

Substituting these values, we get

; vl =
H+—-=(h+H . h=-1 or v,=.2eh
2¢ 20 1= A8

This is theoretical velocity. Actual velocity is given by
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“’1];“-[ = Cr '\v“zgh
where C, = Co-efficient of pitot-tube

Velocity atany point ~ v=C, \2gh , -(6.14)
Velocity of flow in a pipe by pitot-tube. For finding the velocity at any point in a pipe by pitot-
tube, the following arrangements are adopted : 3 ;
1. Pitot-tube along with a vertical piezometer tube as shown in Fig. 6.14.
2. Pitot-tube connected with piezometer tube as shown in Fig. 6.15.
3. Pitot-tube and vertical piezometer tube connected with a differential U-tube manometer as shown
in Fig. 6.16.

PIEZO METER }- =
“U h ﬁ’/PWOTTUBE

TUBE
= e
Fig.614
|
X
x
x
Fig. 6.16

4. Pitot-static tube, which consists of two circular concentric tubes one inside the other with some
annular space in between as shown in Fig. 6.17. The outlet of these two tubes are connected to the
differential mahometer where the difference of pressure head ‘h’ is measured by knowing the difference

of the levels of the manometer liquid say x. Thenh =x |:—§i - 1].
Problem 6.24 A pitor-static tube placed in the centre of a 300 mm pipe line has one orifice point-
ing upstream and other perpendicular to it. The mean velocity in the pipe is 0.80 of the central
velocity. Find the discharge through the pipe if the pressure difference between the two orifices is
60 mm of water. Take the co-efficient of pitot tube as C, = 0.98.

Solution. Given :

Dia. of pipe,.

Diff. of pressure head,

d =300 mm=0.30m
h = 60 mm of water = .06 m of water
C,=0.98 ;
Mean velocity, V =0.80 x Central velocity
Central velocity is given by equation (6.14) -
' =C, 2gh =098 % \/2x9.81x.06 = 1.063 m/s
Faen scanned by Fahid
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V =0.80 x 1.063 = 0.8504 m/s
Discharge, O = Area of pipe X Vv

= Eaﬂ XV = g (.30)2 x 0.8504 = 0.06 m’/s. Ans.

Problem 6.25 Find the velocity of the flow of an oil through a pipe, when the d{ﬁ‘ere}:ce of mercury
level in a differential U-tube manometer connected to the two tappings of the pitot-tube is 100 mm.
Take co-efficient of pitot-tube 0.98 and sp. gr. of oil = 0.8,

Solution. Given : :

Diff. of mercury level, x=100mm=0.1 m
Sp. gr. of oil, S,=0.8
Sp. gr. of mercury, S, =13.6
C,=098
i S, 136 ; ‘
Diff. of pressure head, h=x|—=-1|=.1|——=1|{= 1.6 m of oil
S, 0.8 :
Velocityofflow  =C, \[2gh =0.98 \[2X 981X 1.6 = 5.49 m/s. Ans.

Problem 6.26 A pitot-static tube is used to measure the velocity of water in a pipe. The stagnation
pressure head is 6 m and static pressure head is 5 m. Calculate the velocity of flow assuming the co-

efficient of tube equal to 0.98. (A.M.LE., Winter, 1979)
Solution. Given :
Stagnation pressure head, h,=6m
Static pressure head, h,=5m
h=6-5=1m :
Velocity of flow, V=C, \2gh =098 [2x981x1 = 4.34 m/s. Ans.

Problem 6.27 A sub-marine moves horizontally in sea and has its axis 15 m below the surface of
water. A pitot-tube properly placed just in front of the sub-marine and along its axis is connected to
the two limbs of a U-tube containing mercury. The difference of mercury level is found to be 170 mm.
Find the speed of the sub-marine knowing that the sp. gr. of mercury is 13.6 and that of sea-water is

1.026 with respect of fresh water. =« (A.M.LE., Winter, 1975)
Solution. Given : :
Diff. of mercury level, x=170mm=0.17 m
Sp. gr. of mercury, -~ §,=136
Sp. gr. of sea-water, S, =1.026

o

V=.2gh = [2x9.81x 20834 = 6.393 m/s

3
- 000 %00 X004 Vb= 23 01 kni/hE- s,
1000

Problem 6.28 A pitot-tube is inserted in a pipe of 300 mm diameter. The static pressure in pipe is

100 mm of mercury (vacuum). The stagnation pressure at the centre of the pipe, recorded by the pitot-
scanned by Fahid
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tube is 0.981 Nfem®. Calculate the rate of flow of water through pibe, if the mean velocity of flow is
0.85 times the central velocity. Take C, = 0.98. (Converted to S.1. Units, A.M.LE., Summer, 1987)
Solution. Given :

Dia. of pipe, d =300 mm=0.30m
Area, | a= g d*= % (.37 =0.07068 m?> _
Static pressure head = 100 mm of mercury (vacuum)
100

=—Eab" X 13.6 =— 1.36 m of water

981 N/em® = 981 x 10* N/m*
981x10*  981x10*
pg  1000x9.81

h = Stagnation pressure head — Static pressure head
=1.0-(-1.36) = 1.0 + 1.36 = 2.36 m of water

Stagnation pressure

Stagnation pressure head

Velocity at centre =C, +/2gh
=0.98 x /2 x9.81 x 2.36 = 6.668 m/s
Mean velocity, V =0.85 x 6.668 = 5.6678 m/s
Rate of flow of water = V x area of pipe

= 5.6678 x 0.07068 m’/s = 0.4006 m*/s. Ans.

» 6.8 THE MOMENTUM EQUATION

It is based on the law of conservation of momentum or on the momentum principle, which states that
the net force acting on a fluid mass is equal to the change it momentumn of flow per unit time in that
direction. The force acting on a fluid mass ‘i’ is given by the Newton’s second law of motion, !

F=mXxa
where a is the acceleration acting in the same direction as force F.
But a= ﬂ
dt
F=m Ay
dt
d(mv) . Ay ; ;
= Seem {m is constant and can be taken inside the differential }
d(mv)
Fimiee—— ...(6.15)
dt :
Equation (6.15) is known as the momentum principle. _ :
Equation (6.15) can be written as'F.dt = d(mv) = La6:16)

which is known as the impulse-momentum equation and states that the impulse of a force F acting on a
fluid of mass m in a short interval of time dr is equal to the change of momentum d(/nv) in the direction

of force.
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286 Fluid Mechanics

Force exerted by a flowing fluid on a Pipe-Bend

The impulse-momentum equation (6.16) is used to determine the resultant force exerted by a flowing
fluid on-a pipe bend.

Consider two sections (1) and (2), as shown in Fig. 6.18.

Let . v, = velocity of flow at section (1),

= pressure intensity at section (1),
A, = area of cross-section of pipe at section (1) and
vy, Pps Ay =corresponding values of velocity, pressure and area at section (2).

Let F, and F, be the components of the forces exerted by the flowing fluid on the bend in x-and y-
directions lespec{we!y Then the force exerted by the bend on the fluid in the directions of x andy will be
equal to F, and F, but in the opposite directions. Heace component of the force exerted by bend on the
fluid in the x- dlrectmn =—F, and in the direction of y = — F,.. The other external forces acting on the fluid
are p)A; and p,A, on the sections (1) and (2) respectwe]y Then momentum equation in x-direction is

given by : ; i

(a)
Fig. 6.18 Forces on bend.

Net force acting on fluid in the direction of x = Rate of change of momentum in x-direction
PiA| — PyA; cos 0 — F = (Mass per sec) (change of velocity)
= pQ (Final velocity in the direction of x
— Initial velocity in the direction of x)

=pQ (V,cos 8 — V) (6.17)

> =pQ (V, - V,cos B) + p /A, — p,A, cos O ...(6.18)
S:rmlariy the momentum equat.on in y-direction gives

0-pyA;sin @ — F = pQ (V,sin 6 - 0) ...(6.19)

F pO (- V,sin 0) — p,A, sin B ...(6.20)

Now the resultant force (Fg) actmg on the bend

% m : (6.21)

And the angle made by the resultant force with horizontal direction is given by

t Q.= = 6.22
an = S e B

Problem 6.29 A 45° reducing bend is connected in a pipe line, the diameters at the inlet and outlet
of the bend being 600 mm and 300 mm respectivel ¥ Find the force exerted by water on the bend if the
intensity of pressure at inlet to bend is 8.829 N/cm” 2 and rate of flow of n(:re(ri:lf) 6{3_0 l .fras/

Y Ird
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Solution. Given :
Angle of bend,

Dynamics of Fluid Flow 287J

0 =45°

Dia. at inlet, D; =600 mm =0.6 m
b9 2 m 2
Area, Ay=—Di=—(.6)
i et _
=0.2827 m* i
Dia. at outlet, D, =300 mm =0.30m P ;
Fig. 6.19
: T a2 2
.. Area, Ay = b (3)" = 0.07068 m
Pressure at inlet, P, =8.829 N/cm?® = 8.829 x 10* N/m?
0 =600 lit/s = 0.6 m’/s
| =2 == ﬂ =202 mis
A 2827
= 1 = ge = 8.488 m/s.
: A, .07068
Applying Bernoulli’s equation at section (1) and (2), we get
2 2
2y 1 P 2
et ——ty=—+——+2
pg 2g pg 2g
But 1=
2 2 4 2 2
ﬂ+li __,93_+V_2 = 8.829 x10 2122° _ py + 8.488
Pg 22 pg 28 - 1000%x9.81 2x981 .pg 2x981

9 +.2295 = p,/pg + 3.672

P2 _ 99295 _3.672 = 5.5575 m of water
Pg 5%

Py = 5.5575 x 1000 x 9.81 N/m? = 5.45x 10* N/m”

Forces on the bend in x- and y-directions are given by equations (6.18) and (6.20) as

F,.=pQ [v,-vycos 8] + p;A; — p,A, cos 6
= 1000 % 0.6 [2.122 — 8.488 cos 45°]

+8.829 x 10* x .2827 — 5.45 x 10* x .07068 x cos 45°

=—2327.9 + 24959.6 — 2720.3 = 24959.6 — 5048.2

=199114N
and F,=pQ [~ V; sin 8] - p,A; sin 8

= 1000 x 0.6 [— 8.488 sin 45° — 5.45 x 10* x .07068 x sin 45°

=-3601.1 —2721.1 =-6322.2 N
~ve sign means F\ is acting in the downward direction

[r2, 2
Resultant force, Fe=\F +F
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= J199114) +(-63222° & Sod T
o

: =20890.9 N. Ans. 3 i ‘

The angle made by resultant force with x-axis is given by " & :

equation (6.22) or - w * ____________ \
3 ‘ 4

tanf =L = a2 =0.3175 Fig. 6.20
F. 199114 :

X
: 6 =tan”' .3175 = 17° 36". Ans.

Problem 6.30 250 litres/s of water is flowing in a pipe having a diameter of 300 mm. If the pipe is

bent by 135° (that is change from initial to final direction is 135°), find the magmmde and direction

of the resultant force on the bend. The pressure of water flowing is 39.24 N/cm’.

(A.M.LE.,, Wlntcr, 1974)

Solution. Given:

Pressure, Py =P, = 39.24 N/fem? = 39.24 x 10* N/m?
Discharge, Q =250 litres/s = 0.25 m*/s
Dia. of bend at inlet and outlet, D, =D, = 300 mm = _0.3 m
Area, A k= ; D= E x.32=0.07068 m®>
Velocity of water at (1) and (2), V=V, =V, = Q0 = : £2 =3.537 m/s.
Area .07068

V, sin 45°

Y
:ﬂ A e I
Q]
Fig. 6.21
Force along x-axis
 =F=p0[Vy, - Vol + pA; + oAy
where V|, = initial velocity in the direction of x = 3.537 m/s ;
Vo, = final velocity in the direction of x = — V,, cos 45° = - 3.537 x .7071
Pls = pressure at (1) in x-direction
= 39.24 N/em” = 39.24 x 10* N/m®
P2 = pressure at (2) in x-direction

= p, cos 45° = 39.24 x 10° x .7071
F,= 1000 x .25[3.537 — (= 3.537 x .7071)] + 39.24 x 10" x 07068 + 39.24
x 10* x .07068 x .7071
= 1000 x .25[3.537 + 3.537 x .7071] + 39.24,% 19" x 107068}, #-7071]
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= 1509.4 + 47346 = 48855.4 N
Force along y-axis

= F_\' = pQ{VIy = VZ_\'] ot (p!Al).r + (p?d‘l}_\‘
where V,, = initial velocity in y-direction = 0 '
Vo, = final velocity in y-direction = — V, sin 45° = 3.537 x .7071
(p44)), = pressure force in y-direction = 0
(p,A4,), = pressure force at (2) in y-direction
=— p,A, sin 45° = - 39.24 x 10* x .07068 x .7071
F, = 1000 x .25[0 — 3.537 x .7071] + 0 + (- 39.24 X 10* x .07068 x .7071)

=-6252 —19611.1 =—20236.3 N
— ve sign means F, is acting in the downward direction

Resultant force, Fp=+F?+ F?

= [48855.4 +20236.3*

: 2 8 |
=52880.6 N o S
The direction of the resultant force Fp, with the x-axis is given as & 1 :
n |
F. 2 o | \J
tan B =—2 = 20236.3 _ 5 4142 A S e TRt
F, 488554 Fig. 6.22

8 = 22° 30". Ans.
Problem 6.31 A 300 mm diameter pipe carries water under a head of 20 metres with a velocity of
3.5 m/s. If the axis of the pipe turns through 45°, find the magnitude and direction of the resultant

force at the bend. (A.M.LE., Summer, 1978)
Solution. Given: . )
Dia. of bend, D=D,=D,=300mm=0.30m
Area, A=AI=A2=%D2=;x.32=0.07068m2
i
Velocity, V=V, =V,=35m/s
0 = 45°
Discharge, 0 =AxV=007068 x 3.5 = 0.2475 m’/s
Pressure head - =20mof water or -~ =20 m of water
Pg
p =20 X pg = 20 x 1000 x 9.81 N/m* = 196200 N/m*
Pressure intensity, p =p, =p,= 196200 N/m*
Now Vi, =35m/s. V, = V,cos 45° = 3.5 X .7071

V,, =0, V,, = V,sin 45° = 3.5 x 7071
(p1A,), = piA, = 196200 x 07068, (p)A,), = 0
(PafAs), = — PafAs COS 45°, (paA), = = paA, sin 45°
Force along x-axis, F . =pOlV .- Vol + (pjA), + (p2A45),

X

= 1000 .2475(3.5-3.5%.7071] + 196200 % .07068 — p,A, x cos 45° ,
j : . scanned by Fahid
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=253.68 + 196200 x .07068 — 196200 x .07068 x 0.7071
“ =253.68 + 13871.34 - 9808.04 = 4316.98 N
Force along y-axis, - Fy=p0Q [vy - vyl # (pA), + (D2A)),
1000 x .2475[0 — 3.5 x .7071] + O + [ p,A, sin 45°]
=-612.44 — 196200 x .07068 x .7071
=-612.44 - 9808 = - 10420.44 N

Resultant force Fp= .j F2 + F? = /(431698)? + (10420.44)* = 11279 N. Ans.

P Agsin 45°
V, sin 45°

Fig. 6.23
The angle made by Fp with x-axis
F:
l_anﬁ:—" = w =2411
F, 4316.98

0 =tan"' 2.411 = 67° 28". Ans.
Pl’Obiem 6.32 !n a 45° bend a rectangular air duct of 1 m® cross-sectional area is gradually
reduced to 0.5 m® area. Find the magnitude and direction of the force required to hold the duct in
position if the velocity of flow at the 1 m? section is 10 m/s, and pressure is 2.943 N/em?. Take density

of air as 1.16 kg/m’. (AM.LE., Winter, 1980)
Solution. Given : :
Area at section (1), A =1 m?
Area at section (2), A,=0.5 m?
Velocity at section (1), V, =10 n/s
Pressure at section (1), p1=2. 943 N/cm? = 2.943 x lD4 N/m? = 29430 N/m?
Density of air, p =1.16 kg/m>
Applying continuity equation at sections (1) and (2)
Al V] = Az"z
AV, I
Vo=—L = — x10=20m/s
A2
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Discharge 0=A,V,=1x10=10 m'/s .

p,A, cos 45°

- o
455
V1 L i . : /& X
T
Fig. 6.24
Applying Bernoulli’s equation at (1) and (2)
2 I ‘;2
_P_;+V_1:P__+_g {'.' Zi:Z-,_}
P8 28 pg 28
2.943x10* 10° Ps 20?
or it ===t
116981 2x981 pg 2x98l 2
Py _2943x10°  10° Al D07
pg  116%981 2x981 2x98l

= 2586.2 + 5.0968 — 20.387 = 2570.90 m
5 P> =2570.90 x 1.16 x9.81 =29255.8 N
Force along x-axis, F =0 Vi - Vol + 1A, + (22AY);
where A, =10 m/s, V, =V, cos 45° = 20 x .7071,
(p1A)), =p1A; =29430 x 1 =29430 N
and  (p,A,), =— pyA, cos 45° = — p,A, cos 45° = - 29255.8 X 0.5 X .7071
> F,=1.16 x 10[10 — 20 x .7071] + 29430 x 1 — 29255.8 x .5 x .7071
=—48.04 + 29430 — 10343.37 = 0 — 19038.59 N
Similarly force along y-axis, F, = pO[V}, = V5] + (pjA)), + (PA3),
where Vi, =0, V5, = V, 5in 45° = 20 x 7071 = 14.142
| @A),
- =0, (p-A,), = — poA, sin 45° = —29255.8 x .5 x .7071 = — 10343.37
: F.=1.16x10[0-14.142] +0 - 10343.37
|
|

A}

=- 164.05 - 1034337 =— 10507.42 N

Resultant force. Fe= \/Ff +F = \f{{19033.ﬁ)3 +(10507.42)° =21746.6 N. Ans.
The direction of F with x-axis is given as
F, 5 2
tan 6= - = %’ggﬁ: - 0.5519
: 30 scanned by Fahid
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Fp is the force exerted on bend. Hence the force required to hold the duct in position is equal to
21746.6 N but it is acting in the opposite direction of Fp. Ans.
Problem 6.33 A pipe of 300 mm diameter conveying 0.30 m 3/s of water has a right angled bend in
a horizontal plane. Find fhe resultant force exerted on the bend if the pressure at inlet and outlet of
the bend are 24.525 N/cm® and 23.544 Nfcm’.

Solution. Given : 4
Dia. of bend, D =300mm=0.3m
Area, A=A =A= % (3)2 = 0.07068 m
Discharge, 0 =0.30 m?/s
30
Velocity, V=V, =V;= Q. 030 =4.244 m/s
A 07068 o

Fig. 6.25

Angle of bend, 6 =90°
: py = 24.525 N/cm? = 24.525 x 10* N/m? = 245250 N/m’
P = 23.544 N/cm? = 23.544 x 10* N/m” = 235440 N/m’

Force of bend along x-axis F,=pQ [V, — Vo ]+ (p)A), + (72A4)),

where p=1000, V,, =V, =4244 m/s, V, =0 ¢
(p1A), = PiA, = 245250 x .07068
(P247):=0
F, = 1000-x 0.30 [4.244 — 0] + 245250 % .07068 + 0
=1273.2 + 173343 = 18607.5 N 4
Force on bend along y-axis, Fy =pQ [V),~ V5, ]+ (714)), + (p2A2),
where Vi, =0, Vy = V, =4.244 m/s

(P1A), = 0, (p2Ay), = — poA; = — 235440 x 07068 = — 16640.9
F, = 1000 x 0.30[0 — 4.244] + 0 — 16640.9
==1273.2 - 16640.9 = — 17914.1 N

Resultant force, Fr=F+F = \l(lsﬁozs)2 +(17914.1)> =-25829.3 N
F, :
and tan 6 = —-= 172144 B 0.9627
F. 186075

 gro 4t
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Problem 6.34 A nozzle of diameter 20 mm is fitted to a pipe of diameter 40 mm. Find the force
exerted by the nozzle on the water which is flowing through the pipe at the rate of 1.2 m’/minute.
Solution. Given: ;

Dia. of pipe, D;=40mm=40x 10" m= .04 m
Area, Ay = ; D2= % (.04)2 = 0.001256 m?
Dia. of nozzle, D, =20 mm =0.02 m
Area, A, = % (.02)* = .000314 m®
Discharge, 0 = 1.2 m”/minute = = m/s = 0.02 m’/s
@ @
TG hjRE=—) = !
V, 40 mm\/ pA, | e v
MR | A _;1.‘_|_ = P R
Al |
| @
@
Fig. 6.26

Applying continuity equation at (1) and (2),
AV =AV,=0
0.2

V] = —Q- = =15.92 m/s
A, 001256
2
and ' V,= —Q— =— 8 =63.69 m/s
: A, .000314 L
Applying Bernoulli’s equation at sections (1) and (2), we get
2 2
BN o
pg  2g pg  2g
Now : 21 =25 By 8 atmospheric pressure = 0
pPg
Brgle Ve
pg-n2g. - 2g

viovr o (6369%) (15922
n B w_[6) | ):206.?49—]2.91?
pg  2g 2g 2x981 2x98l ;

193.83 m of water

N ¢ Mhned by Fahid
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Let the force exertéd by the nozzle on water = F,
Net force in the direction of x =rate of change of momemum in the direction of x
PiA = pA + Fr=p0(V, - V)
where p, = atmospheric pressure = 0 and p = 1000
., 1901472 x .001256 — 0 + F, = 1000 x 0.02(63.69 — 15.92) or 2388.24 + F = 916.15

L% F.=-12388.24 +916.15 = — 1472.09. Ans.

— ve sign indicates that the force exerted by the nozzle on water is acting from right to left.
Problem 6.35 The diameter of a pipe gradually reduces from | m to 0.7 m as shown in Fig. 6.27.
The pressure intensity at the centre-line of I m section 7.848 kN/m’ and rate of flow of water through
the pipe is 600 litres/s. Find the intensity of pressure at the centre-line of 0.7 m section. Also deter-
mine the force exerted by flowing water on transition of the pipe.

Solution. Given:

Dia. of pipe at section 1, -P;=1m

Area, A= 71.:" (1)% = 0.7854 m?

Fig. 6.27

Dia. of pipe at section 2, D,=0.7Tm
Area, A, = 3;- (0.7) = 0.3848 m?
Pressure at section 1, p, = 7.848 kN/m’ = 7848 N/m’
Discharge, - Q = 600 litres/s = e
1000 -
Applying contlnuuy equation,
AV =4,V,=0
V= 10 2 a0t e totm
A, 0.7854
V2=£=£ = 1.55 m/s
A, .3854

Applying Bernoulli’s equation at'sections (1) and (2),
& + V_lz': & + 12.2_ { 3
pg 28" pg 2

7848 (764 _ p, i (1.55)
1000981 2x981 pg 2x98l

pipe is horizontal, .. z;=2,}

or
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2 2
Py g, (164 (155)

pg  2x981 2x98I

=0.8 +0.0297 - 0.122 = 0.7077 m of water
Py =0.7077 x 9.81 x 1000
= 6942.54 N/m’ or 6.942 kN/m> Ans.
Let F_ = the force exerted by pipe transition on the flowing water in the direction of flow
Then net force in the direction of flow = rate of change of momentum in the direction of flow

or PiA —p A+ F =p(V, - V)
7848 x .7854 — 6942.54 x 3848 + F, = 1000 x 0.6[1.55 — .764]
or 6163.8 -2671.5+ F,=471.56

. F,=471.56 — 6163.8 + 2671.5 = — 3020.74 N
The force exerted by water on pipe transition
=—F _=—(-3020.74) = 3020.74 N. Ans.

» 6.9 MOMENT OF MOMENTUM EQUATION

Moment of momentum equation is derived from moment of momentum principle which states that the
resulting torque acting on a rotating fluid is equal to the rate of change of moment of momentum.

Let V, = velocity of fluid at section 1
ry = radius of curvature at section 1,
O = rate of flow of fluid,
p = density of fluid,
and V, and r, = velocity and radius of curvature at section 2
Momentum of fluid at section 1 = mass x velocity =pQ x V/s
Moment of momentum per second at section 1,
=pO XV, xXr
Similarly moment of momentum per second of fluid at section 2
Lo SPO XV X T,
Rate of change of moment of momentum
= pQVyr, — pQViry = pQ[Vor, — Vi)
According to moment of momentum principle
Resultant torque = rate of change of moment of momentum _
or T=pQ[Vor, - V1] - ' ..(6.23)
Equation (6.23) is known as moment of momentum equation. This equation is applied :

1. For analysis flow problems in turbines and centrifugal pumps.
2. For finding torque exerted by water on sprinkler.

Problem 6.36 A lawn sprinkler with two hozzles of diameter 4 mm each is connected across a top
of water as shown in Fig. 6.28. The nozzles are at a distance of 30 cim and 20 cm from the centre of the
tap. The rate of flow of water through tap is 120 cm’/s. The nozzles discharge water in the downward
direction. Determine the angular speed at which the sprinkler will rotate free.
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Solution. Given:. [=—20 cm—{= 30 em—~|
Dia. of nozzles A and B, Al = B
D=D,=Dp=4mm=.004 m H ot i
Jt .2 : 3 4 | =
Areg o A= % (0047 = 00001256 m* | |
: Fig. 6.28
Discharge : AR 120 em’/s
Assuming the discharge to be equally divided beiweer the two nozzles, we have
V 6 120
Q”‘_(‘B_:{-_“Z = 60 cm’/s = 60 x 1078 m’/s
Velocity of water at the outlet of each nozzle,
60x10°°
Vih e Qa e S0X I gy g e
A 00001256

The jet of water coming out from nozzles A and B is having velocity 4.777 m/s. These jets of water
will exert force in the opposite direction, i.e., force exerted by the jets will be in the upwagd direction.
The torque exerted will also be in the opposite direction. Hence torque at B will be in the anti-clockwise
direction and at A in the clockwise direction. But torque at B is more than the torque at A and hence
sprinkle, if free, will rotate in the anti-clockwise direction as shown in Fig. 6.28.

Let @ = angular velocity of the sprinkler.

Then absolute velocity of water at A,

Vi=Va+oxr,
where r, = distance of nozzle A frem the centre of top
=20cm=02m K {® x r, = tangential velocity due to rotation }
V= @777 + ® % 0.2) m/s i

Here @ X r, is added to V,.as V, and tangential velocity due to rotation (@ X r,) are in the same
direction as shown in Fig. 6.28.

Similarly absolute velocity of water at B,

: v,
= V, —tangential velocity due to rotation
=4.771 -0 X ry {where rz =30cm =0.3 m}
=(4.777 - © x0.3)

Now applying equation (6.23), we get ) :

’ T=pQ[Vor, - Vil Herer,=ry 1 =14
=PpOu[Varg - Vil 0=0,=0p
= 1000 x 60 x 107 [(4.777 x 0.3 ©) x .3 - (4.777 + 0.2 ®) X .2]

The moment of momentum of the fluid entering sprinkler is given zero and also there is no external

torque applied on the sprinkler. Hence resultant external torque is zero, i.e., T =0
1000 x 60 107° [(4.777 - 0.3 @) X 3 - (4.777 + 0.2 w) X .2] =

or (4777 -03 w)x03-(4.777+02w)x .2=0
O 4777T%x3-09w-477T7x.2-04w0=0
or 0.1x4.777=(.09 +.0d)w=.13 ®
i : 4777 scanned by Fahid
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Problem 6.37 A lawn sprinkler shown in Fig. 6.29 has 0.8 cm diameter nozzle at-the end of a
rotating arm and discharges water at the rate of 10 m/s velocity. Determine the torque required to
hold the rotating arm stationary. Also determine the constant speed of rotation of the arm, if free to

rotate. : T
Solution. Dia. of each nozzle =0.8 ci'=.008 m . 20cm _|_ 25cm |10 s
! I 5 Tl
Area of each nozzle = % (.008)2 = 00005026 m* X ___J |A
Velocity of flow at each nozzle =10 m/s. : |B 3
Discharge through each nozzle, . 7
Q =Areax Velocity . & 110 m/sec -

= 00005026 x 10 = .0005026 m’/s Fig. 6.29

Torque exerted by water commg throucrh nozz]cA ‘on'the’ spnnkler moment of momentum of water
throu ghA

=ry,Xpx0xV,=025x1000 x .0005026 x 10 clockwise
Torque exerted by water coming thrcuch nozzle B on the sprinkler :
=rpXpx Q% Vp=020x 1000 % .0005026 x 10 clockwise
Total torque exerted by water on sprinkler '
= .25 % 1000 % .0005026 x 10 + .20 x 1000 x .0005026 x 10
= 1.2565 + 1.0052 = 2.26 Nm
Torque required to hold the rotating arm stationary = Torque exerted by water on sprinkler

— e e —

J =2.26 Nm. Ans.
| Speed of rotation of arm, if free to rotate
Let o = speed of rotation of the sprinkler

The absolute velocity of flow of water at the nozzles A and B are
V,=10.0-025xwand V, =10.0-0.20 X ®
Torque exerted by water coming out at A, on sprinkler
=7, X pXQxV, =0.25x 1000 x .0005026 x (10 - 0.25 w)
=0.12565 (10 - 0.25 w)
Torque exerted by water coming out at B, on sprinkler
=rpX px 0 xV,=0.20 x 1000 x 0005026><(]00 0.2 )
=0.10052 (10:0 - 0.2 w)
-. Total torque exerted by water = 0.12565 (10.0 — 0.25 ®) +0.10052 (10.0 - 0.2 )
Since moment of momentum of the flow entering is zero aﬁ'gi no external torque is applied on sprin-
kler, so the resultant torque on the sprinkler must be zero.
0.12565 (10.0 - 0.25 o) + 0.10052(10.0-0.2 w) =0
1.2565 — 0.0314 @ + 1.0052 - 0.0201 ® =0
1.2565 + 1.0052 =  (0.0314 + 0.0201)
2.2617=0.0515
22617

= = 43.9 rad/s. Ans.
0.0515
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_60xm _ 60x439
2n 2n

and . N

=419.2 r.p.m. Ans.

» 6.10 FREE LIQUID JETS

Free liquid jet is defined as the jet of water coming out from the nozzie in atmosphere. The path
travelled by the free jet is parabolic. = . 07

Consider a jet coming from the nozzle as shown in Fig. 6.30. Let the jet at A, makes an angle 6 with
the horizontal direction. If U is the velocity of jet of water, then the horizontal component and vertical
component of this velocity at A are U cos 0 and #J sin 0. ‘e

Consider another point P(x, v) on the centre line of the jet. The co-ordinates of P from A are x andy. Let
the velocity of jet at P in the x- and y-directions are u and v. Let a liquid particle takes time ‘’ to reach from
A to P. Then the horizontal and vertical distances travelled by the liquid particle in time ‘¢’ are :

TRAJECTORY
PATH

£
NOZZLE

Fig. 6.30 Free liquid jet,

x = velocity component in x-direction X ¢t e
=UcosOxt ..(1)

: 3 @iy : It
and ¥ = (vertical component in y-direction X time — 7 gt)
: j S 5
= Usmea‘—Egt ...(if)
{~+ Horizontal component of velocity is constant while the vertical distance is affected by gravity}
From equation (i), the value of ¢ is givenast= &
: U cos 6
Substituting this value in equation (i)
2 f 5
=l s % % —lx‘qx X 13 sin@ 1.I_.’J\ .
Ucos® 2 U cos 6 cos® 2U- cos” B

2

gx 2 2
=xtan B - =—sec” @ s—=sec 0 ...(6.24
& 207 L cos" 8 e } (620

Equation (6.24) gives the variation of y with the square of x. Hence this is the e u&(lﬁ; %a}ﬁgabola.

Thus the path travelled by the free jet in atmosphere is arabolic. scarrie 4
: P : d 5 2 PDF created by AAZSwapnil
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(i) Maximum height' attained by the jet. Using the relation ‘."22 - ‘VI2 = — 2g5, we get in this
case V| = 0 at the highest point
V, = Initial vertical component
=Usin B
— ve sign on right hand side is taken as g is acting in the downward direction but particles is moving up.
0~(U5il19)3=—-2g><8 :
where § is the maximum vertical height attained by the particle.

or Aeais - U?sin’0 = - 2¢§
2 D
falliel (625) .
28

(if) Time of flight. It is the time taken by the fluid particle in reaching from A to B as shown in
Fig:6.30. Let T'is the time of flight. '

Using equation-(ii), we have y=Usin@xt— — g
when the particle reaches at B, y=0andt=T

5 | 1
.. Above equation becomes as 0 = U sin 6 x T'— Eg X0

or 0=UsinB- %gT ' {Cancelling T}
; Yo
or oL ..(6.26)
g
(iti) Time to reach highest point. The time to reach highest point is half the time of flight. Let T is
the time to reach highest point, then

_T _2Usin® UsinB
39 gx2 z g
(iv) Horizontal range of the jet. The total horizontal distance travelled by the fluid particle is called
horizontal range of the jet, i.e., the horizontal distance AB in Fig. 6.30 is called horizontal range of the
jet. Let this range is denoted by x*.
Then x* = velocity component in x-direction
X time taken by the particle to reach from A to B
=U cos 6 x Time of flight

-(6.27)

o a8t 2U sinB {T 2 2Usmﬁ}
g g
==L Dicos B sin 6= - —sin 26 = 6.28)

g
{v) Value of @ for maximum range, The range x* will be maximum for a given velocity of projec-
tion (U), when sin 26 is maximum

or when sin 20 = 1 or sin 26 = sin 90° =
: 20 =90° or B = 45°
3 s e r e
Then maximum range, Xpayr = ——SIn“ B = — {~ sin90° =1} ..(6.29)
& & :
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Problem 6.38 A vertical wall is of 8 m in height. A jet of water is coming out from a nozzle with a
velocity of 20 m/s. The nozzle is situated at a distance of 20 m from the vertical wall. Find the angle of
projection of the nozzle to the horizontal so that the jet of water just clears the top of the wall. -

Solution. Given :

Height of wall =8 m
Velocity of |2t : : U =20m/s
Distance of jot from wall, x=20m
Let the requived angle =0

Using equation (6.24), we have

2

y=uxtan 0 - 2852 sec’ p
where v=0 .. .. .0m, U=20m/s
8 =20 tan G—M sec’
2x20°
=20 tan 6 — 4.905 sec? §
= 20 tan 6 — 4.905 [1 + tan> 0] {~ sec’®=1+tan’6)
= 20 tan 6 — 4.905 — 4.905 tan2 @ :
or 4.905 tan® @ — 20 tan 0 + 8 + 4.905 =
or 4.905 tan® 0 ~ 20 tan 8 + 12.905 = 0
an 6 = 2044207 —4x12.905 x 4.905 _ 20+ /400 - 25319
2x4.905 9.81

_20+414681 20+12116 2 32'”601" 7.889
9.81 9.81 9.81 9.81
= 3.273 or 0.8036
& 8 =73° 0.8’ or 38° 37". Ans. :
Problem 6.39 A fire-brigade man is holding a fire stream nozzle of 50 mm diameter as shown in
Fig. 6.32. The jet issues out with a velocity of 13 m/s and strikes the window. Find the angle or angles
of inclination with which the jet issues from the nozzle. What will be the amount of water falling on the

window ? s (A.M.LE., Winter, 1975)
Solution. Given ; Ty
Dia. of nozzle, d=50mm=.05m WINDOW
n 2 2
Area, A= -4—(‘05J =0.001963 m / |
Velocity of jet, U =13 m/s. / 7.5 m
The jet is coming out from nozzle at A. It strikes the window Va |
and let the angle made by the jet at A with horizontal is equal to 6. 15 WALL
The co-ordinates of window, with respect to origin at A. f 3
_ x=5m,y=75-15=60m =5 m—»|
The equation of the jet s given by (6.24) as : scanreig-by:Rahid
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2

y=xtan 6 - £ — sec’
2U?
or 6.0=5x 1an 0 = xf [1 + tan® 6] {~ “sec?@ =1 + tan’ 6}
2 %137 - 5

or 6.0 = 5 tan  — .7256 (1 + tan’0)

: =5 tan 6 — 7256 — .7256 tan” 8
or, £ 0.7256 tan’0 — 5 tan B + 6 + 7256 =0
or . 0.7256 tan’0 — 5 tan  + 6.7256 = 0

This is a quadratic equation in tan 8. Hence solution is ; -

&
 5+.[52 —4%.7256 x 6.7256
tan 6 =
2 %7256

5% 25-1952  5+2341

3 1.4512 14512
Pt 0 = tan"'5.058 or tan™' 1.8322 = 78.8° or 61.37°. Ans.
Amount of water falling on window = Discharge from nozzle - S50 e

=5.058 or-1.8322 .

= Area of nozzle x Velocity of jet at nozzle

=0.001963 x U = 0.001963 x 13.0 = 0.0255 m¥/s. Ans.
Problem 6.40 A nozzle is situated at a distance of I m above the ground level and is inclined at an
angle of 45° to the horizontal. The diameter of the nozzle is 50 mm and the jet of water from the nozzle
strikes the ground at a horizontal distance of 4.m. Find the rate of flow of water.

Solution. Given:
Distance of nozzle above ground = 1 m
Angle of inclination. 0 = 45°
Dia. of nozzle, d=50mm=.05m
" Area, A= ;(.05}2 =.001963 m’
The horizontal distance x=4m Fig. 6,33

The co-ordinates of the point B, which is on the centre-line of the jet of water and is sijuated on the
ground, with respect to A (origin) are .
x=4mand y=—1.0 m {From A, point B is vertically down by 1 m}

: Vs
The equation of the jet is given by (6.24) asy = x tan 6 — 2832 sec’ 0

Substituting the known values as

2
- 1.0=4tan 45"—9'8217X24 X sec?45° »
2 78.48 2 I slamieanl GiF &
_4-——-UT><(JE) sec 45 -&)5—45—;—-71—‘_—\2
V2
45 : scanned by Fahid
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—.0=4L 38—4$;£ or ?8'48ﬂ,x—2 =+40+1.0=5.0
U- U-
Tt ch e b S
5.0
4 U= V3139 .- 560 m/s
Now the rate of flow of fluid = Area x Velocity of jet

=A X U= 001963 x 5.6 m’/eac

=0.01099 ~ .011 ms. Ans.
Problem 6.41 A window, in a vertical wall, is at a distance of 30 m above the ground level. A jet of
water, issuing from a nozzle of diameter 50 mm is to strike the window. The rate of flow of water through
the nozzle is 3.5 m’/minute and nozzle is situated at a distance aof 1 m above ground level. Find the
greatest horizontal distance from the wall of the nozzle so that jet of water strikes the window:,

Solution. Given : E b o
Distance of window from ground level = 30 m e
Dia. of nozzle, d=50mm=0.05m B |‘
s 3
Area A = 7(05)" = 0.001963 m’ s
The discharge, Q = 3.5 m*/minute Ko™ [
|
=33 00583 mis . !
o9 Fig. 6.34

Distance of nozzle from ground = 1 m.
Let the greatest horizontal distance of the nozzle from the wall = x and let angle of inclination = . [f
the jet reaches the window, then the point B on the window is on the centre-line of the jet. The co-
ordinates of B with respect to A are .
x=x,y=30-1.0=29 m
Discharge @ .0583

The velocity of jet, U= —— 87 X _ = 29.69 m/sec
Area A .001963
Using the equation (6.34), which is the equation of jet,
2
&x 2
y=xtan 0 - 7 sec” 0
: 2
or : 29.0=xtan9—-—%£c——2— sec’ 6
2 -(29.69)
= x tan 6 — 0.0055 sec’0 x 12
.0055 x2 .
=xtan § - —=
cos” 0
xtan 6 - .0055 x%/cos’0 - 29 =0 - ()

The maximum value of x with respect to 6 is obtained, by differentiating the above equation w.r.t. 6

dx
and substituting the value of 28 = 0. Hence differentiating the equation (i) w.rt. 0, we have

[X s B+ian9x-qx—} i scanned by Fahid 3
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- 0.0055 [.:3 X ( ("%) J(— sin@) + 17 X 2;&3}
cos” 6 cos~

—(.151:19)-1555 6+tanﬁﬂandi x; =.\'2i(%}+ 12 i(.\j)
de dB ! d@ cos” B dB\cos“ 0/ cos° 0 do

2% sinﬁ_ LR
cos’8  ¢6s0dd |

2 d).’ 2L
x sec B —tan 6— — .0055.
de 4 oy B

For maximum valuc of x, WL _{5‘_, we havc Feid 0
Substituting this value in the above equatlon we have

L8

2 0
s [_____} :
[s{0 1]
. A
o : xz =.0055x231 smﬁ_om_ 3 {}llx;? sin@ 25
: : cos 0 - cos” B _cosB
or x=.011x*tan©=0 or 1-.011 xtan6=0
- or xtan 8 = S =909 s ...(if)

011
or x= & ...(iiQ)

tan©®

Substituting this value of x in equation (i), we get
S s ) L ey
tan @ tan"® cos“ O
90.9 — 454245 —-29=0 or 61.9- 4.5'4245 =0
sin sin” 0

or 61.9 = 45'4245 or sin’0= w =0.7341

sin“ @ i 61.90

sin 6 = 4/0.7341 = 0.8568
; 6 = tan™' .8568 = 58° 57.8" '
Subsututmg the value of 0 in equation (iii), we get )
2] 905 90.9 900 e 909 = 54759 m

tan® tan58°57.8° tan5895 166
= 54.76 m. Ans. ;
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304 Fluid Mechanics

HIGHLIGHTS .

1. The study of fluid motion with the forces causing flow is called dynamics of fluid flow, which is analysed

by the Newton's second law of motion.

2. Bernoulli’s equation is obtained by integrating the Euler’s equation of motion. Bernoulli’s equation states
“For a steady, ideal flow of an incompressible fluid, the total energy which consists of pressure energy,

kinetic energy and datum energy, at any point of the fluid is constant”. Mathematically,
|

2 ! 2
V i Vv
S h R Vot +2,

1
Pe 2g pg  2g

where PL - pressure energy per unit weight = pressure head

= kinetic energy per unit weight = kinetic head

3. Bermnoulli’s equation for real fluids
2 2
2 L +2, =2 1—2+z2+h,_
pe  2g Pg  2g
where /i; = loss of energy between sections 1 and 2.
4. The discharge, Q, through a venturimeter or an orifice meter is given by

ﬂ]az
Q = Cd _"';—2 e 2gh’
af — iy
where a; = area at the inlet of venturimeter,
a, = area at the throat of__w_a_r_l_turimelcr_‘

_Cy = co-efficient of venturimeter,

el T D

28 : : _ : S
5. The value of i is given by differential U-tube manometer = x [TS‘L = I:’

o

when differential manometer contains heavier liquid = ,{1 - —"—:I

o

S,

a

when differential manometer contains lighter liquid = (& + z]] - [& +25 }: x {i - ]

for inclined venturimeter and differential manometer contains heavier liquid

{33
P8 pg So
for inclined venturimeter and manometer contains lighter liquid.
where x = difference in the readings of dif ferential manometer,

S = sp. gr. of heavier liquid

S, = sp. gr. of fluid flowing through venturimeter

§; = sp. gr. of lighter liquid. scanned by Fahid
3 : PDF created by AAZSwapnil
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6. Pitot-tube is used to find the vc‘!oc:ty ofa ﬂowmg ﬂuld at any pomt ina p!pe or a channel. The vclomty is
given by the relation X 3

where C = co-efficient of PllDt tubc B,
: h = rise of liquid in the tube above free surface of llqmd for channcls

| S; ) s . g i, ', s
=i 21| Zfor pipes. ' ¥
S, z diesint i izl el
b Thi: momcntum cquaticm states thau'lhc net forcc acting ona ﬂuid mass is equal to the change in momen-
. tum per second in that dlrccuon This is gwen ‘as’ Fis —(m'/)

The impulsc momcnlum cquatmn ]S gwcn by E. dr = d(mV]

s

L o = POV, = Vol + (A + (A, |
and SRS TR g EPOLVy, Vil + @A), + (A,

Resultantfome,__.._‘.__h_}-k__{ﬂz _Fz T G e NPT & 5

' i
and the direction of the resultant with horizontal is tan 8 = ?‘

X

9.
The force exerted by the nozzle on the water is given by F, = pO[V;, - V.]
and force exerted by the water on the nozzle is=—F, = pO[V |, — V,,]. )
10. Moment of momentum equation states that the resultant torque acting on a rotating fluid is equal to the
rate of change of moment of momentum. Mathematically, it is given by 7'= pQ[V,r; — V1]

Free liquid jet is the jet of water issuing from a nozzle in atmosphere. The path travelled by the free jet is
parabolic. The equation of the jetis given by g

11

.

)
: X

y=xtan 0 - g—zseczﬁ

2U

where x, y = are co-ordinates of any point on jet w.L.t. to the nozzle
U = velogcity of jet of water issuing from nozzle

0 = inclination of jet i nwmg from nozzle with honmntal

2 B
12. (i) Maximum height attained by jet = M g
Gi) Tinie of flight, T =22 200 etk erieal;
Ti Usme T e

(#ii) Time to reach h:ghcst point, 7% = 55 =— :
g

. Pl B i,
(iv) Horizontal range of the jet, x* = —sin 20
£

(v) Value of 8 for maximum range, 8 = 45°
(vi) Maximum range, m* ., = U"‘!g.
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EXERCISE (54‘

(A) THEORETICAL PROBLEMS

L. Name the different forces present in a fluid flow. For the Euler’s equation of motion, which forces are taken
into consideration. .
What is Euler’s equation of motion ? How will you obtain Bernoulli's equation from it ?
Derive Bernoulli’s equation for the flow of an incompressible frictionless fluid from consideration of
momentum. . (A.M.LE., Summer, 1988)
4. State Bernoulli’s theorem for steady flow of an incompressible fluid. Derive an expression for Bernoulli’s
theorem from first principle and state the assumptions made for such a derivation.
(Delhi University, 1987)
What is a venturimeter ? Detive an expression for the discharge through a venturimeter.
(A-S.M.E., June 1992 : AM.LE., Winter, 1980)
6. Explain the principle of venturimeter with a neat sketch. Derive the expression for the rate of flow of fluid
through 1t.
Discuss the reiative merits and demerits of venturimeter with respect to orifice-meter.
(Delhi University, Dec. 2002)
8. Define an orifice-meter. Prove that the discharge through an orifice-meter is given by the relation

Q — C.! —'—'(?:[‘)El—jxq}2gh

af —ah

(5]

H

fad

tn

where  a, = area of pipe in which orifice-meter is fitted
aq = area of orifice (Technical University of M.P., S 2002)
9. What is a pitot-tube ? How will you determine the velocity at any point with the help of pitot-tube ?
ik g (Delhi University, Dec. 2002)
10. What is the difference between pitot-tube and pitot-static tube 7
11. State the momentum equation. How will you apply momentum equation for determining the force exerted
by a flowing liquid on a pipe bend ?
12. What is the difference between momentum equation and impulse momentum equation ?
13. Define moment of momentum equation. Where this equation is used ? >
14. What is a free jet of liquid ? Derive an expression for the path travelled by free jet issuing from a nozzle.
15. Prove that the equation of the free jet of liquid is given by the expression,

2
y=xlan 6 - ~8w—zsec28
U

where x, y = co-ordinates of a point on the jet U = velocity of issuing jet
6 =inclination of the jet with horizontal.
16. Which of the following statement is correct in case of pipe flow :
(a) flow takes place from higher pressure to lower pressure :
(b) tlow takes place from higher velocity to lower velocity ;
(c) flow takes place from higher elevation to lower elevation ;
(d) flow takes place from higher energy to lower energy. -
17. Derive Euler's equation of motion along a stream line for an ideal fluid stating clearly the assumptions.
Explain how this is integrated to get Bemoulli's equation along a stream-line. (A.M.LE., Summer, 1984)
18. State Bernoulli’s theorem. Mention the assumptions made. How is it modified while applying in practice?

List out its engineering application. : (A.-M.LE., Winter, 1987)
19. Define continuity equation and Bernoulli’s equation. Delhj University, 1992)
Lo i Scar(megf lg)Jy ¥ahta )
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20. What are the different forms of energy in a flowing fluid ? Represent schematically the Bernoulli's equa-

tion for flow through a tapering ptpc and show the posmon of total energy line and the datum line.
; (Osmania University, 1990)
21. Writc Euler’s eqmuon of motion long a streamline and mlcnrate it 1o obtain Bernoulli’s equation. State all
assumptions made. i e e : (A.-M.LE.. Winter, 1990)

22. Describe with the help of sketch the construction, operation and use of Pitot-static tube.

(AM.LE.. Winter, 1985)
] 23. Starting with Euler’s equation of motion along a stream line, obtain Bernoulli’s equation by its integration.
List all the assumptions made. , - o (A.M.LE.. Summer, 1991)
24. State the different devices that one can use to measure the discharge through a pipe and also through an
open channel. Describe one of such devices with a neat sketch and explain how one can obtain the actual
discharge with its help? ; : (A.M.LE.. Summer, 1990)
25, Derive Bernoulli's equation from fundamentals. (J.N.T.U., Hvderabad, § 2002)

¥l | R

(B) NUMERICAL PROBLEMS.

1. Water is flowing through a pipe of 100 mm diameter under a pressure of 19.62 Nem? (g‘tuﬂe) and with
- mean velocity of 3.0 m/s. Find the total head of the water at a cross-section, which is 8 m above the datum
1 line. g : [Ans. 28,438 m]
2. A pipe, through \\hu:‘h water is flowi ing is having diameters 40 cm and 20cm at the cross-sections 1 and 2
respectively. The velocity of water at section 1 is given 5.0 m/s. Find the velocity head a: the sections 1 and
2 and also rate of discharge. [Ans. 1.274 m : 20.387 m : 0.628 m° Ys]
3. The water is flowing through a pipe having diameters 20 cm and 15 cm at sections 1 and 2 2 respectively.
The rate of fiow through pine is 40 litves’s. The section 1 is 6 m above datem line and section 2is3m
above the datum. H the pressure at section 1 is 29.43 N/em?, find the intensity of pressure at section 2.
-' : [Ans. 32,19 N/em =
; 4. Water is flowing through a pipe having diameters 30 cm and 15 em at the bottom and upper end respzc-
tivelv. The intensity of pressure at th2 boitom end is 29.43 N/em: and the pressure &t the upper end is
14.715 Nfcm=. Determine the difference in daram head if the rate of flow through pipe is 30 lit/s.-
[Ans. 14.618 m]
5. The water is flowing through a taper pipe of length 50 m having diameters 40 cm at the upper end and
20 em at the lower end, at the rate of 60 lirres/s. The pipe ha: a slope of 1 in 40. Find the pressure at IhL
L lower end if the pressure at the higher levelis 24.525 Nlem?. [Ans. 25.58 N/em’]
6. A pipe of diameater 30 cm carries water ata velocity of 20 m/sec. The pressures al the points A and B are
given as 34.335 N/em? and 29.43 Ni/em® respectively, while the datum head at A and B are 25 m and 28 m.
Find the loss of head between A and B. | [Ans. 2 m]
7. A conical tube of length 3.0 m is fixed verically with its smaller end upwards. The velocity of flow at the
" ‘smaller end is 4 m/s while at the lower end itis 2 m/s. The pressure head at the smaller end is 2.0 m of
liquid. The loss of head in the tube is 0.95 (v, —v,)*/2g, where v, is the velocity at the smaller end and v,
at the lower end respectively. Determine the pressure head at the lower end. Flow takes place in downw ard
direction. [Ans. 5.56 m of fluid]
. 8. A pipe line carrying oil of specific gravity 0.8, changes in diameter from 300 mm at a positionA to 500 mm
- diameter to a position B which is 5 m at a higher level. If the pressures at A and B are 19.62 N/em® and
14.91 N/em® n:qpccuvcly and the discharge is 150 litres/s, determine the loss of head and direction of
flow. [Ans. 1.45 m. Flow takes place from A to B]
} 9. A horizontal venturimeter with inlet and taroatdiameters 30 cm and 15 epyrespectivels is used o measure
the flow of water. The reading of differential manometer connected to inlet and throatis 10 cm of mercury.
Determine the rate of flow. Take C; = 0.95. . [Ans. 88.92 lirres/s]

W
7l
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11.

12.

13.

14..

—
T

17.

18.

19,

20.

An oil of sp. gr. 0.9 is flowing through a venturimeter having inlet diameter 20 cm and throat diameter
10 cm. The oil-mercury differential manometer shows a reading of 20 cm. Calculate the discharge of oil
through the horizontal venturimater. Take C, = 0.98. (Delhi University, 1987) [Ans. 59.15 litres/s]
A horizontal venturimeter with inlet diameter 30 ¢in and throat diameter 15 cm is used to measure the flow
of oil of sp. gr. 0.8. The discharge of oil through venturimeter is 50 litres/s, find the reading of the oil-
mercury differential manometer. Take ;= 0.98. [Ans. 2.489 cm]
A horizontal venturimeter with inlet diameter 20 cm and throat diameter 10 cm is used to measure the flow
of water. The pressure at1nletis 14. 715 Mcm and vacuum pressure at the throat is 40 cm of mercury. Find
the discharge of water through venturimeter. [Ans. 162.539 lit./s]
A 30 cmx 15 ¢m venturimeter is inserted in a vertical pipe carrying water, flowing in the upward direction.

A differential mercury-manometer connected to the inlet and throat g]\'eﬂ a reading of 30 cm. Find the

discharge. Take C; = 098. [Ans. 154.02 lit/s]
If in the problem 13. instead of water, oil of sp. gr. 0. 8is flowing lhmugh the venturimeter, determine the
rate of flow of oil in litres/s. [Ans. 173.56 lit/s]

The water is flowing through a pipe of diameter 30 cm. The pipe isinclined and a venturimeter is inserted
in the pipe. The diameter of venturimeter at throat is 15 cm. The difference of pressure between the inlet
and throat of the venturimeter is measured by a liquid of sp. gr. 0.8 in an inverted L-tube which gives a
reading of 40 cm. The loss of head between Lhc inlet and throat is 0.3 times the Kinetic head of the pipe.
Find the discharge. ' [Ans. 22.64 lit./s]

. A 20 x 10 ¢m venwrimeter is provided in a vertical pipe line carrying oil of sp. gr. 0.8, the flow being

upwards. The difference in elevation of the throat section and entrance section of the v ‘enturimeter is 50 cm.
The differential U-tube mercury manometer shows a gauge deflection of 40 cm. Caleulate : (i) the dis-
charge of oil. and (i) the pressure difference between the entrance section and the throat section. Take C,
=0.98 and sp. gr. of mercury as 13.6. [Ans. (/) 89.132 livs, (if) 5.415 N/em® ]
In a 200 mm diameter horizontal pipe a venturimeter of 0.5 contraction ratio has been fixed. The head of
water on the ventrimeter when there is no flow is 4 m (gauge) Find the rate of flow for which the throat
pressure will be 4 metres of water absolute. Take C; = 0.97 and aimospheric pressure head = 10.3 m of
water. : [Ans. 111.92 lit/s]
An orifice-meter with orifice diameter 15 cm is inserted in a pipe of 30 cm diameter. Thc pressure gauges
fitted upstream and downstream of the orifice meter give readings of 14.715 N/cm® and 9.81 N/em?
respectively: Find the rate of flow of water through the pipe in litres/s. Take C, = 0.6.[Ans. 108.434 lit/s]
If in problem 18, instead of water, oil of sp. gr. 0.8 is flowing through the orifice meter in which the
pressure difference is measured by a mercury oil differential manometer on the two sides of the orifice
meter, find the rate of flow of oil when the reading of manometer is 40 cm. [Ans. 122.68 lit/s]
The pressure difference measured by the two tappings of a pitotstatic tube, one tapping pointing upstream
and other perpendicular to the flow, placed in the centre of a pipe line of diameter 40 cm is 10 cm of water.
The mean velocity in the pipe is 0.75 times the central velocity. Find the discharge through the pipe. Take
co-efficient of pitot-tube as 0.98. [Ans. 0.1293 m’/s]

. Find the velocity of flow of an oil through a pipe, when the. difference of mercury level in a differential

U-tube manometer connected to the two tappings of the pitot-tube is 15 cm. Take sp. gr. of oil = 0.8 and
cosefficient of pitot-tube as 0.98. [Ans. 6.72 m/s]

. A’ sub-marine moves horizontally in sea and has its axis 20 m below the surface of water. A pitot-static

tube placed in front of sub-marine and along its axis. is connected to the two limbs of a U-tube containing
mercury. The difference of mercury level is found to be 20 cm. Find the speed of sub-marine. Take sp. gr.
of mercury 13.6 and of sea-water 1.026. ! [Ans. 24.958 km/hr.]

. A 45° reducing bend is connected in a pipe line, th: diameters at the inlet and outlet of the bend being

40 cm and 20 cm respectively. Find the force exerted by water on the bend if the intensity of pressure at
inlet'of bend is 21.58 Nfcm™. The rate of flow of water is 500 lizres/s. [Ans. 22€96.5 N'; 20° 3.5
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24. The discharge of water through a pipe of diameter 40 cm is 400 litres/s. If the pipe is bend by 135" find Ihe
magnitude and direction of the resultant force on the bend. The pressure of flowing water is 29.43 Nlcm’,
g [Ans. 7063.2 N, 8 = 22° 29.9" with x-axis clockwise]
25. A 30 cm diameter pipe carries water under a head of 15 metres with a velocity of 4 m/s. If the axis of the
pipe turns through 45°, find the magnitude and direction of the resultant force at the bend.
[Ans. 8717.5 N, 8 =67° 30']
26. A pipe of 20 cm diameter conveying 0.20 m/sec of water has a right angled bend in a horizontal planc
Find the rcsullanl force exerted on the bend if the pressure at inlet and outlet of the bend are 22.563 N/em?
and 21.582 N/em® respectively. [Ans. 11604.7 N. 8 = 43° 54.2°]
27. A nozzle of diameter 30 mm is fitted to a pipe of 60 mm diameter. Find the force exerted by the nozzle on
the water which is flowing through the pipe at the rate of 4.0 m’/minute. [Ans. 7057.7 N]
28. A lawn sprinkler with two nozzles of diameters 3 mm each is connected across a tap of water. The nozzles
are at a distance of 40 cm and 30 c¢m from the centre of the tap. The rate of water through tap is
100 cm?/s. The nozzle discharges water in the downward directions. Determine the angular speed at which
the sprinkler will rotate free. [Ans. 2.83 rad/s]
29. A lawn sprinkler has two nozzles of diameters 8 mm each at the end of a rotating arm and the velocity of
| flow of water from cach nozzle is 12 m/s. One nozzle discharges water in the downward direction, while
the other nozzle discharges water vertically up. The nozzles are at a distance of 40 cm from the centre of the
rotating arm. Determine the torque required to hold the rotating arm stationary. Also determine the con-
stant speed of rotation of arm, if it is free torotate. =~ _ : [Ans. 5.78 Nm, 30 rad/s]
30. A vertical wall is of 10 m in height. A jet of water is issuing from a nozzle with a velocity of 25 m/s. The
nozzle is situated at a horizontal distance of 20 m from the vertical wall. Find the angle of projection of the
nozzle to the horizontal so that the jet of water just clears the tap of the wall.  [Ans. 79° 55" or 36° 41']
31. A fire-brigade man is holding a fire stream nozzle of 50 mm diameter at a distance of 1 m above the ground
and 6 m from a vertical wall. The jet is coming out with a velocity of 15 m/s. This jet is to strike a window,
situated at a distance of 10 m above ground in the vertical wall. Find the angle or angles of inclination with
the horizontal made by the jet, coming out from the nozzle. What will be the amount of water falling on the
window ? [Ans. 79° 16.7" or 67° 3.7": 0.0294 m" 3s]
A window, in a vertical wall, is at a distance of 12 m above the ground level. A jet of water, issuing from
a nozzle of diameter 50 mm, is to strike the window. The rate of flow of water through the nozzle is
40 litres/sec. The nozzle is situated at a distance of 1 m above ground level. Find the greatest horizontal
distance from the wall of the nozzle so that jet of water strikes the window. [Ans. 29.38 m]
33. Explain in brief the working of a pitot-tube. Calculate the velocity of flow of water in a pipe of diameter
300 mm at a point, where the stagnation pressure head is 5 m and static pressure head is 4 m. Given the co-
efficient of pitot-tube = 0.97. (Delhi Universitv, Nov. 1982) [Ans. 4.3 m/sec]
34. Find the rate of flow of water through a venturimeter fitted in a pipeline of diameter 30 cm. The ratio of
diameter of throat and inlet of the venturimeter is *. The pressure at the inlet of the venturimeter is
13.734 N/cm’® (gauge) and vacuum in the throat is 37.5 cm of mercury. The co-efficient of venturimeter is
given as 0.98. (Delhi University, April, 1982) [Ans. 0.15 m¥s)
35. A 30 cm x 15 cm venturimeter is inserted in a vertical pipe carrying an oil of sp. gr. 0.8, flowing in the
upward direction. A differential mercury manometer connected to the inlet and throat gives a reading of
30 cm. The difference in the elevation of the throat section and'inlet section is SO cm. Find the rate of flow
of oil. (Delhi University, 1988)
36. A venturimeter is used for measurement of discharge of water in horizontal pipe line. If the ratio of up-
stream pipe diameter to that of throat is 2 : 1, upstream diameter is 300 mm, the difference in pressure
between the throat and upstream is equal to 3 m head of water and loss of head through meter is one-eighth
of the throat velocity head, calculate the discharge in the pipe. (A.M.ILE.. Winter, 1987)
[Ans. 0.107 m¥/s]
37. A liquid of specific gravity 0.8 is flowing upwards at the rate of 0.08 m'/s. through a vertical venturimeter
~with an inlet diameter of 200 mm and throat diameter of 100 mm. The C, = 0.98 and the vertical distance
between pressure tappings is 300 mm. Find :

]
I
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39.

40.

(7) the difference in readings of the two pressure gauges., which are connected to the two pressure tap-

pings. and
(i) the difference in the level of the mercury columns of the differential manometer which is connected to
the tappings, in place of pressure gauges. (Delhi University, 1992)

[Ans. (i) 42.928 kN/m?, (ii) 32.3 cm]
(Hint. Q=008 m"s, d,=200mm=0.2m,dy=100 mm = 0.1 m,

Cs=0.98,2,~2 =300 mm =03 m, a, = E(Azzj =0.0314 m?

ay= Z(.1%) = 0.007854 m?. Using @ = ¢, ~4X%_ /57
s -
Find *h". This value of h=5.17 m.
Now use h= (—‘2’— = ﬁz_} + (2 - 2), where p = 800 kg/m”. Find (p, —pa).
Pg pg
i 5;
Now use the formula h=xl—=-1|,
Sy

where h=5.17 m, §,=13.6 and S¢= 0.8. Find the value of x which will be 32.3 cm.]

- A venturimeter is installed in a 300 mm diameter horizontal pipe line. The throat pipe rates is 1/3. Water

flows through the installation. The pressure in the pipe line is 13.783 N/em? (gauge) and vacuum in the
throat is 37.5 cm of mercury, Neglecting head loss in the venturimeter. determine the rate of flow in the
pipe line. (Osmania University, 1990) [Ans. 0,153 m’/sec)

[Hint. d, = 300 mm = 0.3 m, d, = % %300 = 100 mm = 0.1 m, p, = 13.783 N/em? = 13.783 x 10* N/m>.

Hence pi/p % g = 13.783 x 10%1000 x 9.81
£ = 14.05 m, p,/pg = - 37.5 cm of Hg =—-0.375 % 13.6 m of water
=-5.1 m of water. Hence h = 14.05 — (- 5.1) = 19.15 m of water.

Valueof . Cy=1.0. Now use the formula Q = C, —2%2__ x J2gh]
Ry
The maximum flow through a 300 mm diameter horizontal main pipe line is 18200 litre/minute. A

venturimeter is introduced at a point of the pipe line where the pressure head is 4.6 m of water. Find the
smallest dia. of throat so that the pressure at the throat is never negative. Assume co-efficient of meter as
unity. (A.M.LE., Winter, 1989), [Ans. dy = 192.4 mm]

[Hint. d; = 300 mm = 0.3 m, Q = 18200 litres/minute = 18200/60 = 303.33 litres/s = 0.3033 m’s, Pilpg

=4.6m. pylpg =0. Henceh=4.6 m, C,;= 1.d, = dia. at throat. Use formula 0 = C, "'ZX “22 x [2gh and
dies 92

find the value of a, . Then a, = -2— df and find d,.]

The following are the data given of a change in diameter effected in laying a water supply pipe. The change
in diameter is gradual from 20 cm at A to 50 cm at B, Pressures at A and B are 7.848 N/em? and 5.886 N/cm?
respectively with the end B being 3 m higher than A. If the flow in the pipe line is 200 litre/s, find :
() direction of flow, (i) the head lost in friction between A and B.
- : (Osmania University, 1990) [Ans. (i) From A to B, ( JI:;) l]’lOC][S m ]
[Hint. Dy = 20 cm = 0.2 m, Dy = 50 cm = 0.5 m, p, = 7.848 N/em” = 7.848 SQ0 NG DY Falil

Pp=5.886 N/cm® = 5.886 x 10* N/m?, Z, = (22} <3 amlQd- oy il Swapnil
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V, = 02;%(.23} = 6.369 m/s, V,, ='O.21’E(.SE) =1.018 m/s

Vi : ¥
E = (palpxg)+ T; +Z, = (7.848 x 10%1000 x 9.81) + (6.369°/2 x 9.81) + 0 = 10.067 m

1 2
Ep=(pglp X &)+ = + Zy = (5.886 X 101000 x 9.81) + (1.018%2 x 9.81) + 3 = 9.052 m]
2

A venturimeter of inlet diameter 300 mm and throat diameter 150 mm is fixed in a vertical pipe line. A
liquid of sp. gr. 0.8 is flowing upward through the pipe line. A differential manometer containing mercury
gives a reading of 100 mm when connected at inlet and throat. The vertical difference between inlet and
throat is 500 mm. If C, = 0.98, then find : (i) rate of flow of liquid in litre per second and (if) difference of
pressure between inlet and throat in N/m?, (Delhi University, 1988)

: [Ans. (i) 100 litre/s, (ii) 15980 N/m’]
A venturimeter with a throat diameter of 7.5 cm is installed in a 15 cm diameter pipe. The pressure at the
entrance to the meter is 70 kPa (gauge) and it is desired that the pressure at any point should not fall below
2.5 m of water absolute. Determine the maximum flow rate of water through the meter. Take C,;=0.97 and
atmospheric pressure as 100 kPa. = JNT.U, ;Hyderabad S 2002)

2

[Hint. The pressure-at the throat will be minimum. Hence £2 = 2.5 m ( abs.)
ps

_Given: dy=15em -~ A; = E(ISZ)= 176.7 cm®

b .
dy=75cm - Ay = I(?.52) =44.175 cm?

P1 =70 kPa = 70 x 10° N/m® (gauge), p,.., = 100 kPa = 100 x 10° N/m>
py (abs.) = 70 x 10° + 100 x 10° = 170 x 10° N/m? (abs.)

170 x 10° -

i i —-& = 17.33 m of water (abs.)

pg 1000 x 9.81

B e 33 5 5= 4 8% m of water = 1483 cm of water
g P8
CC AA — 097x176.7x44.175x /2 x 981 x 1483
Now 0= —I,—d_LL— x[2gh = — - = 75488 cm'/s

VAT - A2 Y176.7 = 44175

= 75.488 litre/s. Ans.] -
Find the discharge of water flowing through a pipe 20 cm diameter placed in an inclined position, where a
venturimeter is inserted, having a throat diameter of 10 cm. The difference of pressure between the main
and throat is measured by a liquid of specific gravity 0.4 in an inverted U-tube, which gives a reading of
30 cm. The loss of head between the main and throat is 0.2 times the kinetic head of pipe.
: (Delhi University, Dec. 2002)

[Hint. Given : d, =20 cm .. a, = g(zoz) =100mem?;dy=10cm = a3 = -}(102) =25 mem?.

x=30cm, h=x 2ol =3ﬂ(|—9'-4—]=186m=0.18m
S, 1.0
But A is also =(ﬂ+:,]—[£+:3] [ﬂ+:|J—{P—‘)+:3] =18em=0.18 m
\pg P P pe
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2

hy=02x 1
28
p W P, Y
From Bernoulli’s equation, -+ -+ = 2+ 2 417 4 p,
pg 2 pg 2
2! 2
or [ﬂ+zl}-[&+32]+£‘——v—z=hn
pg pPg 2g 2g
' VR iyt giae 1 2
P A -l B R R KA S L B 83 =0.18mandhL=0'2""
2g 2¢ 2g pg pg 2g
2 2 2 2 2
or [eE: S el e et Ll
2g 2g 2g 2g 2g
T 2
rom continuity equation, ;V, =a,V5 or Vo= ——=2—— =4V,
a, E( 2
10
4
r2 2 2 2
Now S22l s g i OB Ml ) ey
2g 2g 2g 2g
2 2 2 2 2
or pigeos e IO 25 oy e LN 2 08 ORI 2l
2g 2g 2g 2g 2g
4
0.18x2 x9.81 g
V= ]————— =0.48 m/s =48 cm/s
¢ \) 152 1
. :
Q=AY = 1(20’) X 48 = 15140 cm’/s = 15.14 litre/s. Ans.] 3

L I
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| CHAPTER

Orifices and Mouthpieces

» 7.1 INTRODUCTION

Orifice is a small opening of any cross-section (such as circular, triangular, rectangular etc.) on the
side or at the bottom of a tank, through which a fluid is flowing. A mouthpiece is a short length of a pipe
which is two to three times its diameter in length, fitted in a tank or vessel contamlng the fluid, Orifices
as well as mouthpieces are used for measuring the rate of flow of fluid. )

» 7.2 CLASSIFICATIONS OF ORIFICES

The orifices are classified on the basis of their size, shape, nature of discharge and shape of the
upstream edge. The following are the important classifications :

1. The orifices are classified as small orifice or large orifice depending upon the size of orifice and
head of liquid from the centre of the orifice. If the head of liquid from the centre of orifice is more than
five times the depth of orifice, the orifice is called small orifice. And if the head of liquids is less than
five times the depth of orifice, it is known as large orifice.

2. The orifices are classified as (i) Circular orifice, (ii) Triangular orifice, (iii) Rectangular orifice
and (iv) Square orifice depending upon their cross-sectional areas.

3. The orifices are classified as (i) Sharp-edged orifice and (if) Bell-mouthed orifice depending upon
the shape of upstream edge of the orifices.

4. The orifices are classified as (i) Free discharging orifices and (ii) Drowned or sub-merged ori-
fices depending upon the nature of discharge.

The sub-merged orifices are further'classified as (a) Fully sub-merged orifices and (b) Partially
sub-merged orifices.

» 7.3 FLOW THROUGH AN ORIFICE

Consider a tank fitted with a circular orifice in one of its sides as shown in Fig. 7.1. Let H be the head
of the liquid above the centre of the orifice. The liquid flowing through the orifice forms a jet of liquid
whose area of cross-section is less than that of orifice. The area of jet of fluid goes on decreasing and at
a section CC, the area is minimum. This section is approximately at a distance of half of diameter of the
orifice. At this section, the streamlines are straight and parallel to each other and perpendicular to the

313
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plane of the orifice. This section is called Vena-contracta. Be- 2 2
yond this section, the jet diverges and is attracted in the downward ?_ e ; J;
direction by the gravity. g =4e2 Y
Consider two points 1 and 2 as shown in Fig. 7.1. Point L is inside é }'1 z % ‘:_EIJEF
the tank and point 2 at the vena-contracta. Let the flow is steadyandat 2 | g4Ca J
a constant head H. Applying Bernoulli’s cqualion at points 1 and 2 o B ﬁ*}éﬁ.:k
- AP 2 . é —
2 P V2 2 £ VENA-
JAE 2_! Y=k T 2_ +2, 7 7 C CONTRACTA
e £ £ s Fig. 7.1 Tank with an orifice.
But 2=
2 2
i e S 4 Sl
pg 28 pg 28
Now Bl H
ps

P o9 (atmospheric pressure)
Pg :
v, is very small in comparison to v, as area of tank is very large as compared to the area of the jet of
liquid.
s
vy
28
vy = 4/2gH 271

This is theoretical velocity. Actual velocity will be less than this value.

» 7.4 HYDRAULIC CO-EFFICIENTS

The hydraulic co-efficients are

1. Co-efficient of velocity, C,

2. Co-efficient of contraction, C,
3. Co-efficient of discharge, C,;.

7.4.1 Co-efficient of Velbcity (C,). Itisdefined as the ratio between the actual velocity of a
jet of liquid at vena-contracta and the theoretical velocity of jet. It is denoted by C, and mathematically, -
C, is given as ;

_ Actual velocity of jet at vena- contracta

Theoretical velocity

V

- r
J2gH
The value of C, varies from 0.95 to 0.99 for different orifices, depending on the shape, size of the

orifice and on the head under which flow takes place. Generally the value of C, = 0.98 is taken for sharp-
edged orifices.

where V = actual velocity, J2gH = Theoretical velocity w(1.2)
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- Orifices and Mouthpieces SE

7.4.2 Co-efficient of Contraction (C.). It is defined as the ratio of the area of the jet at
vena-contracta to the area of the orifice. It is denoted by C...

Let a = area of orifice and
a, = area of jet at vena-contracta.

area of jet at vena-contracta
Then C.= J

area of orifice

=tc 103

a
The value of C, varies from 0.61 to 0.69 depending on shape and size of the orifice and head of liquid
under which flow takes place. In general, the value of C, may be taken 0.64.
7.4.3 Co-efficient of Discharge (C4). Itis defined as the ratio of the actual discharge from an
orifice to the theoretical discharge from the orifice. It is denoted by C,,. If Q is actual discharge and Q,,,
is the theoretical discharge then mathematically, C,is given as

o Actual velocity, X Actual area

C,=

Oy " Theoretical velocity x Theoretical area

Actual velocity  Actual area

Theoretical velocity Theoretical area

2 G =ICERICS L(74)
The value of C, varies from 0.61 to 0.65. For general purpose the value of C; is taken as 0.62.

Problem 7.1 The head of water over an orifice of diameter 40 mm is 10 m. Find the actual dis-
charge and actual velocity of the jet at vena-contracta. Take C; = 0.6 and C, = 0.98.

Solution. Given :

Head, : H=10cm

Dia. of orifice, d =40 mm = 0.04 m

. Area, a = 2.(04)" = 001256 ’
C,=06
C,=0.98

0 Actual discharge o

Theoretical discharge

But Theoretical discharge = V,, X Area of orifice

V,, = Theoretical velocity, where V,, = 2gH = /2x9.81x10 =14 m/s

Theoretical discharge = 14 x .001256 = 0.01758 L
s

Actual discharge = 0.6 x Theoretical discharge
= 0.6 % .01758 = 0.01054 m%/s. Ans.
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Actual velocity C.=098
Theoretical velocity
Actual velocity = 0.98 x Theoretical velocity
: =098 x 14 = 13.72 m/s. Ans.
Problem 7.2 The head of water over the centre of an orifice of diameter 20 mm is 1 m. The actual
discharge through the orifice is 0.85 litre/s. Find the co-efficient of discharge.
Solution. Given :
Dia. of orifice, d=20mm=.02m

(if)

a= E(.oz)2 ~ 000314 m*

Es Area,l
Head, ; H=1m
Actual discharge, Q = 0.85 litre/s = .00085 m?/s

Theoretical velocity, V= J2gH = [2x9.81x1=4.429 m/s ¢

-. Theoretical discharge, = Q,; = Vj, X Area of orifice
= 4.429 X 000314 0.00139 m*/

et L L dlsc_h‘“gc' 000085 _ 4 61 Ans.
Theoretical discharge  0.00139

» 7.5 EXPERIMENTAL DETERMINAﬂON OF HYDRAULIC CO-EFFICIENTS

The water is allowed to flow through an orifice fitted to a tank
7 2. The water is collected in a measuring tank for a known
d down. Then actual discharge through orifice,

7.5.1 Determination of C,.
under a constant head, H as shown in Fig.
time, ¢. The height of water in the mcasuring tank is note

ot —r e el

SU“PPLY
WATER

MEASURING
TANK —

Fig. 7.2 Value of C,;.

Area of measuring tank x Height of water in measuring tank

Time (1)
and theoretical discharge = area of orifice X \/2¢H
: 0
L (S
'™ ax J2gH scanned by Fahid (2
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7.5.2 Determination of Co-efficient of Velocity (C,). Let C-C represents the vena-
contracta of a jet of water coming out from an orifice under constant head H as shown in Fig. 7.2.
Consider a liquid particle which is at vena-contracta at any time and takes the position at P along the jet
in time ‘1.
Let x=horizontal distance travelled by the particle in time *’
y = vertical distance between P and C-C
V = actual velocity of jet at vena-contracta.

Then horizontal distance, x=Vx¢t () '
and vertical distance, y= % gt (1)) :
. F X |

From equation (i), t= — |

Substituting this value of ‘¢’ in (i), we get

1 2
== -5 S Vz |
il sk
2y
Yo EE
2y
But theoretical velocity,
Vin= 28H |
~. Co-effi c1cn£ of velocity, C, gx
V. U 2y 2 gH 4 yH

...(7.6) ‘
,(4yH ?
7.5.3 Determination of Co-efficient of Contraction (C.). The co-efficient of contraction
is determined from the equation (7.4) as

Cd=Cvx Cf |

|

= C.=— ST |

\ 25 (7.7) |
|

¥
Problem 7.3 A jet of water, issuing from a sharp-edged vertical orifice under a constant head of
10.0 cm, at a certain point, has the horizontal and vertical co-ordinates measured from the vena-contracta .
as 20.0 cm and 10.5 cm respectively. Find the value of C,. Also find the value of C_if C;= 0.60. - ‘

Solution. Given :

Head, H=10.0cm
Horizontal distance, x=20.0cm _
Vertical distance, y=10.5cm scanned by Fahid
C.,=06 PDF created by AAZSwapnil
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The value of C, is given by equation (7.6) as

L0 el 2005505420
vT JayH  Jax105x100 20493

The value of C. is given by equation (7.7) as
A aGHe 06
G 0976
Problem 7.4 The head of water over an orifice of diameter 100 mm is 10 m. The water coming ot
from orifice is collected in a circular tank of diameter 1.5 m. The rise of water level in this tank is
1.0 m in 25seconds. Also the co-ordinates of a point on the jet, measured from vena-contracta are 4.3
m horizontal and 0.5 m vertical. Find the co-efficients, C,, C, and C,.
Solution. Given :

=0.9759 = 0.976. Ans.

=0.6147 = 0.615. Ans.

Head, ! H=10m

Dia. of orifice, d=100mm=0.l m .
3 % e ARy 2 :
.. Area of orifice, = Z(.l) =0.007853 m

Dia. of measuring tank, D=15m

- Area, A= %(1.5)2 = 1.767 m

Rise of water, : h=1m

in time, 1 =25 seconds

Horizontal distance, r=43m

Vertical distance, y=05m

Now theoretical velocity, V, = \fz_.._c,u" =J2x981x10 = 14.0 m/s
Theoretical discharge, O, = V. X Area of orifice = 14.0 x .007854 = 0.1099 m’/s

Axh 1761x10

Actual discharge, = = 0.07068
ctual discharge (0] - 55
! 8
Cy= L2 :_OB‘L = 0.643. Ans.
0, 1099
The value of C, is given by equation (7.6) as
C,=—— 43 nu o83 96 Ans,

VT JaH  JAx05x10 4472

C. is given by equation (7.7) as C;_ = <] = 9oy = 0.669. Ans.
S RwEA 096

Problem 7.5 Water discharge at the rate of 98.2 litres/s through a 120 mm diameter vertical
sharp-edged orifice placed under a constant head of 10 metres. A point, on the jet, measured from the

vena-contracta of the jet has co-ordinates 4.5 metres horizontal and 0.54 metres vertical. Find the
co-efficient C,, C.and C, of the orifice. (A.M.LE., Winter, 1983)
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Solution. Given :

Discharge, Q =98.2 lit/s = 0.0982 m¥s
Dia. of orifice, d=120mm=0.12 m

. Area of orifice, a= :’:-(.12)’-‘ =0.01131 m?
Head, H=10m

Horizontal distance of a point
and vertical distance, y=0.54m

Now theoretical velocity, V, = [2gxH = V2X9.81x10 = 14.0 m/s

on the jet from vena-contracta, x=4.5 m

Theoretical discharge, O =V, X Area of orifice
=14.0 x.01131 = 0.1583 m¥/s
P ] 1 o, i
The value of C, is given by ¢, = —ACWal discharge 0 0.0982 = 0.62. Ans

The oretical discharge @, ~ 0.1583
The value of C_is given by equation (7.6),

X 4.5
C, = = = = (.968. Ans.
" JHH T Jax054x10

The value of C. is given by equation (7.7) as

G = &= -0—632— = 0.64. Ans.
C, 0968

60 m. The diameter of the jet is 22.5 mm, Determine : (i) the values of co-efficients C,C,and C qand
(ii) the loss of head due to [fluid resistance.

(A-M.LE., Summer 1988)
Solution._ Given : ;

Dia. of nozzle, D =25mm=0.025m

Actual discharge, Quce = 0.76 m*/minute = % =0.01267 m%/s

Head, : H=60m

Dia. of jet, d=22.5mm = 0,0225 m.
(i) Values of co-efficients -

Co-efficient of contraction ( C,) is given by,

Area of jet
=il

G =
Area of nozzle
T .5
—=d* 2 2
Spd e 0'02252 = 0.81. Ans,
n D? D~ 0.025
4

Co-efficient of discharge (C,) is given by,

o Actual discharge
= e e AT
4 Theoretical discharge
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= 0.01267
Theoretical velocity x Area of nozzle
01267 0.01267
J2gH X E D J2x9.81x60 X g (0.025)
= (0.752. Ans.
Co-efficient of velocity (C,) is given by,
€y t052

S ——— =0.928. Ans.
G0
(if) Loss of head due to fluid resistance
Applying Bernoulli’s equation at the outlet of nozzle and to the jet of water, we get
2 2
ﬂ+5— +2; = —23-+%—+zz + Loss of head

pg 28 pg 28
But LA El'—=_z*_’;tmasphr::ric pressure head
pg P8 :
21=2u V1= J28H , Vs = Actual velocity of jet = C, [2gH
2 2
J2gH C,.J2gH :
[ ] = ( } + Loss of head
28 2g .
or H= C-fo+Loss of head
~. Loss of head —H-C2xH=H(1-C)

= 60(1 - 0.928%) = 60 x 0.1388 = 8.328 m. Ans.
-le attached to it at the discharge end, the
ter through the nozzle is 20 litres/s and the
the co-efficient of discharge. Assume that
(A.M.LE., Winter, 1977)

Problem 7.7 A pipe, 100 mm in diameter, has a noz
diameter of the nozzle is 50 mm. The rate of discharge of wa
pressure at the base of the nozzle of 5.886 N/en?®. Calculate
the base of the nozzle and outlet of the nozzle are at the same elevation.

Solution. Given :
Dia. of pipe, D =100 mm=0.1 m _
n l @ NOZZLE ]
A; = Z(1)2 = 007854 m’ =5
: .

—

(4]

cm

Dia. of nozzle, d =50 mm=0.05m ) G
y

|

|

A, = L (05) =.001963 m®
4 BASE OF NOZZLE
Actual discharge, 0 =20 lit/s = 0.02 m’/s p, = 5.886 N/cm
Fig. 7.4
Pressure at the base, p; = 5.886 N/cm? = 5.886 x 10°* —1\—1; &
=3

From continuity equation, AV, =A,V;
or 007854 V, = 001963 V,
scanned by Fahid
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001963V, _ ¥,

_ 1= 007854 4
where V, and V; are theoretical velocity at (1) and (2). :
Applying Bernoulli’s equation at (1) and (2), we get

P]+5:_+ I_.p_:_}.i.l_ze
pg 23 Pz 2¢
But Z; =14
P + YLE_ ’2& + E
pg 28 P 28
(%) '
Sk s 1 :
or o + LB Ueis S - I Atmospheric pressure =0
1000 x 9.81 2g 2g : . pg
z! 2
6.0 + LA /
2 x16  2g |
V)E ;11 . I.
or —-[1—i}=5.0 G L[l—s}-:e.o |
2e 16 2z L16 |
: 6 i [
Vy= 6.0x2x9.81xﬁ = 11.205 m/sec ,
. Theoretical discharge =V, X A, = 11205 x .001963 = 0.022 m’/s :
: _ _ Actualdischarge _ 002 _ 0909 Ans
S 97 Theoretical discharge 0.022 -

Problem 7.8 A tank has two identical orifices in one of its vertical sides. The upper orifice is 3 m
below: the water surface and lower one is 5 m below the water surface. If the value of C, for each
orifice is 0.96, find the point of intersection of the two jets. -
Solution. Given:
Height of water from orifice (1), H; =3 m
From orifice (2), H,=5m
C, for both = 0.96 |
Let P is the point of intersection of the two jets coming i
from orifices (1) and (2), such that
' x = horizontal distance of P o e X -——-\f‘ 3 ‘
|

¥ = vertical distance of P from orifice (1 ) Fig. 7.5
¥ = vertical distance of P from orifice (2)
Then _\-1='\-:+{5—3)=}'3+2m - 3 ‘

The value of C, is given by equation (7.6) as s
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do i BT
F l.“ 1 2 G In v C“_. = =
or orifice (1) ; ™ J4.\'l H, \{4.)'1 %30 5
x x
R ifice (), e %
or orifice (2) 8 \!4.‘_: H, 4%y, %50 =
As both the orifices are identical ‘
; C“I - C\'z !
X %
= or 3 5
& ; Jan %30 JAnxs0 o T
But Y1 =72+ 2.0
g 3(y, +2.0) =5y, i
2y, =6.0 : A
x i -
F i), C, =F— §
romn (i) . m
0.96 ‘ L
or i e
J4x30x50

X = 096x,/4x30x50 7.436 m. Ans.

Problem 7.9 A closed vessel conmms water up:o a height of 1.5 m and over the water sur:
there is air having pressure 7.848 Nieni® (0.8 kgffen’) above armospheric pressire. At the borioms
the vessel there is an orifice of diameter 100 mm. Find the rate of flow of water from orifice. Ts

C,=06. o
Solution. Given : 2%
y =7.848 NI/
Dia. of orifice, d =100 mm=0.1 m P T
=06 3
Height of water, H=15m
Air pressure, - p =7.848 Nfem? = 7.848 x 10* N/m? \ v
Applying Bernoulli’s equation at (1) (water surface) and (2), we get !
Vz. Vl } i
Py by = Pz“”A‘*-’-z R L
Pg  2g Ps 28 \1¢ -
Taking datum line passing through (2) which is very close to the :
bottom surface of the tank. Thenz,=0,z,=1.5m Fig. 7.6
Also P [] (atmospheric pressure)
Pg
P -7848x10* -
and pg —M—Smofwater
"1
8+0+15 0+—+0 { V) is ncgligss
25
72
9.5= h—
2g
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Vy=,/2x9.81x9.5 =13.652 m/s
Rate of flow of water = C; X a, X V,

=106 ~—(}) xl3657mfs.=f‘(}ﬁ i m'/s. Ans.

Procblem 7.10 A closed tank partially fi fHed with water upte a heigh: ¢; 0.9 m having an orifice of
diameter 15 mm at the bottom of the tank. The air is pumped into the « ~er sart of the tank. Deter-
‘mine the pressure required for a discharge of 1.5 litres/s through iz oriice. Take Cy = 0.62.
Solution. Given : :
Height of water above orifice, H = 0.9 m

Dia. of orifice, d=15mm=0.015m
. Area, o %[dl] I (015) = 0.0001767 m®
Discharge, =15 litrcsi‘s = .0015 m%/s

C,=0.62

Let p is intensity of pressure required above water surface in N/cm?,

4
Then pressure head of air= L LIO-—— ey
pg 1000x9.81 9.81

If V, is the velocity at outlet of orifice, then

,
vie el aazle] o \/2x9.8](09 o 10"’)
i pg \ 9.81
Discharge 2 0=C,xax J2g(H+ p/pg)

0015 = 0.6 X .0001767 X /2 x 9.81(0.9+ p/ pg)

m of water.

2><9.31(09+ 10*"] il v g
981)  0.6x.0001767
or 2%9.81 [09+;0;;J—14.148><I4.148

IOp 14.148 x 14.148
981 2x9.81

9302 %9381

—-0.9=10.202 -0.9 =9.302

= 9.125 N/em®. Ans.

» 7.6 FLOW THROUGH LARGE ORIFICES

If the head of liquid is less than 5 times the depth of the orifice, the orifice is called large orifice. In
case of small orifice, the velocity in the entire cross-section of the jet is considered to be constant and
discharge can be calculated by Q = C,; X a X ,/2gh. But in case of a large orifice, the velocity is not

_ scanned by Fahid
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7.6.1 Discharge Throq.igh ‘Large Rectangular Orifice. Consider a large rectangular orifice
in one side of the tank discharging freely into atmosphere under a constant head, H as shown in Fig. 7.7.

Let - H, =height of liquid above top edge of orifice
H, = height of liquid above bottom edge of orifice
b'= breadth of orifice
d = depth of orifice = H, - H,
L Gy= co-efficient of discharge.
Consider an elementary horizontal strip of depth ‘dh’ at a depth of ‘h’ below the free surface of the
liquid in the tank as shown in Fig. 7.7 (5).

|

RN

(b)

SRR

P ra

Fig. 7.7 Large rectangular orifice.

Areaof strip = b X dh
_and theoretical velocity of water through strip = /2gh.

Discharge through elementary strip is given
dQ = C, x Area of strip X Velocity
=Cyxbxdhx.2gh =C,;bx .2gh dh
By integrating the above equation between the limits H, and H,, the total discharge through the
whole orifice is obtained

HZ
0= .Lr, C; xbx\2gh dh

ety 312 Mz
= Cyxbx \/Z_gTLRJf_:dh = C,;xbx[2g Bm]
] Hl

= %Cd" x b 2g [H3? - H}?] .08

Problem 7.11  Find the discharge through a rectangular orifice 2.0 m wide and 1.5 m deep fitted to
a water tank. The water level in the tank is 3.0 m above the top edge of the orifice. Take C,; = 0.62.
Solution. Given :

Width of orifice, b=20m
Depth of orifice, d=15m :
Height of water above top of the orifice, H, =3m

Height of water above bottom edge of the orifice, scanned by Fahid -
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Hy=H,+d=3+15=45m
C;=0.62
Discharge Q is given by equation (7.8) as

Q:% C,; %bXx \ﬁg—g |_H23f2__H|3131

= % % 062 2.0 2 031 [4:5'° - 315 m’fs
= 3.66[9.545 — 5.136] m /s = 15.917 m’/s. Ans.
Problem 7.12 A rectangular orifice, 1.5 m wide and 1.0 i deep is discharging water from a tank.
If the water level in the tank is 3.0 m above the top edge of the orifice, find the discharge through the
orifice. Take the co-efficient of discharging for the orifice = 0.6.
Solution. Given :

Width of orifice, b=15im

Depth of orifice, d=1.0m
H, =3.0m
H2:Hl+d:3.0+ 1.0=40m
C,;=0.6 5

Discharge, Q is given by the equation (7.8) as

0= % % C;xbx 28 [H;? - H"]

= % % 0.6 1.5 % JZ+ O8I [4.0"* 230" m's

—2.657 [8.0 - 5.196) m’/s = 7.45 m/s. Ans.

Problem 7.13 A rectangular orifice 0.9 m wide and 1.2 m deep is discharging water from a vessel.
The top edge of the orifice is 0.6 m below the water surface in the vessel. Calculate the discharge
through the orifice if C; = 0.6 and percentage error if the orifice is treated as a small orifice.

Solution. Given :

Width of orifice, b=09m

Depth of orifice, d=12m
H,=0.6m
H,=H,+d=06+12=18m
Cc;=06

Discharge Q is given as 0= % X Cyxbx2g X [Hzm - Hlmj

= % < 0.6x2.9% J2x981 [1.87%-0.6" 1 ms
= 1.5946 [2.4149 — .4647] = 3.1097 m’/s. Ans.
Discharging for a small orifice
0, =Cyxax \2gh

Whe.l‘eh-——,r‘a‘]4—%-—-0.6+]—'22 —12manda=bxd=09x12
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0,=06%X9x12x [2x981x12 =3.1442m’/s

0, — 0 31442 -3.1097
[0} 3.1097

- % error = =0.01109 or 1.109%. Ans.

» 7.7 DISCHARGE THROUGH FULLY SUB-MERGED ORIFICE .

Fully sub-merged orifice is one which has its whole of the outlet jé._idc
sub-merged under liquid so that it discharges a jet of liquid into the
liquid of the same kind. It is also called totally drowned orifice. Fig. 7.8
shows the fully sub-merged orifice. Consider two points (1) and (2),"°
point 1 being in the reservoir on the upstream side of the orifice and
point 2 being at the vena-contracta as shown in Fig. 7.8.

‘Let H, =Height of water above the top of the orifice on the
upstream side.
H, = Height of water above the bottom of the orifice
H = Difference in water level
b = Width of orifice
C, = Co-efficient of discharge. = : STl . =
Height of water above the centre of orifice on upstream side

=H, + Hz;Hl - H*;Hz (1)

Height of water above the centre of orifice on downstream side

AL TLE S SARARRR AR OR[N
ITLLLATARIL LR AAR LAY

o)
0

~1

oo

Fully sub-merged orifice.
1

SHrh g 2
2 :
Applying Bernoulli’s equation at (1) and (2), we get
2 £ iy
ﬂ+_‘fl_:fi+£3_ [ Z]=12]
pg 28 pg 2
H H
Now 2L= dpt iy LR Hit iy Hand V, is negligible
pg 2 P& 2
HitHy o HitH o Vi
2 2 2g
Yi_y
28 . . !_
5 V,=[2gH
Area of orifice =bx (H,- H))

Discharge through orifice = C, X Area X Velocity
=Cyxb(H-H)xJ2gH .

Q=C,;xb(H,-H)x \2gH . =19
S BiEcE : scanned by Fahid
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Problem 7.14 Find the discharging through a fully sub-merged orifice of width 2 m if the differ-
ence of water levels on both sides of the orifice be 50 cm. The height of water from top and bottom of
the orifice are 2.5 m and 2.75 m respectively. Take C, = 0.6.

Solution. Given :

Width of erifice, b=2m
Difference of water level, H=S0cm=05m
Height of water from top of orifice, H;y=25m
Height of water from bottom of orifice, H,=2.5m
. : C;=06
i Discharge through fully sub-merged orifice is given by equation (7.9)
l? or . Q_:CJX:‘JX(HZ—HI)X.JZg—H

=0.6%2.0%(2.75=2.5),x 42x9.81x0.5 m’/s

=0.9396 m/s. Ans.
Problem 7.15 Find the discharge through a totally drowned orifice 2.0 m wide and | m deep, if the
difference of water levels on both the sides of the orifice be 3 m. Take C; = 0.62.
Solution. Given :

Width of orifice, bh=20m
Depth of orifice, d=1m.
Difference ol water level on both the sides
H=3m
Discharge through orifice is Q = C; X Area X 2gH
=062Xxbxdx.2gH

=0.62x2.0%1.0x J2x981x3 m’/s =9.513 m*/s. Ans.

» 7.8 DISCHP:RGE THROUGH PARTIALLY SUB-MERGED ORIFICE

Partially sub-merged orifice is one which has its outlet side
partially sub-merged under liquid as shown in Fig. 7.9. It is also
known as partially drowned orifice. Thus the partially sub-merged
orifice has two portions. The upper portion behaves an orifice
discharging free while the lower portion behaves as a sub-merged
orifice. Only a large orifice can behave as a partially sub-merged
onfice. The total discharge Q through partially sub-merged orifice
is equal to the discharges through free and the sub-merged
portions. Fig. 7.9 Partially suf-merged

VAN IAAAMATENSSNETD

-

Discharge through the sub-merged portion is given by equation (7.9) orifice.
Q,=Cyxbx(Hy-H)x \[2gH

Discharge through the free portion is given by equation (7.8) as
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2
0,= 3 Ca x bx |28 [H? - H

Total discharge 0=0,+0,
= Cyx b x (H, - H) x\|2gH

+% C,x bx \2g [H? - H?. ..(7.10)

Problem 7.16 A rectangular orifice of 2 m width and 1.2 m deep is fitted in one side of a large
tank. The water level on one side of the orifice is 3 m above the top edge of the orifice, while on the
other side of the orifice, the water level is 0.5 m below its top edge. Calculate the discharge through
the orifice if C4 = 0.64.

Solution. Given : Width of orifice, b =2 m

Depth of orifice,d = 1.2 m

Height of water from top edge of orifice, Hy =3 m

Difference of water level on both sides, H=3 + 0.5 = 35m 1

Height of water from the bottom edge of orifice, Hy=H, +d=3+12=42m

The orifice is partially sub-merged. The discharge through sub-merged portion,

-0, =Cyxbx(H,~H) X 2gH
—0.64 x2.0%(4.2-3.5 % [2x981x3.5 =7.4249 m*/s

The discharge through free portion is

0,= % C;x bx 2g [H - H"]

=_i- % 0.64 x 2.0 x 2% 981 [3.52-3.0"%

=3.779 [6.5479 — 5.1961] = 5.108 m’/s

Total discharge through the orifice is
0=0,+ 0, =14249 +5.108 = 12,5329 m’/s. Ans.

WQ TIME OF EMPTYING A TANK THROUGH AN ORIFICE AT ITS BOTTO

_ Consider a tank containing some liquid upto a height of H,. Let an orifice is fitted at the bottom of the
tank. It is required to find the time for the liquid surface to fall from the height H, toa height H,.
Let A = Area of the tank
a = Area of the orifice
H, = Initial height of the liquid
H, = Final height of the liquid
T = Time in seconds for the liquid to fall from H, to H,.
Let at any time, the height of liquid from orifice is & and let the l

liquid surface fall by a small height dh in time d7. Then
Volume of liquid leaving the tank in time, dT=A X dh

e o

: : ; RIFICE
Also the theoretical velocity through orifice, V = J2gh - 90 i
|
Discharge through orifice/sec, = ( )
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dQ = Cyx Are_@_t}nﬁce x Theoretical velocity = C; . a .. J2gh
Discharge through orifice in time interval
di=C . a . \(2ah dT
As the volume of liquid leaving the tank is equat 1= volume o0 liquid flewing theen i orifice in
time dT, we have
A(=dn)=Cy.a. 2¢h a7
—ve sign is inserted because with the increase of iiv.e, ke Wl on orifice decreases.
—-Adh=C;.a. -\/2_8;: LdioraT= — = d:ll— = — AC) i
Cy.a.\2gh C,.a. \/”

By integrating the above equation between the linits 7/, 1o Ha. the total time, T is obtained as

12

J’TdT =JHI —ARV2 -4

b IEC, e Pe Cae
; H, : ~H,
: : bt | 2 Jh
or T= < = - ,.fr___.._ _I_
C,.a.42g __1_1_1 @ a2t
2 H 2 H

ST

2A[
Cd a.\f_[ﬁ [_]“ a.\/ﬂ

For emptying the tank completely, H, becomes = 0 and hence -

2A [H,
= SH{FA2)
Cy.a.4/2g
Problem 7.17 A circular tank of diameter 4 m contains water upto a height of 5 m. The tank is
provided with an orifice of diameter 0.5 m at the bottom. Find the tine taken by water (i) to fall from
5 mto 2 m (ii) for completely emptying to tank. Take C, = 0.6.
Solution. Given :

Dia. of tank, D=4m

- Area, A= % (4)? = 12.566 m?
Dia of orifice, d=05m

= Area, a=7 (57=01963 m’

Initial height of water, H =5m.
Final height of water, (i) H,=2m (ii)) H;=0
First Case. When H,=2m

2 ; 2A
Using equation (7.11), we have T = m[ﬁ = \/H_z]
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2 %x12.566
= 5 —+/2.0| seconds
0.6 %1963 x /2 x 9.81 [J_ ] S

- -20—653= 39.58 seconds. Ans.

At 0.521
Second Case. When H;=0

gz e 2 s 2 x12.566 % /5
Cy-a -JEE 0.6 x.1963xJ2 % 0.81

= 107.7 seconds. Ans.

Problem 7.18 A circular tank of diameter 1.25 m contains water upto a height of 5 m. An orifice of
50 mm diameter is provided at its bottom. If Cy = 0.62, find the height of water above the orifice after

1.5 minutes.
Solution. Given : :

Dia. of tank, —— D=125m . St el =

- Area, A= %{1.25)2 =1.227 m?
Dia. of orifice, d=30mm=.05m
n 2 2
o, Area, a= 2 (.05) = .001963 m
Cd = 0.62
Initial height of water, H,=5m
Time in seconds, T= l.S_x 60 = 90 seconds

Let the height of water after 90 seconds = H,

2A[JF; - ;]

Using equation (7.11), we have T=—————F——
geq ( Py

. 2x1227[V5 - JH, |

= 455.215 [2.236 ~ 1, |

or i
0.62 % 0.001963 x /2 x 9.81
90
JH, =2.236 - ——— =236-0.1977 = 2.0383
455215

H, =2.0383 x 2.0383 = 4.154 m. Ans.
scanned by Fahid
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» 7.10 TIME OF EMPTYING A HEMISPHERICAL TANK

Consider a hemispherical tank of Radius R fitted with an orifice i
of area ‘a’ at its bottom as shown in Fig. 7.10. The tank contains
seme liquid whose initial height is H, and in time 7, the height of
liquid falls to H,. It is required to find the time T.

Let at any instant of time, the head of liquid over the orifice is /i
and at this instant let x be the radius of the liquid surface. Then Ny,

Area of liquid surface, A = nx? ORIEICE” |

and theoretical \;elocity of liquid = /2gh . Fig. 7.10 Hemispherical tank.
Let the liquid level falls down by an amount of dk in time dT.
Volume of liquid leaving tank in time dT'=A x dh

= ma? x dh St
Also volume of liquid flowing through orifice
= C; x area of orifice X velocity = C.a. \j@ second
Volume of liquid flowing through orifice in time d7
= Cya. f2gh xdT (i)
From equations (i) and (if), we get
nx? (- dh) = Cya. \[2gh . dT

— ve sign is introduced, because with the increase of T, 4 will decrease

= —mx’ dh = Cya. 2gh . dT (i)
But from Fig. 7.10, for AOCD, we have OC =R
-DO=R-h

CD = x=JOC? = 0D* = |R* - (R- 1)’
2 X®=R*~(R-h)?>=R*—(R*+ h* = 2Rh) = 2Rh - I
Subsntutmgx2 in equation (i), we get

- T(2Rh — h*)dh = Cpa. 2gh . dT

- (2Rh = h:] dh

—Tt
S SR e T 7

=Tt n 32
= ————— (2RW"* - h’*)dh
Cd a. \,@
The total time 7 required to bring the liquid level from H, to H, is obtained by mtegratmg the above
eguation between the limits H, to H.

[ o : dT =

(2Rh = hz) Y2 dh

H, o
e j T oR2_ B dn

H: C"d'a"\fﬂ

(2Rh'"? — h**)dh
(.d a. J_J-H;
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. e ZRhuzn i B2 41 H,
C, Xa Xy 2z |t SO e
: : S S
[2 2 2 pp32 _g_hsfz ]H,
CdxaxJ_ ¥ 5iug dimans

K rrin 32)_ 2 m s
 R(m2-mpn)-2 (a7 - )|

CdxaxJ_

T [4 R(Hm _H;JZ) i(Hsn H;rz)]. '".('7:13)

Ca-xax\/_

For completely emptying the tank, H, = 0 and hence o

o [4 RHY? ~ 2 Hf‘z]. (7.14)

T C,.anein 5

Problem 7.19 A hemispherical tank of diameter 4 m contains water upto a height of 1.5 m. An

orifice of diameter 50 mm is provided at the bottom. Find the time required by water (i) to fall from

1.5 m to 1.0 m (ii) for completely emptying the tank. Tank C; = 0.6.
Solution. Given :
Dia. of hemispherical tank, D =4 m

*. Radius, R=20m
Dia. of orifice, d=50mm=0.05m
- Area, a= g(.osf = 0.001963 m?

Initial height of water, H; =15m
c,=0.6

First case. H,=1.0

.Time T is given by equation (7.13)

T 4 2 gy 2 . o

S _[ R(H o )—3(11{‘”—112 )}

= ¥ xe 2.0 (1.5'-“"2 = 1.03’2) =2 (1.55*’2 e 1.0"’2)]
0.6x.001963x,/2x9.81 ~ |3 5¢

=602.189 [2.2323 — 0.7022] = 921.4 second
=15 min 21.4 sec. Ans.
Second case. H, = 0 and hence time T is given by equation (7.14)

Fon [4 REY2 % Hf”]

(.daJ_

n [4 x20%15%2 — _2_ 5/2
~ 0.6 %.001963 2 x9.81 | 3 scsinned by Fahid
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= 602.189 [4.8989 — 1.1022] sec = 2286.33 sec
= 38 min 6.33 sec. Ans.
Problem 7.20 A hemispherical cistern of 6 m radius is full of water. It is fitted with a 75 mm
diameter sharp edged orifice at the bottom. Calculate the time required to lower the level isi the
cistern by 2 meires. Assume co-efficient of discharge for the orifice iz 0.6. (Delhi University, 1976;
Solution. Given : :
Radius of hemisphsrical cistern, # = 6 m
Initial height of water,, H =6m

Dia. of orifice, d=75mm=0.075m
- Area, a= g(.omz =.004418 m?
Fall (.)f heigh: of water =2:m
Final height of water, H, =6-2=4m
C,=06
The time T is given by equation (7.31)
m 4 3 2 3 3
T= A R(HY? — g2 = S (52— H3?
Cdxaxszg?L (4 2)5(' )
T

~ 0.6x 004418 x 2 X081

; 2
"[5 x6(6.0% - 40%%) - = (6.0° - 4_05&)]

= 267.56 [8(14.6969 — 8.0) — 0.4 (88.18 — 32.0)]
= 267.56 [53.575 — 22.472] sec

= 8321.9 sec = 2hrs 18 min 42 sec. Ans.

Problem 7.21 A cylindrical tank is having a hemispherical base. The height of cylindrical portion
is 5 m and diameter is 4 m. At the bottom of this tank an orifice of diameter 200 mm is fitted. Find the

sime required to completely emptying the tank. Take C; = 0.6.
Solution. Given : 7

Height of cylindrical portion (II) =5 m % g
Diz of tank =4.0m =l ; Z
V]
[
. A=T (42 =12566 m | I g

4 | & 4.0m -
Dia_of orifice, d=200mm=0.2m J : !
A s i e e
. : UL 2 17} 4
= Area, a = = (.2)°=0.0314m A | :j

=

: ORIFICE~
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The tank is splitted in two portions. First portionis a hemispherical tank and second portion is cylin-

drical tank.
Let T, =time for emptying hemispherical portion I.
T, = time for emptying cylindrical portion IL
Then total time T=T, +T,.
For Portion 1. H, = 2.0 m, H, = 0. Then T is given by equation (7.14) as

4
Fo=— = Uil RH _ 2 g
C,xax.2g |3 5
= 2 4 4 20%20% - 2 x20%
0.6%.0314x/2x9.381 [ 3 - 5

-.= 37.646 [7.5424 — 2.262] sec = 198.78 sec.
For Portion IL H, = 2.0 + 5.0 = 7.0 m, H, = 2.0. Then T is given by equation (7.1 i) as

24|JH, - JH ] 2x12.566[7 - 2.0
T, = [ e . [ ]-sec_=3?0.92 sec-
L C,xax\2g  06x.0314x,/2x981

.. Total time, T=T, +T,=198.78 + 370.92 = 569.7 sec
=9 min 29 sec. Ans.

» 7.11 TIME OF EMPTYING A CIRCULAR HORIZONTAL TANK

Consider a circular horizontal tank of length L and radius R, containing liquid upto a height of H,.Let
an orifice of area ‘a’ is fitted at the bottom of the tank. Then the time required to bring the liquid level

from H, to H, is obtained as :
Let at any time, the height of liquid Gver orifice is ‘h’ and in time dT, let the height falls by an height

of ‘dh’. Let at this time, the width of liquid surface = AC as shown in Fig. 740

— L ————
it o Z -

¥

p

e - z

- Surface area of liquid = L X AC
But AC:2'><AB=2[JAOQ —032] = 2[ R? -(R—h)z]

= 2\[R2 —(R*+1* —2Rh) = 22Rn - 1
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Surface area, A=Lx2J2Rh=1"

Volume of liquid leaving tank in time dT

=A X dh=2L |2Rh - h? x dh ' (i)

Also the volume of liquid flowing through orifice in time d7°

= C, % Area of orifice x Velocity x dT
But the velocity of liquid at the time considered = J2gh .
Volume of liquid flowing through orifice in time dT' ’ :
=C X ax . J2gh xdT _ (i)
Equating (i) and (ii), we get

2L \2Rh - K? x (~dh) =Cyx ax 2ghxdT

— ve sign is introduced as with the increase of 7, the height /i decreases,

- po 2L 2Rh-Fdh _ 2L .[QR—H) dh
S RaRigh s C,xax s

[Taking Jh common]
J-Hz -2L(2R-h)"? an

Total time, T =
H, Cd Xax Jg

_2L ”'2 1/2
=————_ | [2R-K] dh[2R-H1"2dn
Coaroe by BR=1 dn 2R

HJ

“oL (@R = )" S
Cdx"?x@ 1
2

+1

H

2=t 2 37212
T T e il

4L \3/2 3/2
=~ > _ Iop_pg —(2R-H ‘ -(7.15
6 %o 2R~ H) - R- 1) @.15)

For completely emptying the tank, H,0 and hence
4L 312 3
= c - - ; (7.1
TR [eR)”? - 2k~ 1)) ] (7.16)

Problem 7.22  An orifice of diameter 100 mm is fitted at the bottom of a boiler drum of length 5 m
and of diameter 2 m. The drum is horizontal and half full of water. Find the time required to empty the
Boiler, given the value of C; = 0.6.
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336 Fluid Mechanics

Solution. Given :

Dia. of orifice, d =100mm=0.1 m
Area, a= -:- (.1)* = .007854 m’
Length, L=5m
Dia. of drum, D=2m.
Radius, R=1m
Initial height of water, Hy=1m
Final height of water, H,=10
C;=006
For completely emptying the tank, T is given by equation (7.16)
; 4L st & n
T=————— [(2R —(2R—-H
3IXCyxax,2g o i
4%50

(212 =0 1=

" 3% .06 x.007854 % /2 x 9.81

=319.39 [2.8284 — 1.0] = 583.98 sec = 9 min 44 sec. Ans.
Problem 7.23 An orifice of diameter 150 mm is fitted at the bottom of a boiler drum of length 8 m
and of diameter 3 metres. The drum is horizontal and contains water upto a height of 2.4 m. Find the
time required to empty the boiler. Take C; = 0.6.
Solution. Given :
Dia. of orifice, d=150mm=0.15m

Avea; @ = g(.IS)Z = 0.01767 m>

Length, ' L=80m

Dia. of boiler, D=3.0m

. Radius, R=15m

Initial height of water, H; =24m

Find height of water, H,=0

C;=06.
For completely emptying the tank, T is given by equation (7.16) as
T= ﬁuzmm_ QR - H)™

4 x8.0 32 a2
= 251520 x 1.5-24
3x.6><.01?67><\/2x_9.81[{ v hid
227.14 [5.196 — 0.4647] = 1074.66 sec

e =17 min 54.66 sec. Ans. scanned by Fahid
. PDF created by AAZSwapnil

1}




... . Orifices and Mouthpieces 337
p» 7.12 CLASSIFICATION OF MOUTHPIECES :

1. The mouthpieces are classified as (i) External mouthpiece or (ii) Internal mouthpiece depending
upon their position with respect to the tank or vessel to which they are fitted.

2. The mouthpiece are classified as (#) Cylindrical mouthpiece or (ii) Convergent mouthpiece or (iif)
Convergent-divergent mouthpiece depending upon their shapes.

3. The mouthpieces are classified as (i) Mouthpieces running full or (ii) Mouthpieces running free,
depending upon the nature of discharge at the outlet of the mouthpiece. This classification is only for
internal mouthpieces which are known Borda’s or Re-entrant mouthpieces. A mouthpiece is said to be
running free if the jet of liquid after contraction does not touch the sides of the mouthpiece. But 1f the jet
after contraction expands and fills the whole mouthpiece it is known as running full.

» 7.13 FLOW THROUGH AN EXTERNAL CYLINDRICAL MOUTHPIECE

A mouthpiece is-a short length of a pipe which is two or three times
its diameter in length. If this pipe is fitted externally to the orifice, the
mouthpiece is called external cylindrical mouthpiece and the dis-
charge through orifice increases.

Consider a tank having an external cylindrical mouthpiece of
cross-sectional area a,, attached to one of its sides as shown in
Fig. 7.13. The jet of liquid entering the mouthpiece contracts to form
a vena-contracta at a section C-C. Beyond this section, the jet again
expands and fill the mouthpiece completely.

Let H =Height of liquid above the centre of mouthpiece
v, = Velocity of liquid at C-C section
a, = Area of flow at vena-contracta
v, = Velocity of liquid at outlet
a, = Area of mouthpiece at outlet
C, = Co-efficient of contraction.
Applying continuity equation at C-C and (1)-(1), we get
a. Xv.=av;

AR

AN

P

—

A “;/"—-/:é"-\: 3
|

g Ve

Fig. 7.13  External cylindrical
mouthpieces.
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é

SV aihy
50 Sadid
a4 R
a, B ;
But —£ = C, = Co-efficient of contraction
4]

Taking C;= 0.62, we get =< = 0.62
a4
Y= Vi
0.62
The jet of liquid from section C-C suddenly enlarges at section (1)-(1). Due to sudden enlargement,

( "’1)

there will be a loss of head, k;* which is given as h; = -2
g

* Please refer Art. 11.4.1 for loss of head due to sudden enlargement.
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But =

vl et =
) _(0.62 "‘) _i[ 1 _1]3_0.375\;,2
28

Applying Bernoulli’s equation to point A and (1)-(1)

2 )
p—‘+—vi‘-+z,. = -‘(1'—,+V—'-:-z1 +hy
pe 28  pg 2g

where z, = z;, v, is negligible,
B atmospheric pressure =
P&
vi v
H+0=0+— +.375 —
28 2g
2
. H=1375 2L
. 2g

2gH
= |28 0855 J2gH
IEETs E

Theoretical velocity of liquid at outlet is v, = \/2gH
Co-efficient of velocity for mouthpiece

_ _ Actual velocity 0.855 /2gH — 0.855 |
Theoretical velocity SR

C, for mouthpiece = 1 as the area of jet of liquid at outlet is equal to the area of mouthpiece at outlet.
Thus C,=C.xC,=1.0x 855=0.855 :
Thus the value of C, for mouthpiece is more than the value of C,, for orifice, and so discharge through
mouthpiece will be more. >
Problem 7.24  Find the discharge from a 100 mm diameter external mouthpiece, fitted to a side of

a large vessel if the head over the mouthpiece is 4 metres. (A.M.LE., Summer, 1977)
Solution. Given :

v

Dia. of mouthpiece = 100 m= 0.1 m

. Area, a= 1:-(0. 1)? = 0.007854 m”

Head, H=40m

C, for mouthpiece =0.855

- Discharge - = C, x Area x Velocity = 0.855 x a x,/2gH

=.855 x .007854 x /2 x 9.81 x 4.0 =.05948 m"/s. Ans.
Problem 7.25 An external cylindrical mouthpiece of diameter 150 mm is discharging water under a
constant head of 6 m. Determine the discharge and absolute pressure head o’[l" waren at yena-contracta.
Take C,; = 0.855 and C_ for vena-contracta = 0.62. Atmospheric ;;nressmr‘S Cg 1d < ﬁ)}/.? S of water. ;
2 - PG eaied ’By Afefbrwapml
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Solution. Given :

Dia. of mouthpiece, - d=150mm=0.15cm
-. Area, a= ;(.15)2 =0.01767 m>
Head, H=60m

C,= 0855

"

C, at vena-contracta = 0.62
Atmospheric pressure head, H,= 10.3 m

= Discharge =CyxaxX 2gH
' =0.855 x .01767 x /2 x9.81x 6.0 = 0.1639 m’/s. Ans.

Pressure head at vena-contracta

Applying Bernoulli’s equation at A and C-C, we get
25 2
&+."i+z‘4=£‘:—+.‘.§_+zc { =)
A S pg  2g pg 2 f :
E But 5 p—"‘—H +H, v, =0 T |C ©
=g =4, . :
Pg st S S SR
: A e
U=z s
> c ®
D o y?
H,,+H+0=—“+2—‘”:Hf+-jﬁa
pe s & Fig. 7.14
v
H =H, +H- =
2g
But V.= W
0.62
, 3\2 = 25
chHa'i'H("_lJ XL’:H‘]+H—:I—X 1_,
62 2g 2g05(62)
But H=1375 2L
2
ViR o ol
2¢ 1375
H£=H6+H—.?272H><-—L2—
(.62)
=H,+H-189H=H,- 8 H
=103~ .89x6.0 - {~ H,=10.3 and H = 6.0}

10.3 - 5.34 = 4.96 m (Absolute). Ans.
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» 7.14 FLOW THROUGH A CONVERGENT-DIVERGENT MOUTHPIECE

If a mouthpiece converges upto vena-contracta and then diverges as shown in Fig. 7.15 that type of
mouthpiece is called Convergent-Divergent Mouthpiece. As in this mouthpiece there is no sudden en-
largement of the jet, the loss of energy due to sudden enlargement is eliminated. The co-efficient of
discharge for this mouthpiece is unity. Let H is the head of liquid over the mouthpiece.

Applying Bernoulli’s equation to the free surface of water in tank and section C-C, we have

2 % 2
e it e
Pg 2g P  2g :
Taking datum passing through the centre of orifice, we get
..p._. :Ha,],r:O,z:H,&.:HE,ZC:O
24 P8
52
H,+0+H=H.+-=%=+0 Sl
2g
VE
< =H,+H-H, (i)
2g ;
or Vo= zg(Ha s e Hc) Fig. 7.15 Convergent-

divergent mouthpiece.

Now applying Bernoulli’s equation at sections C-C and (1)-(1)

2 2
pg 2g pg 2g
But z.=z; and ot =H,
' P8
2 P
Ho+2- =g + 2L
2g 2g

© Alsofrom (),  H,+v2g=H+H,
: H,+vlRg=H+H,
v, = 2gH (i)

Now by continuity equation, a,v. = v, X q,

g v, B tH-HW\ g H

—=—= = [—*+1-—=
azsee 2gH H H
o glectl (7.17)
H el (0
The discharge, Q is givenas Q = a.x \J2gH ...(7.18)

where a_ = area at vena-contracta, |
o scanned by Fahid
J PDF created by AAZSwapnil
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Problem 7.26 A convergent-divergent mouthpiece having throat diameter of 4.0 cm is discharging

water under a constant head of 2.0 m determine the maximum outer diameter for maximum discharge.

Find maximum discharge also. Take H; = 10.3 m of water and H,, = 2.5 m of water (absolute).
Solution. Given :

Dia. of throat, afC =4.0cm

*. Area, (4) 12.566 cm>

Constant head, H=20m

Find max. dia. at outlet, d, and Q.. :
=10.3 m

Hio = 2.5 m (absolute)
The discharge, Q in convergent-divergent mouthpiece depends on the area at throat.

Opax = . X [2gH =12.566 % /2% 981x 200 = 7871.5 cm/s. Ans.

Now ratio of areas at outlet and throat is given by equation (7.17) as

g H —H \f 103=25 -5 : =
Qg Sevgunnyaiis T en wH,=H_, =25
= \} H = 20 LY {. e Sep }

c

= 22135

d 2
fdf/f‘ d> =221350r | =L | =22135
41/ 4 d,

/
;—‘ = 22135 = 1.4877

(&

; d,=14877 xd.=14877 x 4.0 = 5.95 cm. Ans.
Problem 7.27 The throat and exit diameters of Convergent-Divergent mouthpiece are 5 cm and
10 em respectively. It is fitted to the vertical side of a tank, containing water. Find the maximum head
of a water for steady flow. The maximum vacuum pressure is 8 m of water and take atmospheric
pressure = 10.3 m water.

Solution. Given :

Dia. at throat, - d.=5cm -

Dia. at exit, d; =10cm

Atmospheric pressure head, H, = 10.3 m

The maximum vacuum pressure will be at a throat only

Pressure head at throat = 8 m (vacuum) -
or H.= H, - 8.0 (absolute)
=103 -8.0=2.3 m (abs.)

Let maximum head of water over mouthpiece = H m of water.
The ratio of areas at outlet and throat of a convergent-divergent mouthpiece is given by equation (7.17).
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e _(‘” _ [, 103-23
2
or E_,‘—=-’-1=1’1+E or 16=1+E or ]5=E
5 . H H H

H= % =0.5333 m of water

Maximum head of water = 0.533 m. Ans.
Problem 7.28 A convergent-divergent mouthpiece is fitted to the side of a tank. The discharge
through mouthpiece under a constant head of 1.5 m is 5 litres/s. The head loss in the divergent portion
is 0.10 times the kinetic head at outlet. Find the throat and exit diameters, if separation pressure is
2.5 m and atmospheric pressure head = 10.3 m of water.
Solution. Given :
Constant head, H=15m
Discharge, Q =5 litres = .005 m’/s
h; or Head loss in divergent = 0.1 x kinetic head at outlet
H.or H,,=2.5 (abs.)
H, =10.3 m of water
Find (i) Dia. at throat, d,
(ii) Dia. at outlet, d,
(i) Dia. at Throat (d,). Applying Bernoulli’s equation to the free water surface and throat section,
we get (See Fig. 7.15).
2 L
P e B +—+zc
pg 28 pg 28
Taking the centre line of mouthpiece as datum, we get
; 2

2
2—‘ =H,+H-H.=10.3 +1.5-2.5=9.3 m of water
8
=,/2x9.81x93 =13.508 m/s
Now 0 =a,xv,or 005 = if d.? x 13.508

d= [0 X4 N 0N, =, 02 T = 2,17, cm. Ans,
7% 13.508

(ii) Dia. at outlet (d,). Applying Bernoulli's equation to the free water surface and outlet of mouth-
piece (See Fig. 7.15), we get

1 2
P+2 .-_—P'+2 +z+ Iy
pg 8 PE 48 ; scanned by Fahid
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H, 40+ H=H,+ 2o 404+0.1x 2o '{'.'ﬂ=Hn}
2g 28

W

2¢H _ [2x981x15

S g e i =5.1724
g 11 11
Now - Q=Av, or DOS:—Z—Q‘,EX V)
4 %.005 4 %005 :
: di= o000 s s e 36 e, AR,
: XV, mx 51724

» 7.15 FLOW THROUGH INTERNAL OR RE-ENTRANT ON BORDA’S MOUTHPIECE

A short cylindrical tube attached to an orifice in such a way that the tube projects inwardly to a tank,
is called an internal mouthpiece. It is also called Re-entrant or Borda’s mouthpiece. If the length of the
tube is equal to its diameter, the jet of liquid comes out from mouthpiece withont touching the sides of
the tube as shown in Fig. 7.16. The mouthpiece is known as running free. But if the length of the tube is
about 3 times its diameter, the jet comes out with its diameter equal to the diameter of mouthpiece at
outlet as shown in Fig. 7.17. The mouthpiece is said to be running full.

(i) Borda’s Mouthpiece Running Free. Fig. 7.16 shows the Borda's mouthpiece running {ref;

i Let H = height of liquid above the mouthpiece,
a = area of mouthpiece,
a, = area of contracted jet in the mouthpiece,
v, = velocity through mouthpiece.

| o

T St
b |
[k e el o)
| ‘|, _g\g__%_g
e
\ ’ lc )
RUNNING FREE RUNNING FULL
Fig. 7.16 . _ Fig. 7.17

The flow of fluid through mouthpiece is taking place due to the pressure force exerted by the fluid on
the entrance section of the mouthpiece. As the area of the mouthpiece is ‘a’ hence total pressure force on

entrance
=pg.a.h
where h = distance of C.G. of area ‘a’ from free surface = H.
l =pg.a.H (i)
According to Newton's second law of motion, the net force is equal to the rate of change of momentum.
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344  Fluid Mechanics

Now mass of liquid flowing/sec = p X a, X v,
The liquid is initially at rest and hence initial velocity is zero but final velocity of fluid is v,..
Rate of change of momentum = mass of liquid flowing/sec X [final velocity — initial velocity]

= pa, xv[v.- 0] = pa,v’ (i)
Equating (¢) and (ii), we get
pg.a.H. =pa,. v’ ..(iif)
Applying Bernoulli’s equation to free surface of liquid and section (1)-(1) of (Fig. 7.16)

Taking the centre line of mouthpiece as datum, we have

= H: i 0: ﬁ' = _p_]'=P.rumﬂsp. = 0‘
Pg P8
\'] = 1"‘, V= 0

0+0+H=0+1‘T—+0 or H=—*%
2g 28
V.= +/2gH
Substituting the value of v, in (iir), we get
pg.acH.=pca,.2g H

Bira

i

a 1
or a=2a,0or—==—=05
a 2

5 5 a
.. Co-efficient of contraction, C.= —= =0.5
a

Since there is no loss of head, co-efficient velocity, C, = 1.0
Co-efficient of discharge = C. x C,=0.5%x 1.0=0.5

Discharge Q=Cya.l2gH ; (19)

: =0.5xa./2gH
(it) Borda’s Mouthpiece Running Full. Fig. 7.17 shows Borda’s mouthpiece running full.
Let H = height of liquid above the mouthpiece,
v, = velocity at outlet or at (1)-(1) of mouthpiece,
a = area of mouthpiece,
a, = area of the flow at C-C,
: v, = velocity of liquid at vena-contracta or at C-C.
The jet of liquid after passing through C-C, suddenly enlarges at section (1)-(1). Thus there will be a
loss of head due to sudden enlargement.

o v-v) .
hy = ~———" (i)
2 . scanned by Fahid
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. Now from continuity, we have a. X v = a; X,

a v v v o
\'rz—lX1'I=-——t—:—[=—] {3t Crz{]_j)}
a, i ot G0
or V. =2
2 >
(2 - "’1] =

Substituting this value of v, in (i), we get h; = =
. 28 28

. Applying Bernoulli’s equation to free surface of water in tank and section (1)-(1), we get

2
v > Vi
2 z='!'L+_l+Z|+h;_

Lp—+
: pg 28 pg 28 :
Taking datum line passing through the centre line of mouthpiece
v 208 v 2
5 0+0+H=0+—"— +0+——
2g 28
RO Y
28 28 B

o FE e

Here v, is actual velocity as losses have been taken into consideration,
But theoretical velocity, v, = 4/2gH

JgH 1
e GoctficiontofyelosilyiC e e~ — === 0701
Vi  28H V2
As the area of the jet at outlet is equal to the area of the mouthpiece, hence co-efficient of contraction
! L.Ci=C.xC,=10x.707 =0.707
Discharge, Q=C,xax J2gH =0.707 xax \[2gH .(7.20)

Problem 7.29 An internal mouthpiece of 80 mm diameter is discharging water under a constant
head of 8 metres. Find the discharge through mouthpiece, when :

(i) The mouthpiece is running free, and (ii) The mouthpiece is running Sull.,

Solution. Given : 3 <

Dia. of mouthpiece, d = 80 mm = 0.08 m

-. Area, ' A 2—(.08)2 = 005026 m?

Constant head, H=4m.
(i) Mouthpiece running free. The discharge, Q is given by equation (7.19) as

0=05%xax.2gH
= 0.5 % .005026 x /2 % 9.81x 4.0
= 0.02226 m%/s = 22.26 litres/s. Ans.
(ii) Mouthpiece running full. The discharge, O is given by equation (7.20) as
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346 Fluid Mechanics

Q=0.707xax 2¢H
=0.707 % .005026 x /2 x9.81x 4.0
=0.03147 m’/s = 31.47 litre/s. Ans.

HIGHLIGHTS

1. Orifice is a small opening on the sid:é_ or at the bottom of a tank while mouthpiece is a short length of pipe
which is two or three times its diameter in length.
2. Orifices as well as mouthpieces are used for measuring the rate of flow of liquid.
3. Theoretical velocity of jet of water from orifice is given by
V= ,2gH , where H = Height of water from the centre of orifice.
4. There are three hydraulic co-efficients namely :
Actual velocity at vena - contracta X
Theoretical velocity JavH

(a) Co-efficient of velocity, Ci=

Area of jet at vena - contracta

(b) Co-efficient of contraction, C.= -
Area of orifice

Actual discharge

=C,xC

v c

(¢) Co-efficient of discharge, C,= - -
Theoretical discharge
where x and y are the co-ordinates of any point of jet of water from vena-contracta.
5. A large orifice is one, where the head of liquid above the centre of orifice is less than 5 times the depth of
orifice. The discharge through a large rectangular orifice is

‘} .
0= -1 Cyxbx . [2g [H* - H,m]_

wheré""“b =Width ot enice, o hw s
Cd = Co-efficient of discharge for onﬁce, e e G SRS T (P TLT
= Height of liquid above top edge of orifice; and
H2 = Height of liquid above bottom edge of orifice.

6. The discharge through fully sub-merged orifice, O = C; X b X (H, — H;) X ,/ZgH
where b = Width of orifice, :
C, = Co-efficient of discharge for orifice,
H, = Height of liquid above bottom edge of orifice on upstream side,
= Height of liquid above top edge orifice of upstream side,

. H = Difference of liquid levels on both sides of the orifice.
7. Discharge through partially sub-merged orifice,
0=0,+0,

= Cyb (Hy— H) % J2gH +213 Cp x \J2g [H” - H?)
where b = Width of orifice
C, H,, H, and H are having their usual meaning.
8. Time of emptying a tank through an orifice at its bottom is given by,

-]
5 Cy.a. r

where H, = Initial height of liquid in tank,
" H,=Final height of liquid in tank, scanned by.Fahid
A = Area of tank, . PDF created by AAZSwapnil
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a = Area of orifice, : SLAE
C, = Co-efficient of discharge.
If the tank is to be completely emptied, then time T,

2AVH
CdAa..JE'

9. Time of emptying a hemispherical tank by an orifice fitted at its bottom,

T

T 32 p312) _ 2 (502 i }
tmmmeumae R\H{'* - H H"‘ - H;
Seiid [3 3 z ) 6 ( )
- .and for completely empty ing the tank, T = z [ RH; 2 5 Hls ;2]
d' .a. -||| 2 f

where R = Radius of the helmsphencai tank,
H, = Initial height of liquid, _
*H, =Final height of liquid,
a = Area of orifice, and
C; = Co-efficient of discharge.
10. Time of r:mptymg a c;rcular horlzontal tank by an onﬁce at thc bottom of the tank

e E s TS A .___,._____ T A e S 225E Tiaani Tt =
e R A e e 2R - )= QRZH) P e 1 : .
3¢, 5. J._ [( H.) ( l) J =TRSO
4L

and for completely emptying the tank, T= ————— {(2R)*2~ 2R - H,)*"
p Y pty g 3Cd.a.@i ( i

where L = Length of horizontal tank.
11. Co-efficient of discharge for,

(i) External mouthpiece, C, = 0.855
(if) Internal mouthpiece, running full, C,=0707
(iif) Internal mouthpiece running free, C,;=0.50

(iv) Convergentor convergent-divergent, C,=1.0.
12. For an external mouthpiece, absolute pressure head at vena-contracta
H.=H,-089H
where H, = atmospheric pressure head = 10.3 m of water -
H = head of liquid above the mouthpiece.
13. Fera convergent-divergent mouthpiece, the ratio of area’s at outlet and at vena-contracta is
a Ho =k

e Y
a. H
where a; = Area of mouthpiece at outlet
a, = Area of mouthpiece at vena-contracta
H, = Atmospheric pressure head
H, = Absolute pressure head at vena-contracta iy,
H = Height of liquid above mouthpiece. 2 i
14. In case of internal mouthpleces if the jet of liquid comes out from mouthpzece without touchmg its sides
it is known as running free. But if the jet touches the sides of the mouthpiece, it is known as running full.

scanned by Fahid
PDF created by AAZSwapnil




348 Fluid Mechanics

EXERCISE 7

(A) THEORETICAL PROBLEMS

Define an orifice and a mouthpiece. What is the difference between the two ?

Explain the classification of orifices and mouthpieces based on their shape, size and sharpness ?

What are hydraulic co-efficients ? Name them.

Define the following co-efficients : (i) Co-efficient of velocity, (it) Co-efficient of contraction and (iii)

Co-efficient of discharge.

5. Derive the expression C; = C, X C.

Define vena-contracta.

7. Differentiate between a large and a small orifice. Obtain an expression for discharge through a large rec-
tangular orifice.
8. What do you understand by the terms wholly sub-merged orifice and partially sub-merged orifice ?
9. Prove that the expression for discharge through an external mouthpiece is given by
Q=.855xaxv
~ where a = Area of mouthpiece at outlet and
v = Velocity of jet of water at outlet.

10. Distinguish between : (i) External mouthpiece and internal mouthpiece, (if) Mouthpiece running free and
mouthpiece running full. 2

11. Obtain an expression for absolute pressure head at vena-contracta for an external mouthpiece.

12. What is a convergent-divergent mouthpiece ? Obtain an expression for the ratio of diameters at outlet and
at vena-contracta for a convergent-divergent ‘mouthpiece’ in terms of absolute pressure head at vena-
contracta, head of liquid above mouthpiece and atmospheric pressure head.

13. The length of the divergent outlet part in a venturimeter is usually made longer compared with that of the
converging inlet part. Why ?

14. Justify the statement, “In a convergent-divergent mouthpiece the loss of head is practically eliminated”.

B

3

(B) NUMERICAL PROBLEMS

1. The head of water over an orifice of diameter 50 mm is 12 m. Find the actual discharge and actual velocity

of jet at vena-contracta. Take C;= 0.6 and C, = 0.98. [Ans. .018 m*/s ; 15.04 m/s]
2. The head of water over the centre of an orifice of diameter 30 mm is 1.5 m. The actual discharge through
the orifice is 2.35 litres/sec. Find the co-efficient of discharge. : [Ans. 0.613]

3. A jetof water, issuing from a sharp edged vertical orifice under a constant head of 60 cm, has the horizon-
ta] and vertical co-ordinates measured from the vena-contracta at a certain point as 10.0 cm and 0.45 cm
respectively. Find the value of C,. Also find the value of C, if C, = 0.60. [Ans. 0.962, 0.623]

4. The head of water over an orifice of diameter 100 mm is 5 m. The water coming out from orifice is collected
in a circular tank of diameter 2 m. The rise of water level in circular tank is .45 m in 30 seconds. Also the
co-ordinates of a certain point on the jet, measured from vena-contracta are 100 cm horizontal and 5.2 cm
vertical. Find the hydraulic co-efficients C,, C and C,. [Ans. 0.605, 0.98, 0.617]

5. A tank has two identical orifices in one of its vertical sides. The upper orifice is 4 m below the water
surface and lower one 6 m below the water surface. If the value of C, for each orifice is 0.98, find the point
of inter-section of the two jets. [Ans. At a horizontal distance of 9.60 cm]

6. A closed vessel contains water upto a height of 2.0 m and over the water surface there is air having
pressure 8.829 N/cm? above atmospheric pressure. At the bottom of the vessel there is an orifice of diam-
eter 15 cm. Find the rate of flow of water from orifice. Take C, = 0.6. [Ans. 0.15575 m’/s)

; ; scanned by Fahid
PDF created by AAZSwapnil



) i o,

~ ... .ic. . Orifices and Mouthpieces -'-34_9I

10.

11.

12.

13.

14.

17.

18.

19.

A closed tank partially filled with water upto a height of 1 m, having an orifice of diameter 20 mm at the
bottom of the tank. Determine the pressure required for a discharge of 3.0 litres/s through the orifice. Take

C;=0.62. [Ans. 10.88 N/em?]
Find the discharge through a rectangular orifice 3.0 m wide and 2 m deep fitted to a water tank, The water”
level in the tank is 4 m above the top edge of the orifice. Take C; = 0.62 [Ans. 36.77 m%/s)

A rectangular orifice, 2.0 m wide and 1.5 m deep is discharging water from a tank. If the water level in the
tank is 3.0 m above the top edge of the orifice, find the discharge through the orifice. Take C,; = 0.6.
[Ans. 15.40 m*/s]
A rectangular orifice, 1.0 m wide and 1.5 m deep is discharging water from a vessel. The top edge of the
orifice is 0.8 m below the water surface in the vessel. Calculate the discharge through the orifice if
C, = 0.6. Also calculate the percentage error if the orifice is treated as a small orifice. [Ans. 1.058%]
Find the discharge through a fully sub-merged orifice of width 2 m if the difference of water levels on both
the sides of the orifice be 800 mm. The height of water from top and bottom of the orifice are 2.5 m and

3 mrespectively. Take C;=0.6. . [Ans. 2.377 m%s)
Find the discharge through a totally drowned orifice 1.5 m wide and 1 m deep, if the difference of water
levels on both the sides of the orifice be 2.5 m. Take C,;= 0.62. [Ans. 6.513 m3)’s]

A rectangular orifice of 1.5 m wide and 1.2 m deep is fitted in one side of a large tank. The water level on
one side of the orifice is 2 m above the top edge of the orifice, while on the other side of the orifice, the
water level is 0.4 m below its top edge. Calculate the discharge through the orifice if C, = 0.62.
" [Ans. 7.549 m%s]
A cm::u]ar 1ank of diameter 3 m contains water upto a height of 4 m. The tank is provided with an orifice of
diameter 0.4 m at the bottom. Find the time taken by water : (i) to fall from 4 m to 2 m and (i) for
completely emptying the tank. Take C, = 0.6. [Ans. (i) 24.8 s, (ii) 84.7 s]
A circular tank of diameter 1.5 m contains water upto a height of 4 m. An orifice of 40 mm diameter is
provided at its bottom. If C,; = 0.62, find the height of water above the orifice after 10 minutes. [Ans.2 m]
A hemispherical tank of diameter 4 m contains water upto a height of 2.0 m. An orifice of diameter 50 mm
is provided at the bottom. Find the time required by water (i) to fall from 2.0 m to 1.0 m (ii) for completely
emptying the tank. Take C,;= 0.6 [Ans. (i) 30 min 14.34 s, (ii) 52 min 59 s]
A hemispherical cistern of 4 m radius is full of water. It is fitted with a 60 mm diameter sharp edged orifice
at the bottom. Calculate the time required to lower the level in the cistern by 2 metres. Take C, = 0.6.
[Ans. I hr 58 min 45.9 s]
A cylindrical tank is having a hemispherical base. The height of cylindrical portion is 4 m and diameter is
3 m. At the bottom of this tank an orifice of diameter 300 mm is fitted. Find the time required to completely
emptying the tank. Take C, = 0.6. [Ans. 2 min 7.37 s]
An orifice of diameter 200 mm is fitted at the bottom of a boiler drum of length 6 m and of diameter 2 m.
The drum is horizontal and half full of water. Find the time required to empty the boiler, given the value of
C;=006 [Ans. 2 min 55.20 s]

. An orifice of diameter 150 mm is fitted at the bottom of a boiler drum of length 6 m and of diameter 2 m.

The drum is horizontal and contains water upto a height of 1.8 m. Find the time required to empty the

boiler. Take C,; = 0.6. | [Ans. 7 min 46.64 s]
Find the discharge from a 80 mm diameter external mouthplecc, fitted to a side of a large vessel if the head
over the mouthpiece is 6 m. [Ans. 0.0466 m?/s]

An external cylindrical mouthpiece of diameter 100 mm is discharging water under a constant head of 8 m.
Determine the discharge and absolute pressure head of water at vena-contracta. Take C;=0.855 and C_ for
vena-contracta = 0.62. Take atmospheric pressure head = 10.3 m of water. ~ [Ans. 0.084 m/s ; 3.18 m]
A convergent-divergent mouthpiece having throat diameter of 60 mm is discharging water under a con-
stant head of 3.0 m. Determine the maximum outlet diameter for maximum discharge. Find maximum
discharge also. Take atmospheric pressure head = 10.3 m of water and separation pressure head = 2.5 m of
water absolute. [Ans. 6.88 cm, Q.. = 0.01506 m*/s]
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26.

The throat and exit diameter of a convergent-divergent mouthpiece are 40 mm and 80 mm respectively. It

is fitted to the vertical side of a tank, containing water. Find the maximum head of water for steady flow.

The maximum vacuum pressure is 8 m of water. Take atmospheric pressure head = 10.3 m of water.
[Ans. 0.533 m]
The discharge through a convergent-divergent mouthpiece fitted to the side of a tank under a constant head
of 2 m is 7 litres/s. The head loss in the divergent portion is 0.10 times the kinetic head at outlet. Find the
throat and exit diameters, if separation pressure head = 2.5 m and atmospheric pressure head = 10.3 m of
water. ) [Ans. 25.3 mm ; 38.6 mm)]
An internal mouthpiece of 100 mm diameter is discharging water under a constant head of 5 m. Find the

_discharge through mouthpiece, when

(i) the mouthpiece is running free, and (if) the mouthpiece is running full.
[Ans. (i) 38.8 litres/s, (ii) 54.86 litres/s]
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CHAPTER

Notches and Weirs

» 8.1 INTRODUCTION

A notch is a device used for measuring the rate of flow of a liquid through a small channel or a tank.
It may be defined as an opening in the side of a tank or a small channel in such a way that the liquid
surface in the tank or channel is below the top edge of the opening.

A weiris a concrete or masonary structure, placed in an open channel over which the flow occurs. It
is generally in the form of vertical wall, with a sharp edge at the top, running all the way across the open
channel. The notch is of small size while the weir is of a bigger size. The notch is generally made of
metallic plate while weir is made of concrete or masonary structure.

1. Nappe or Vein. The sheet of water flowing through a notch or over a weir is called Nappe or Vein.

2. Crestor Sill. The bottom edge of a notch or a top of a weir over which the water flows, is known
as the sill or crest. :

» 3.2 CLASSIFICATION OF NOTCHES AND WEIRS

The notches are classified as :
1. According to the shape of the opening :
(@) Rectangular notch,
(b) Triangular notch,
(c) Trapezoidal notch, and
(d) Stepped notch. :
2. According to the effect of the sides on the nappe :
(a) Notch with end contraction.
(b) Notch without end contraction or suppressed notch.
Weirs are classified according to the shape of the opening the shape of the crest, the effect of the sides
on the nappe and nature of discharge. The following are important classifications.
{@) According to the shape of the opening : :
(i) Rectangular weir, (ii) Triangular weir, and
(iif) Trapezoidal weir (Cippoletti weir)
(b) According to the shape of the crest :
(i) Sharp-crested weir, i = (if) Broad-crested weir.
(éif) Narrow-crested weir, and (iv) Ogee-shaped weir.
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(¢) “According to the effect of sides on the emerging nappe :
(/) Weir with end contraction, and (i) Weir without end contraction.

» 8.3 DISCHARGE OVER A RECTANGULAR NOTCH OR WEIR

The expression for discharge over a rectangular notch or weir is the same.

/AN At
g b CREST/ 1R
ORSILL | (c) SECTION AT

CREST 2
(a) RECTANGULAR NOTCH (b) RECTANGULAR WEIR

Fig. 8.1 Rectangular notch and weir.

Consider a rectangular notch or weir provided in a channel carrying water as shown in Fig. 8.1.
Let H = Head of water over the crest '
L = Length of the notch or weir
For finding the discharge of water flowing over the weir or notch, consider an elementary horizontal
strip of water of thickness dh and length L at a depth h form the free surface of water as shown in
Fig. 8.1(c).
The area of strip =Lxdh
and theoretical velocity of water flowing through strip = @
The discharge dQ, through strip is
dQ = C,x Area of strip X Theoretical velocity
=Cyx Lxdhx.2gh .(D)
where C,; = Co- efﬁcwnt of discharge.

The total discharge, @ , for the whole notch or weir is determined by integrating equanon (1) between
the limits 0 and H. :

= J: Cy. L. \2gh .dh=CyxLX Jz?f 12 dh

H

B3 H
—Cdex\[_[ ]

1.’2#1

—Cdex\f_

3/2

0

;
=3 CyxLX V28 HI*2 : (8.1

Problem 8.1 Find the discharge of water flowing over a rectangular notch of 2 m length when the
constant head over the notch is 300 mm. Take C,; = 0.60.
Solution. Given :

Lengthofthenotch = - [=20m scanned by Fahid .
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Head over notch, H=300m=030m

C,=0.60
: S %
Discharge, 0= _; (97370 X\[Z—g [H.wz]

== x06x20x ﬁx_Qﬁ X [_30]]'j m’/s

= 3.5435 x 0.1643 = 0.582 m’/s. Ans.
Problem 8.2 - Determine the height of a rectangular weir of length 6 m to be built across a rectan-
gular channel. The maximum depth of water on the upstream side of the weir is 1.8 m and discharge
is 2000 litres/s. Take C; = 0.6 and neglect end contractions. :
Solution. Given :

Length of weir, S =6/m;

Depth of water, H, =18m

Discharge, Q = 2000 lit/s = 2 m’/s
C;=006

Let. H is hc1ght of water above the crest of weir, and Hz = helght of weir (Fig. 8.2)
The discharge over the weir is given by the equation (8.1) as

0= : Gx L2 H %
o )

2
or 2.0= %x 0.6 % 6.0x 2x981 x H"?
= 10.623 H*"? = \
o IR AR
Ty32 _ y
~ 10623 Fig. 8.2
7 243
[—(-J—-~) =0.328 m
10.623 ,
Height of weir, H,=H-H

= Depth of water on upstream side —
=1.8-.328 = 1.472 m. Ans.
Problem 8.3 The head of water over a rectangular notch :s 900 mm. The discharge is 300 litres/s.
Find the length of the notch, when C, = 0.62.
Solution. Given :

Head over notch, H=90cm=09m

Discharge, 0 =300 lit/s = 0.3 m*/s
C,;=0.62

Let length of notch =L

Using equation (8.1), we have

2 :
055 M E %L X Te i H
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or 03= % % 0.62 x L x \[2x 981 x(0.9)"

=1.83 x L x0.8538

03

=————— =.192 m =192 mm. Ans.
1.83 % .8538

» 8.4 DISCHARGE OVER A TRIANGULF\R NOTCH OR WEIR

The expression for the discharge over a triangular notch or weir is the same. It is derived as :
Let . H = head of water above the V- notch
6 =angle of notch
Consider a horizontal strip of water of thickness ‘dh’ at a depth of h from the free surface of water as
shown in Fig. 8.3.
From Fig. 8.3 (b), we have

6 AC AC
tan — = —=

2 0C (H-h) +

NAPRE
=(H-—h)tanE 2‘_j_

2 o
0 (b)
Width of strip =AB=2AC=2(H-h) tan > Fig. 8.3 The triangular notch.

*. Area of strip =2 (H - h) tan g X dh
The theoretical velocity of water through strip = ,/2gh

Discharge, dQ, through the strip is
dQ = C, x Area of strip X Velocity (theoretical)

=Cdx2(H—h)tan%xdhx,,‘23h
=2C,; (H - h) tan g X A[2gh x gh
' . H : 0
- Total discharge, Qis Q= J’O 2C, (H - h) tan = % [2gh x dh
H
=2C, % tan gx Jz‘;,?J' (H - h)h'"? dh
0

H 3 i
=2x Cyxtan %X@J (Hh”'_ hyh) dh
{i]

H
/2
Js

3/2
—ZXCdxtan—X\/_{Hh

3/2  5/zdnned by Fahid
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—

2% C%itan gx J2g 2 " _% HS‘Q}

(8

r : =2><Cd><tan—2=xﬂf‘23 %Hsi’zﬂ_%h,m}

=2><Cd><tangx\@ %HS‘Q}

> % C,  tan gx 28 x H"? (8.2)

‘ For a right-angled V-notch, if C;= 0.6

8=90°, ... tan 9 =
2

Discharge Qz% % 0.6 X 1x2x9.81 x H? (8.5

= 1417 B2,
Problem 8.4 Find the discharge over a triangular notch of angle 60° when the head over the
V-notch is 0.3 m. Assume C,; = 0.6.
Solution. Given :

Angle of V-notch, ' 8°=60°
Head over notch, H =03m
C, =06

Discharge, O over a V-notch is given by equation (8.2)

0 =%><Cdxlangx 2g X H?

= % X 0.6 tan ? X 2 x981 %.(0.3)°?

= 0.8182 x 0.0493 = 0.040 m”/s. Ans.
Problem 8.5 Water flows over a rectangular weir I m wide at a depth of 150 mm and afterwards
passes through a triangular right-angled weir. Taking C, for the rectangular and triangular weir as
0.62 and 0.59 respectively, find the depth over the triangular weir.
(Osmania University, 1990 ; AM.LE., Winter, 1975)
Solution. Given :

For rectangular weir. length, L =1m
Depth of water, ~ H =150mm=0.15m
C,; =0.62
For triangular weir, 8 =90°
C,; =059
~ Let depth over triangular weir = H,

. The discharge over the rectangular weir 1s given by equation (8.1) anned by Fahid
PDF created by AAZSwapnil
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X Cyx LXx .J—fg"xH

(3]

=5 x0.62x10 x 2% 981 x (.15)** m¥s = 0.10635 m’/s

The same discharge passes through the triangular right-angled weir. But discharge, O, is given by
equation (8.2) for a triangular weir as

_Q:_%><Cdxtemg-x,[gxﬂﬁ‘rz

0.10635 = TS-S- X .59 X tan % x2g xH? . {~0=90°and H=H,}

= -:55— x .59 x 1 X 4.429 x H,”? = 1.3936 H,*?

H]m 3 0.10635
1.3936 R i

Gt i H=OTER1NE 03512 MeAms. - il 0 R
Problem 8.5A Water flows through a triangular right-angled weir first and then over a rectangu-
lar weir of 1 m width. The discharge co-efficients of the triangular and rectangular weirs are 0.6 and.
0.7 respectively. If the depth of water over the triangular weir is 360 mm, find the depth of water over

=(.07631

the rectangular weir. (A.M.LE., Summer, 1990)

Solution. Given :
For triangular weir ~ : 6 =90° C,;=0.6, H=360mm=0.36 m
For rectangular weir : L=1m,C,c0d:H=2
The discharge for a triangular weir is given by equation (8.2) as

8 0 S 5/2

0=— xCdxtan-—x\/Z_g X H
15 2
8

R i 0.6 X tan (%] x 2% 981 x (0.36)°% = 0.1102 m*/s.

The same discharge is passing through the rectangular weir. But discharge for a rectangular weir is
given by equation (8.1) as

Q=%xCdex 2g x H*"?

or 0.1102 :% x0.7% 1% J2%x981 x H? =2.067 H"
or g2 2 Q02 2 o533
2.067

H = (0.0533)%° = 0.1415 m = 141.5 mm. Ans.
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Problem 8.6 A rectangular channel 2.0 m wide has a discharge of 250 litres per second, which is
measured by a right-angled V-notch weir. Find the position of the apex of the notch from the bed of
the channel if maximum depth of water is not to exceed 1.3 m. Take C; = 0.62.

Solution. Given :

Width of rectangular channel, L =2.0 m

Discharge, Q =250 lit/s = 0.25 m%/s

Depth of water in channel =1.3 m
Let the height of water over V-notch = H
The rate of flow through V-notch is given by equation (8.2) as

8
Q:ExCdx@xtang x H"
where C, e
Q:%x.&xMxtan ?;?-xHﬁ—’

or 0.25 = % X .62x4.429 x 1 x H"?
or P = -—2& =0.1707
8% .62 x 4.429

3 H = (.1707)*° = ((1707)%% = 0.493 m
Posmon of apex of the notch from the bed of channel
= depth of water in channel-height of water over V-notch
=1.3-.493 = 0.807 m. Ans.

» 8.5 ADVANTAGES OF TRIANGULAR NOTCH OR WEIR OVER RECTANG ULAR
NOTCH OR WEIR

A triangular hotch or weir is preferred to a rectangular weir or notch due to following reasons :

1. The expression for discharge for a right-angled V-notch or weir is very simple.

2. For measuring low discharge, a triangular notch gives more accurate results than a rectangular
notch.

3. In case of triangular notch, only one reading, i.e., (H) is required for the computa:mn of dis-
charge.

4. Ventilation of a triangular notch is not necessary,

» 8.6 DISCHARGE OVER A TRAPEZOIDAL NOTCH OR WEIR

As shown in Fig. 8.4, a trapezoidal notch or weir is a com-
bination of a rectangular and triangular notch or weir. Thus
the total discharge will be equal to the sum of discharge
through a rectangular weir or notch and discharge through a
triangular notch or weir.

Let H =Height of water over the notch

L =Length of the crest of the notch ycagme.
. ;) lg i" red eza g‘gﬁ%‘gpml
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G4, = Co-efficient or discharge for rectangular portion ABCD of Fig. 8.4.
Cd2 = Co-efficient of discharge for triangular portion [FAD and BCE]
The-discharge through rectangular portion ABCD is given by (8.1)
o o :
or Q,=§><Cdle><\/'2g xR

The discharge through two triangular notches FDA and BCE is equal to the discharge through a
single triangular notch of angle 6 and it is given by equation (8.2) as

8 0 52

=—XC, Xtan— X ,2¢ x H
Lo~ < o XL X V22

Discharge through trapezoidal notch or weir FDCEF = Q, + 0,

e % Cy L2z xH? + % Cy,Xtan /2% \2g x 2. (8.4)

Problem 8.7  Find the discharge through a trapezoidal notch which is I m wide at the top and 0.40
m at the bottom and is 30 cm in height. The head of water on the notch is 20 cm. Assume C 2 Jor
rectangular portion as = 0.62 while for triangular portion = 0.60,

Solution. Given -

Top width, AE=1m

Base width, CD=L=04m
Head of water, H=0.20m
For rectangular portion, Cq, = 0.62

For triangular portion, Cq, = 0.60

From AABC, we have

on 0o AB_(AE-CD)12
2 S RES H"

_(1.0-04)/2 506/2 03
e 0P e 0B D B
Discharge through trapezoidal notch is given by equation (8.4)

2 8 0
e=- Cy X Lx \2g x H* + 15 Ca X tan —x\[2¢ x H"

= % X 0.62x0.4 x ,[2 X981 x (0.2)°? + % % .60 1% ,/2x981 x (0.2)*?
=0.06549 + 0.02535 = 0.09084 m*/s = 90.84 litres/s. Ans.

» 8.7 DISCHARGE OVER A STEPPED NOTCH

A stepped notch is a combination of rectangular notches. The discharge through stepped notch is
equal to the sum of the discharges through the different rectangular notches.
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Consider a stepped notch as shown in Fig. 8.6. BN Qe
Let H,; = Height of water above the crest of notch (1), Hi —== -_—__—__—__—__®—__—__—__—_—_—_: - —«E T T
L, = Length of notch I, AT T @ E H,
H,, L, and Hy, L, are corresponding values for notches 2 f Y Ol % i—'“
and 3 respectively. ; :Lw«wmmg
C, = Co-efficient of discharge for all notches - B |"_L b :
Total discharge O = Q, + Q, + 0, i iy fize
! ! |
B 0 :% X CyxX Ly X |28 [H, 2 - H,) Fig. 8.6 The stepped notch.
+ :% Cyx Ly x \[2g [Hy" - Hy#) + % C,xLyx |2g x Hy". -(8:5)
Problem 8.8 Fig. 8.7 shows a stepped notch. Find the discharge through the notch if C, for all
section = 0.62. ; ] L O
Solution. Given : S T —1—:_::F_:35_:_:_:_:_: ————
L, =40 cm, L, =80 cm, 51’“ N
Ly=120cm : 30 cm a l 2y E
H, =50+30+15=95cm, 15 cm RION’
H, =80 cm, Hy = 50 cm, 40 o’
i 3 == E0 cm=="1
Cd=0.62 et 20fcm —
Total discharge, 0 = Q, + O, + 04 Fig. 8.7

- 2. -
where 0, = 35 XCyxL;X\2¢g [H 25— H 7

e % % 0.62 x40 x /2% 981 x [95°2 - 80*%)
= 732.26[925.94 — 715.54] = 154067 cm’/s = 154.067 lit/s

QI:%xCdezx 28 % [H, % =H

= % % 0.62 X 80 x /2% 981 x [80*%-50%%
= 1464.52[715.54 — 353.55] cm’/s = 530141 cm’/s = 530.144 lit/s

and 0=

(PSR

- 312
X G % DR D

=2 %0.62x120x J2x981 x50¥%=776771 cm’/s = 776.771 lit/s

LS [ B8]

0=0,+0,+0,=154.067 + 530.144 + 776.771

= 1460.98 lit/s. Ans. scanned by Fahid
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» 8.8 EFFECT ON DISCHARGE OVER A NOTCH OR WEIR DUE TO ERROR IN
THE MEASUREMENT OF HEAD

For an accurate value of the discharge over a weir or notch, an accurate measurement of head over the
weir or notch is very essential as the dlscharge over a triangular notch is prOportlonal to H>"*and in case
of rectangular notch it is proportional to H*2. A small error in the measurement of head, will affect the
discharge considerably. The following cases of error in the measurement of head will be considered :

(i) For Rectangular Weir or Notch.

(if) For Triangular Weir or Notch.

8.8.1 For Rectangular Weir or Notch. The discharge for a rectangular weir or notch is given
by equation (8.1) as

Q=%xCdex,32g CH
e =KH3-’2 ; : .“(l')
whereK:%CdexﬁE

D;f{crcntlatmg the above equdnon we get

3 an 2
dQ=K X 5 H""dH ..(ft)

K x> x HY2dH
e oD @0 & v s S 8.6
ividing (if) by (1), 0 X T ...(8.6)
Equation (8.6) shows that an error of 1% in measuring H will produce 1.5% error in discharge over

a rectangular weir or notch.
8.8.2 For Triangular Weir or Notch. The discharge over atriangular weir or notch is given by
equation (8.2) as
8 0
Q=— C, tan —.,2g x H*"
15 2
= KPS ...(iif)
8 0 —
where K= — C,. tan — (2
15 4 2 \[ 8
Differentiating equation (iii), we get

d0=K % HY? x dH )

N5 g
Dividing (iv) by (iii), we get L KE 3 P
iii), w — == — ——
g Y g 0 KHs;z 2 H
Equation (8.7) shows that an error of 1% in measuring H will produce 2.5% error in discharge over
a triangular weir or notch.

..(8.7)
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Problem 8.9 A rectangular notch 40 cm long is used for measuring a discharge of 30 litres per
second. An error of 1.5 mm wars made, while measuring the head over the notch. Calculate the
percentage error in the discharge. Take C, = 0.60.

Solution. Given :

Length of notch, L =40cm

Discharge, 0 = 30 lit/s = 30,000 cm?/s

Error in head, dH=15mm=0.15cm
C,;=0.60

Let the height of water over rectangular notch = H
The discharge through a rectangular notch is given by (8.1)

or Q=%><Cd><;[.><,/ﬂ><HM
or 30,000 = % x 0.60 x 40 x \[2 X981 x H*?
o Hy: 2 3 x 30000 —42.33

2 % .60 x 40 X /2 x 981

=(42.33)"* = 12.16 cm
Using equation (8.6), we get
dg 3dd _3 0I5

2 x —>=0.0185 = 1.85%. Ans.
0.2 H:-2 1216

Problem 8.10 A right-angled V- notch is used for measuring a discharge of 30 litres/s. An error of
1.5 mm was made while measuring the head over the notch. Calculate the percentage error in the
discharge. Take C;= 0.62.

Solution. Given :

Angle of V-notch, 8 =90°

Discharge, 0 = 30 lit/s = 30000 cm’/s

Error in head, dH=15mm=0.15cm
;= 0 62

Let the head over the V-notch = -
The discharge Q through a tnangular notch is gwen by equation (8.2)

Q—%Cd Ian—x,.l' g X H"?

or 30000 = % % 0.62 X tan (-9-2—] x [2x981 x H?

= % % 62 % 1 x44.29 x H*"?

52 30000 x 15
8 x.62 x44.29

H = (2048.44) = 21.11 cm

= 2048 .44
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Using equation (8.7), we get :
BHgpias 0.5

_.Q. = _ﬂ =25x%
51y ¢ QS 2111
Problem 8.11 The head of water over a triangular notch of angle 60° is 50 cm and co-efficient of
discharge is 0.62. The flow measured by it is to be within an accuracy of 1.5% up or down. Find the

=0.01776 = 1.77%. Ans.

limiting values of the head. ‘
Solution. Given : .
Angle of V-notch 6 = 60°
Head of water, H=50cm
C,;=0.62
a0

—= =+15%=%x0.015
0
The discharge O over a triangular notch is

8 0 s
=—C,J2g tan — H
Q 15 d 8 9 -

- % % 0.62 % /2 x 981 x :ari'f’-g— x (50)°2

: = 14.64 x 0.5773 x 17677.67 = 149405.86 cm?/s
Now applying equation (8.7), we get

"

9020 ol s s g WL IS
Q 2 H Hettrogy 5
5 .
dHZi'O—l--XHZiEX,‘sU:iO‘S
L 2.5

The limiting values of the head

=H+dH=50+0.3=503cm,49.7 cm
= 50.3 cm and 49.7 cm.*Ans.

> 8.9.(a) TIME REQUIRED TO EMPTY A RESERVOIR OR A TANK WITH A
RECTANGULAR WEIR OR NOTCH

Consider a reservoir or tank of uniform cross-sectional area A. A rectangular weir or notch is pro-
vided in one of its sides.

Let L = Length of crest of the weir or notch
C,4 = Co-efficient of discharge
H | = Initial height of liquid above the crest of notch
H, = Final height of liquid above the crest of notch

T’ = Time required in seconds to lower the height of liquid from H, to H,.
Letat any instant, the height of liquid surface above the crest of weir or notch be h and in a small time
dT, let the liquid surface falls by ‘dh’. Then,
—Adh=Q xdT
~ve sign is taken as with the increase of T, /i decreases.
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-

i But Q:%CAXLX.V@-XFIMZ

: i

: 5 o
~Adh = % CyxLx \2g .k xdT or dT = Adh

EC,, x Lx2g x B*"*

The total time T is obtained by integrating the above equation between the limits H, to H,.

T H =
: ‘[ ar=[" - Adh
0 H, _3 C, x Lx 28 % R
[ i
= H, 5 _3A h—-'.”2+]
818 e h"* dh = = 3
= ¢, xLx42g Hy 26 B2l 2
3 7 2 H,
H,
St FE ISR (_ 2 J [ S
o B A 2C, xLx\2g\ 1)| VR |y
2 1y
3A 1 1 .
= s = : ..(8.8)
C JLxkJig L!H—z JHI]

-(b) - TIME REQUIRED TO EMPTY A RESERVOIR OR A TANK WITH A TRIANGULAR
WEIR OR NOTCH 5

Consider a l:eservoir or tank of uniform cross-sectional area A, having a triangular weir or notch in
one of its sides. =
Let 6 = Angle of the notch
C, = Co-efficient of discharge
H, = Initial height of liquid above the apex of notch
H, = Final height of liquid above the apex of notch
T = Time required in seconds, to lower the height from H, to H, above the apex of the notch.
Let at any instant, the height of liquid surface above the apex of weir or notch be 4 and in a small time
dT, let the liquid surface falls by ‘dh’. Then
—Adh =Q xdT
—ve sign is taken, as with the increase of T, h decreases.
And Q for a triangular notch is '

Q:%xcdxtan g,izg x b

512
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dT = Adh

8 0 542
— XC,xtan —X /2g X h™""
i5624 Bipyaes

The total time 7 is obtained by integrating the above equation between the limits H, to H,.

J AT = J'”: -Ah
Cd Ahsel J_ B2

or = e A J B2 dn

%Cdx{an—x,ﬂ

~15A e

SxCdxtanE’x,JZg =2
2 2 |y ;

5A 1 1
E ) [H P RTEIp) ] ~(8.9)
4><Cdxtan5x,;"23 2 !

Problem 8.12 Find the time required to lower the water level from 3 m to 2 m in a reservoir of
dimension 80 m x 80 m, by a rectangular notch of length 1.5 m. Take C, = 0.62.
Solution. Given :

Initial height of water, H,=3m

—15A 2 1 7%
= 2 hafz
8x Cd X tap — X J_ ,

Final height of water, H,=2m
Dimension of reservoir = 80 m x 80 m
or Area, A = 80 x 80 = 6400 m’
Length of notch, : L=15m,C,;=0.62
Using thé relation given by the equation (8.8)
b 34 Ll '
C,xLx2g|H, .H
iy 3 x 6400 1 1
062x15x,2%x 981 [V2 3

=4661.35 [0.7071 — 0.5773] seconds

= 605.04 seconds = 10 min 5 sec. Ans.
Problem 8.13 Ifin problem 8.12, instead of a rectangular notch, a right-angled V-notch is used,
Jfind the time required. Take all other data same.
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Solution. Given :

Angle of notch, 6 =90°
Initial height of water, Hy=3m
Final height of water, H,=2m
Area of reservoir, A =80 x 80 = 6400 m”
Cd =0.62
Using the relation given by equation (8.9)
by 54 { 1 1 ]
T 32 gy 32
4xC, Xtan g-x,ﬂg H, Hy
5 % 6400 1 1 = =
¥ S B s
4 x.62 x tan? X 4/2 x9.81
1 1
28284 51961

=2913.34 [0.3535 — 0.1924] seconds
= 469.33 seconds = 7 min 49.33 sec. Ans.
Problem 8.14 A nghr-ang.’ed V-notch is inserted in the side of a tank of length 4 m and width 2.5 m.
Initial height of water above the apex of the notch is 30 cm. Find the height of water above the apex if
the time required to lower the head in tank from 30 cm to final height is 3 minutes. Take C,; = 0.60.
Solution. Given :

Angle of notch, 8 =90° _

Area of tank, A = Length X width = 4 x 2.5 = 10.0 m*

Initial height of water, H =30cm=03m

Time, T =3 min = 3 x 60 = 180 seconds
C,=0.60

Let the final height of water above the apex of notch = H,
Using the relation given by equation (8.9)

a0 5A { 1 1 }
7z 32
4xCdxtan~—xﬁ;‘ H, :F
5x10 1 1
180 = [H3f2 = © 3)3;2 }
2 ;

4 x.60 x wn(_%{)) X /2 %98l

- 50 v
4x.60x1x4.429| H, (03)1’”

= Pl :180x4x0.60x4.429:38_266_

H:l's 03].:" 50
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or ' H%—ﬁoass_%szse

'H = 36.266 + 6.0858 = 42.35 or H,'” =
Hy’

: — = 0.0236
42.35

H, = (.0236)"'" = (0.0236).°" = 0.0822 m = 8.22 cm. Ans.

» 8.10 VELOCITY OF APPROACH -

Velocity of approach is defined as the velocity with which the water approaches or reaches the weir
or notch before it flows over it. Thus if V, is the velocity of approach, then an additional head h, equal

2

to Z—“ due to velocity of approach, is acting on the water flowing over the notch. Then initial height of
8

water over the notch becomes (H+ h,) and final hei ght bccomes equal to h,. Then all the formulae are
changed taking into consideration of velocity of approach.

The velocity of approach, V,, is determined by finding the discharge over the notch or weir neglecting
velocity of approach. Then dividing the discharge by the cross-sectional area of the channel on the
upstream side of the weir or notch, the velogity of approach is obtained. Mathematically,

0

& Area of channel :

V,’ : :
2 |. Again the discharge is
28

This velocity of approach is used to find an additional head (ha =

calculated and above process is repeated for more accurate discharge.
Discharge over a rectangular weir, with velocity of approach

it o
=5 CaxLx V22 [(H, +h)2-n2? ..(8.10)

Problem 8.15 Water is flowing in a rectangular channel of I m wide and 0.75 m deep. Find the
discharge over a rectangular weir of crest length 60 cm if the head of water over the crest of weir is
20 cm and water from channel flows over the weir. Take C; = 0.62. Neglect end contractions. Take
velocity of approach into consideration.

Solution. Given :

Area of channel, A = Width x depth = 1.0 x 0.75 = 0.75 m
Length of weir, L=60cm=0.6m
Head of water, H =20cm=02m

C,=062

Discharge over a rectangular weir without velocity of approach is given by

0=2= CyxLx \2g xH>"?

Wi Wl

X 0.62 % 0.6 X [2%981 x(0.2)"* m¥s
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= 1.098 x 0.0894 = 0.0982 m*/s

2
Velocity of approach, V= L a0By 0.1309 m/s
A 095
2 , .
.. Additional head, h,= 2" = (.1309)7/2 x 9.81 = .0008733 m
g .

Then discharge with velocity of approach is given by equation (8.10)

0= % x Cyx L X 28 [(Hy+h)*>=h7]

= % % 0.62 % 0.6 X J2x981 [(0.2 +.00087)*% - (.00087)*?]

= 1.098 [0.09002— .00002566]
= 1.098 x 0.09017 = .09881 m*/s. Ans.

| Problem 8.16 Find the discharge over a rectangular weir of length 100 m. The head of water over
the weir is 1.5 m. The velocity of approach is given as 0.5 m/s. Take C,4 = 0.60.
Solution. Given :

Length of weir, L=100m
Head of water, H =15m
Velocity of approach, V,=0.5m/s
C,=0.60
2
. Additional head, AR UL R T

4505 F 2 08]

The discharge, Q over a rectangular weir due to velocity of approach is given by equation (8.10)

0= % x Cyx Lx 2g [(Hy +h)2 = h, ]

1]

% % 0.6 % 100 X (2981 [(1.5+ .0127)"2 - 0127°7]

177.16 [ 1.5127°2 — 0127%3
=177.16 [1.8605 — .00143] = 329.35 m’/s. Ans.

Problem 8.17 A rectangular weir of crest length 50 cm is used to measure the rate of flow of water
in a rectangular channel of 80 cm wide and 70 cm deep. Determine the discharge in the channel if the
water level is 80 mm above the crest of weir. Take velocity of approach into consideration and value
of C; = 0.62. ;

Solution. Given :

It

Length of weir, L=50cm=0.5m
Area of channel, A = Width x depth = 80 cm x 70 cm = 0.80 % 0.70 = 0.56 m’ -
Head over weir, - H=80mm=0.08 m
; C,=0.62
The discharge over a rectangular weir without velocity of approach is given by equation (8.1)
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Q=%xC‘dex\/E x H??

= 2 0,62 0.5 X JZXO8T x (008)"2 s

=0.9153 x .0226 = .0207 m?/s

‘ Q 0207
Velocity of V,====—— =.0369 m/
elocity of approach, e T pE e m/s
Head due to V/, hy =V (G360) 0000697
€a ue to y 1. = = =. m
; : ES AR SR

Discharge with velocity of approach is

a2
0= 3 C,x Lx2g [(H, + h)*-h>"7) po g ,

= 2 X062 05 x JZX98T ((08 +.0000697)* - .0000697*"]

=0.9153 x [.0800697" =.0000697"] e

= 9153 [.02265 - .000000582] = 0.2073 m’/s. Ans.
Problem 8.18 A suppressed rectangular weir is constructed across a channel of 0.77 m width with
a head of 0.39 m and the crest 0.6 m above the bed of the channel. Estimate the discharge over it.

Consider velocity of approach and assume C,; = 0.623. (A.M.LE., Summer, 1988)
Solution. Given : :
Width of channel, b=0.77Tm
Head over weir, H=039m
Height of crest from bed of channel = 0.6 m
Depth of channel =0.640.39=099
Value of - C,;=0.623

Suppressed weir means that the width of channel is equal to width of weir i.e., there is no end

contraction.
Width of channel = Width of weir=0.77 m

Now area of channel, A = Width of channel x Depth of channel
=0.77 x 0.99
The discharge over a rectangular weir without velocity of approach is given by equation (8.1),
Q=%xCdxbx,[2—ngm _ (+ Hereb=1L)
5

== % 0.623 x 0.77 % /2 x 9.81 x 0.39** = 0.345 m’/s

0 E Lot =0.4526 m/s
Area of channel 0.77 x 0.99

Now velocity of approach, V, =

Head due to velocity of approach,
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V2 0.4526°
h, =-*¢ :O (3—:0,0104m
2¢  2x98]

Now the discharge with velocity of approach is given by,

Q= % X Cyxbx \2g [(H+h)"?-n}>?

2
Sad 32 312
3% 0.623 X077 x /2 X981 [(0.39 + 0.0104)*> - (0.0104)*?]
2

3 X 0.623 x 0.77 x 4.43 [0.2533 - 0.00106)

=0.3573 m*/s. Ans.

Problem 8.19 - A sharp crested rectangular weir of 1 m height extends across a rectangular
channel of 3 m width. If the head of water over the weir is 0.45 m, calculate the discharge. Consider

velocity of approach and assume C,;=0.623. (A.M.1LE., Winter, 1987)
Solution. Given : i
Width of channel, b=3m
Height of weir =1lm
Head of water over weir, H =0.45m
Depth of channel = Height of weir + Head of water over weir
=14+045=1.45m
Value of C,=0.623

The discharge over a rectangular weir without velocity of approach is given by equation (8.1) as

Q=%><Cdxbx,/ﬂme = |

= % % 0.623 X 3 x /2 x9.81 x 0.45% = 1.665 m’/s

Now velocity of approach is given by

Q

" Area of channel

W 1.665 _ 1.665
~ Width of channel x Depth of channel 3 x1.45

Head due to velocity of approach is given by,

=0.382 m/s

2

V i 2
ho= s 0983 sy 000
2¢  2x98l

Now the discharge with velocity of approach is given by.

2 o) 2
0= % X Cyxbx \2g [(H+h)**=(h)¥}

== x0.623 X 3 x /2% 981 [(0.45 + 0.0074)"> - (0.0074)*"?
! I Scarmgd by( Fa(;qzd] }

=1.703 m%s. Ans. PDF created by AAZSwapnil
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: > 8.11 EMPIRICAL FORMULAE FOR DISCHARGE OVER RECTANGULAR WEIR

The discharge over a rectangular weir is given by

Bi= -i— Cy ‘fﬁ x L x [H*"*] without velocity of approach ...(i)

? el
= ;Cd J2g XL x [(H + h,)** - h,”] with velocity of approach

: ...(iD)

Equation (i) and (ii) are applicable to the weir of notch for which the crest length is equal to the width
of the channel. This type of weir is called Suppressed weir. But if the weir is not suppressed, the effect
of end contraction will be taken into account,

(@) Francis’s Formula. Francis on the basis of his experiments estab-
lished that end contraction decreases the effective length of the crest of
weir and hence decreases the di.:;éhargc. Each end contraction reduces the
crest length by 0.1 x H, where H is the head over the weir. For a rectangu-
lar weir there are two end contractions only and hence effective length

~ H j' =
=(L—0‘2H) 3 '0.1H—- JIII‘...i.I.IIJI:

- [~0.1H -

“nd 0= :32 xCyx[L-02xH]x J2g H®  Fig.88
If C,=0.623, g = 9.81 m/s, then"
0= % X .623% 2 x981 X [L-02xH] xH"?'
=1.84 [L—-0.2 x HIH? : ..(8.11)
If end contractions are Suppressed then : ;
=1.84 LH"? L (8:12)
If velocity of approach is considered, then .
Q=184 L[(H+h)"?-h .(8.13)

(b) Bazin’s Formula. On the basis of results of a series of experiments, Bazin’s proposed the follow-
ing formula for the discharge over a rectangular weir as

O =mxLRgxH? ...(8.14)

where m = 2 ><Cd—0405+%
3 H

H = height of water over the weir
If velocity of approach is considered, then

Qum, XL X \[2g [(H+h, )3"2] ...(8.15)
.003
(H+h,)
Problem 8.20  The head of water over a reciangular weir is 40 em. The length of the crest of the

weir with end contraction suppressed is 1.5 m. Find the discharge using the following formulae :
(i) Francis's Formula and (ii) Bazin’s Formula.

where m; = 0.405 +
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Solution. Given :
Head of water, H=40cm =0.40 m
Length of weir, E=5m
| (1) Francis’s Formula for end contraction suppressed is given by equation (8.12).
* : O=184LxH"?=184x1.5x(40)*"
=0.6982 m%/s
(ii) Bazin's Formula is given by equation (8.14)

Q=mxLx.2g x H"

where m = (0.405 + @3— =0.405 + _9[_]_3_ =0.4125
H 40

0=.4125x1.5x 2x981 x (4)"
’ =0.6932 m*/s. Ans.

Problem 8.21 A weir 36 metres long is divided into 12 equal bays by vertical posts, each 60 cm
wide. Determine the discharge over the weir if the head over the crest is 1.20 m and velocity of

approach is 2 metres per second. (A.M.LE., Summer, 1978)
Solution. Given :
Length of weir, L,=36m
Number of bays, - =12
For 12 bays, no. of vertical post = 11
Width of each post =60cm=0.6m
Effective length, L=L,-11x06=36-66=294m
" Head on weir, H=120m
Velocity of approach, V,=2m/s
2 st 602
! Head due to V,,, === =0.2038 m
i 2g 2x981
Number of end contraction,n =2 x 12 {Each bay has two end contractions}
=24

Discharge by Francis Formula with end contraction and velocity of approach is
Q=184 [L-0.1xn(H+h)I(H+ h)*" - h>")
=1.84[29.4 — 0.1 x 24(1.20 + .2038)] x [(1.2 + .2038)" — .2038'7)
= 1.84[29.4 - 3.369][1.663 — .092]
=75.246 m%/s. Ans.

Problem 8.22 A discharge of 2000 m'/sis 1o pass over a rectangular weir. The weir is divided into
a number of openings each of span 10 m. If the velocity of approach is 4 m/s, find the mmibm of
openings needed in order the head of water over rh-: crest is not to exceed 2 m.

Solution. Given :

Total discharge, Q = 2000 m'/s
Length of each opening. L=10
Velocity of approach, V,=4m/fs 3 scanned by Fahid
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Head over weir, ; H=2m
Let number of openings =N
Head.due to velocity of approach,
V;  4x4

h,=—= —=0.8[55 m
2¢ 2x938l

For each opening, number of end contractions are two. Heme discharge for each opening considering

velocity of approach is given by Francis Formula

ie., 0 = 1.84{L — 0.1 X 2% (H + h))[(H + h,)"” -
= 1.84[10.0 — 0.2 % (2 + .8155)][2.8155'
17.363[4.7242 - 0.7364] = 69.24 m*/s

Total discharge _ 2000

.. Number f openin = 2
8 QEFANNS Discharg for one opening  69.24

= 28.88 (say 29) = 29. Ans.
» 8.12 CIPOLLETTI WEIR OR NOTCH

Cipolletti weir is a trapezoidal weir, which has side slopes of 1 hori-
zontal to 4 vertical as shown in Fig. 8.9. Thus in AABC,
6 AB H/4 -1

tan = =—=———7=—

BC H 4

9 =tan — = 14°2".
2 4

By giving this slopes to the sides, an increase in discharge through the
triangular portions ABC and DEF of the weir is obtained. If this slope is
not provided the weir would be a rectangular one, and due to end con-
traction, the discharge would decrease. Thus in case of cipolletti weir,
the factor of end contraction is not required which is shown below.

The discharge through a rectangular weir with two end contractions is

ngxcdx(,c-o.zm J2g x H"?

h,
]

.8155"5]

Fig. 8.9 The cipolletti weir.

:%xCdexJz_gHm—%CdXJZg x H"

Thus due to end contraction, the drscharge decreases by —2— Cy %

2g x HZ. This decrease in

discharge can be compcnsated by giving such a slope to the 51des that the dlscharge through two tnangu-

lar portions is equal to ]-S C; % 428 x H*”. Let the slope is given by 6/2. The discharge through a

V-notch of angle 0 is given by
85 C, % 2g xtan 9 pn
15 2
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8 i
Thus i X Cy% 4/2g xtan g H"? = = X Cyx 23 XHW
# tan—e~=—xl—5:l or 0/2= n_!l=l4°2'.
205 B4 4

Thus discharge through cipolletti weir is

Q= % XC XL X2 H ...(8.16)
If velocity of approach, V, is to be taken into consideration,
0= % X Cyx L x \[2g [(H+h)* - h,"] (8.17)

Problem 8.23  Find the discharge over a cipolletti weir of length 2.0 m when the head over the
weir is | m. Take C,; = 0.62. '
Solution. Given:

Length of weir, L=20m
Head over weir, H=10m ¢

Using equation (8.16), the discharge is given as

Q:%'xcdxi_x 2% x H*

=% % 0.62 % 2.0 % /2 X981

Problem 8.24 A cipolletti weir of crest length 60 em discharges water. The head of water over the
weir is 360 mm. Find the discharge over the weir if the channel is 80 cm wide and 50 cm deep. Take
C, = 0.60.

Solution. Given :

x (1)* = 3.661 m?/s. Ans.

: C4=0.60
Length of weir, L=60cm=0.60m
Head of water, H =360 mm = 0.36 m
Channel width =80cm=0.80 m
Channel depth =50cm =0.50 m

A = cross-sectional area of channel =0.8 x 0.5 = 0.4 m?

To find velocity of approach, first determine discharge over the weir as

Q:%cdex\[zExH?’”

The velocity of approach, V, = —

2
0= §x060x060x,f2x98]><(U36]3’r‘mfs—02'?96m!s
2
V, =220 SnsThmis
: 0.40
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Head due to velocity of approach,

h,=V.22g = 0519 v otes
2% 9381

Thus the discharge is given by equation (8.17) as

0= % X CyXL X2 [(H+hp'? = b \7]

. % X 0.60 % .6x J2x 981 [(.36 +.0168)" — (.0168)"]
= 1.06296 x 2313 - .002177] = 0.2435 ms. Ans.
> 8.13 DISCHARGE OVER A BROAD-CRESTED WEIR
A weir having a wide crest is known as broad-crested weir.

Let H = height of water, above the crest
L = length of the crest

= TR
L -

R

&

Fig. 8.10 Broad-crested weir.

If 2L > H, the weir is called broad crested weir
If 2L < H, the weir is called a narrow crested weir
Fig. 8.10 shows a broad-crested weir.
Let h = head of water at the middle of weir which is-constant
v = velocity of flow over the weir
Applying Bernoulli’s equation to the still water surface on the upstream side and running water at the

end of weir,
2

.6+0+H=0+;—+h

v=.2g(H-h)

The discharge over weir Q = C, x Area of flow X Velocity

=CyXLXhx.2g(H-h)

= Cyx Lx J2¢ (HH? - i | (8.18)
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The discharge will be maximum, if (Hh? - k%) is maximum

or % (Hh = K)=00r2h x H—3hk>=0o0r 2H = 34
an
e
&}

0, Will be obtained by substituting this value of h in equation (8.18) as

[ 5 7
2 2
Qma.\':Ca'XLX\;?.g[HX(EH] _(EHJ]

= Grxdox \@Jngtz —%Hs

i RS T faz-s)n*
S PR e s T B T e e
d V=8 gt 27 d 4 27

4‘ 7
=C, xLx |28 EH%‘ =CyxLx \[2g x0.3849 x H*"?

3849 x (2 x 981 x C;x Lx H =1.7047 x C; x L x H*"?
1.705 x C,x L x H*?. ...(8.19)

> 8.14 DISCHARGE OVER A NARROW-CRESTED WEIR

For a narrow-crested weir, 2L < H. It is similar to a rectangular weir or notch hence, Q is given by

o= % X Cyx L X Jﬂ < g2 ...(8.20)

» 8.15 DISCHARGE OVER AN OGEE WEIR

Fig. 8.15 shows an Ogee weir, in which the crest of the weir rises
up to maximum height of 0.115 X H (where H is the height of water
zbove inlet of the weir) and then falls as shown in Fig. 8.11. The
discharge for an Ogee weir is the same as that of a rectangular weir,
and it is given by

Q:% C,x Lx g x H”? .(821)

Fig. 8.11 An Ogee weir.
»>8.16 DISCHARGE OVER SUBMERGED OR DROWNED WEIR

When the water level on the downstream side of a weir is above the crest of the weir, then the weir is
called to be a submerged or drowned weir. Fig. 8.12 shows a submerged weir. The total discharge, over
the weir is obtained by dividing the weir into two parts. The portion between upstream and downstream
water surface may be treated as free weir and portion between downstream water surface and crest of
weir as a drowned weir. _ scanned by Fahid
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Fig. 8.12 Submerged weir.

Let H = height of water on the upstream of the weir
h =height of water on the downstream side of the weir

Then Q, = discharge over upper portion
? 2
=§ X Cy X LX \2g [H=h]*"

0, =discharge through drowned portion
= C,. X Area of flow x Velocity of flow

=Cy. XLXhX2¢(H - h)

. Total discharge, 0=0,+0,

2
=3 Ca XLx\2g [H-hP?+ C; xLxhx \2g(H —h). ..(8.22)

Problem 8.25 (a) A broad crested weir of 50 m length, has 50 cm height of water above its crest.
Find the maximum discharge. Take C, = 0.60. Neglect velocity of approach. (b) If the velocity of
approach is to be taken mro consideration, find the maximum discharge when the channel has a
cross-sectional area of 50 m* on the upstream side.

Solution. Given :

Length of weir, L=50m
Head of water, H=50cm=0.5m
=0.60

(i) Neglecting velocity of approach. Maximum discharge is given by equation (8.19) as
Opmax = 1.705 X C; x L x H*?
= 1.705 X 0.60 X 50 x (.5)*? = 18.084 m°/s. Ans.
(i) Takmg velocity of approach into consideration

Area of ¢hannel, A=50m’
Velocity of approach, V.= g — 2908 L =0.36 m/s
A 50
V2 036x.
. Head due toV,, hipi=tt = M = .0066 m

ST T
Maximum discharge, Q.. is given by
Q=) FOSXCix L IGH .+ b Y7 = 57

= 1.705 x 0.6 X 50 x [(.50 + 0066)1§Cﬂ(1m’615f’>’}Fah1d
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= 51.15[0.3605 ~ .000536] = 18. 412 m’/s. Ans.

Problem 8.26 An Ogee weir 5 metres long has a head of 40 cm of water. If Cy4 = 0.6, fnd fhe
discharge over the weir.

Solution. Given :

Length of weir, L=5m
Head of water, H=40cm=040m
C,=0.6

Discharge over Ogee weir is given by equation (8.21) as

Q-—_%xcdx[,x 23 xﬁm

% % 0.60 % 5.0 X /2 x 9.81 x (0.4)** = 2.2409 m’/s. Ans.

Problem 8.27 The heights of water on the upstream and downstream side of a submerged weir of
3 m length are 20 cm and 10 cm respectively. If C, for free and drowned portions are 0.6 and 0.8
respectively, find the discharge over the weir.
Solution. Given :.
— Height of water on upstream suie, H=20cm=0.20m
Height of water on downstream side, A=10cm=0.10m

Length of weir, L=3m
Cy =06
C, =038

Total discharge Q is the sum of discharge through free portion and dlscharoe through the drowned
portion. This is given by equation (8.22) as

2 2
0= gq,l X Lx J2g [H-h"?+ Cy X LXhX \/2g(H—h)
:%x0.6x3x1/2><9.81 [20—.10]" +0.8x 3 x.10x y2x 981 (2~ 1)

=0.168 + 0.336 = 0.504 m’/s. Ans.

HIGHLIGHTS

1. A notch is a device used for measuring the rate of flow of a llqmd Lhrough a smali channel A weir is a
concrete or masonary structure placcd in the open channel over whlch the flow occurs S J
2. The discharge through a rectangular notch Or weir is gwen by’&

Q~—c ><L><H3"2 '

where C; = Co efficient of dlSChal’ge
. L = Lengthof notch or weir, o :
H = Head of water over the notch or weir. A S s
3. The discharge over a triangular notch or weir is given by

8 0 5
=2 C tan 2 x J2g xH
07 15 PR SNE

where 8 = total angle of triangular notch.
scanned by Fahid
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4. The discharge through a trapezoidal notch or weir is equal to the sum of discharge through a rectangular
notch and the discharge through a triangular notch. It is given as

2 8 —
0=~ Cy XLxH"?+ —0C,; xtan EJ-cﬁg x B2
im sl 15 et 2
where Cd, = co-efficient of discharge for rectangular notch,

C,, = co-efficient of discharge for triangular notch,

/2 = slope of the side of trapezoidal notch.
5. The error in discharge due to the error in the measurement of head over a rectangular and triangular notch
or weir is given by :

dH
49 = 4 —...... For a rectangular weir or notch
O 21
5 dH : :
= —2- _E ... For a triangular weir or notch

Wwhere O = discharge through rectangular or triangular notch or weir
H = head over the notch or weir.
6. The time required to empty a reservoir or a tank by a rectangular or a triangular notch is given by

H= 2 I: : L By a rectangular notch
C,Ly2g | JH, H,
S5A 1 1
e e -.. By a triangular notch
372 372 y g
4C, tan g X+f2g [HZ Hj } z

____where . A =cross-sectional area of a tank or a TESErvoir
H, = initial height of liquid above the crest or apex of notch

=5 H; = final height of liquid above the crestorapex of notch:- ETE : =
7. The velocity with which the water approaches the weir or notch is called the velocity of approach. It is
denoted by V,, and is given by : :

Vi Discharge over the notch or weir
Cross - sectiona area of channel

8. The head due,to velocity of approach is givenbyh, = E"—
. PRARn

9. Discharge over a rectangular weir, with velocity of q’ppmach,

0= % Col 28 [ + 1)~ .27

10. Francis's Formula for a rectangular weir is given by

0 =184[L-0.2 H] H"? ... For two end contractions
=184 L H*? .. If end contractions are suppressed
= 1.84 L [(H+h)? - n 7 - If velocity of approach is considered

where L = length of weir, -/
H = height of water above the crest of the weir,
h, = head due to velocity of approach.

11. Bazin’s Formula for discharge over a rectangular weir, scanned by Fahid
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| ! 2 -

P

Q=mL \|'2gH3”_ : ... without velocity of approach
=mL J"_ [(H+ k)™ / ... with velocity of approach
2 003 : : ) haies
where m= 3 C,;=0.405 + o ... without velocity of approach
.003
=0.405 + (IT;(.) : ... with velocity of approach.

12. A trapezoidal weir, with side slope or 1 horizontal to 4 vertical. is called Cipolletti weir. The discharge
through Cipolletti weir is given by

-~

2 . !
Q=— Cﬂ. xLx|2g Ha,rz ' ... without velocity of approach
_2
=3 CyxLx J2g [(H+h )3"2 h2A ... with velocity of approach.

13. The dlscharge over a Broad- crcqtcd weir is given by,

0=CL g (Hh -1

where H “height of water, above the crest —_— P o
_h-= head-of water-at the middle of the weir. whlch is. conslant e i
L = length of the weir.

14. The condition for maximum discharge over a Board-crested weir is h =

and maximum discharge is given by @, .. = 1.705 C, L HY

: 2
15. The discharge over an Ogee weir is given by Q@ = & C,L % |28 x H",

16. The discharge over sub-merged or drowned weir is given by
Q = discharge over upper portion + discharge through downed portion

2 —
= 5 Cy Lhx 28 (H=h*?+ C, Lhx \[2g (H-h)

where  H = height of water on the upstream side of the weir,
h = height of water on thedownstream side of the weir.

EXERCISE 8

(A) THEORETICAL PROBLEMS

1. Define the terms : notch, weir, nappe and crest.

How are the weirs and notches classified ?

Find an expression for the discharge over a rectangular weir in terms of head of water over the crest of
the weir.

4. Prove that the discharge through a triangular notch or weir is given by

1

8
U= C,,Vl*m—x,fzg H"?

where H = head of water over the notch or weir
0 = angle of notch or weir.
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o

What are the advantages of triangular notch or weir over rectangular notch ?

6. Prove that the error in discharge due to the error in the measurement of head over a rectangular notch is
given by =
i dQ 3 dH
o aH

where Q@ = discharge through rectangular notch
and  H =head over the rectangular notch.

7. Find an expression for the time required to empty a tank of area of cross-section A, with a rectangular
notch, .

8. What do you understand by “Velocity of Approach’ ? Find an expression for the discharge overa rectangu-
lar weir with velocity of approach.

9. Define ‘end contraction’ of a weir. What is the effect of end contraction on the discharge through a weir ?

10. What is a Cipolletti Weir ? Prove that the discharge through Cipolletti weir is given by

2
Q=% C.L 23 H"

where L = length of weir, and H = head of water over weir.

11. Differentiate between Broad-crested weir and Narrow-crested weir. Find the condition for maximum dis-

. charge over a Broad-crested weir and hence derive an expression for maximum discharge over a broad-

crested weir. ¢

12. What do you mean by a drowned weir ? How will you determine the discharge for the downed weir ?

13. Discuss “end contraction’ of a weir. (A-M.LE., Summer, 1987)

14. State the different devices that can be used to measure the discharge through a pipe also through an open
channel, Describe one of such devices with a neat sketch and explain how one can obtain the actual dis-
charge with its help. (AM.LE., Summer, 1992)

15. What is the difference between a notch and a weir 9

16. Define velocity of approach. How does the velocity of approach affect the discharge over a weir ?

(B) NUMERICAL PROBLEMS

1. Find the discharge of water flowing over rectangular notch of 3 m length when the constant head of water
over the notch is 40 cm. Take C, = 0.6. [Ans. 1.344 m’/s]
2. Determine the height of a rectangular weir of length 5 m to be built across a rectangular channel, The
maximum depth of water on the upstream side of the weir is 1.5 m and discharge is 1.5 m® per second.

Take C, = 0.6 and neglect end contractions. [Ans. 1.194 m]
3. Find the discharge over a triangular notch of angle 60° when the head over the triangular notch is 0.20 m.
Take C, = 0.6. [Ans. 0.0164 m%/s]

4. A rectangular channel 1.5 m wide has a discharge of 200 litres per second, which is measured by a right-
angled V-notch weir. Find the position of the apex of the notch from the bed of the channel if maximum
depth of water is not be exceed 1 m. Take C,;=0.62, [Ans. .549 m]

5. Find the discharge through a trapezoidal notch which is 1.2 m wide at the top and 0.50 m at the bottom and
is 40 cm in height. The head of water on the notch is 30 cm. Assume C, for rectangular portion as 0.62
while for triangular portion = 0.60. [Ans. 0.22 m?/s]

6. Arectangular notch 50 cm long is used for measuring a discharge of 40 litres per second. An error of 2 mm
was made in measuring the head over the notch. Calculate the percentage error in the discharge. Take
C;=0.6. [Ans. 2.37%]

7. A right-angled V-notch is used for measuring a discharge of 30 litres/s. An error of 2 mm was made in
measuring the head over the notch. Calculate the percentage error in the discharge. Take C,;=0.62.

- ; _éAns. 2.37%]
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8. Find the time required to lower the water level from 3 m to 1.5 m in a reservoir of dimension 70 mx 70 m,

by a rectangular notch of length 2.0 m. Take C, = 0.60. : [Ans. 11 min 1 s]
9. If in the problem 8, instead of a rectangular notch, a right angled V-notch is used, find the time required.
Take all other data same. [Ans. 13 min 31 5]

10. Water is flowing in a rectangular channel of 1.2 m wide and 0.8 m dccf}. Find the discharge over a rectan-
gular weir of crest length 70 cm if the head of water over the crest of weir is 25 cm and water from channel
flows over the weir. Take C, = 0.60. Neglect end contractions but consider velocity of approach.

[Ans. 0.1557 m/s]

11. Find the discharge over a rectangular weir of length 80 m. The head of water over the weir is 1.2 m. The
velocity of approach is given as 1.5 m/s. Take C, = 3.6. [Ans. 208.11 m¥s]

12. The head of water over a rectangular weir is 50 cm. The length of the crest of the weir with end contraction
suppressed is 1.4 m. Find the discharge using following formulae : (i) Francis’s Formula and (ii) Bazin’s
Formula. [Ans. (i) 0.91 m%s, (ii) .901 m’/s)

13. A discharge of 1500 m>/s is to pass over a rectangular weir. The weir is divided into a number of openings
each of span 7.5 m. If the velocity of approach is 3 m/s, find the number of openings needed in order the

head of water over the crest is not to exceed 1.8. [Ans. 37.5 say 38]

14. Find the discharge over a cipolletti weir of length 1.8 m when the head over the weir is 1.2 m. Take

C,=0.62 : " [Ans. 4.331 m/s]

15. (a) A broad-crested weir of length 40 m, has 400 mm height of water above its crest. Find the maximum

- discharge. Take C, = 0.6. Neglect velocity of approach. [Ans. 10.352 m*/s]
— (b) If the velocity of approach is to be taken into consideration, find the maximum discharge when the
channel has a cross-sectional area of 40 m® on the upstream side. ~ [Ans. 10.475 m/s)

16. An Ogee weir 4 m long has a head of 500 mm of water. If C,; = 0.6, find the discharge over the weir.
[Ans. 2.505 m’/s]
17. The heights of water on the upstream and downstream side of a submerged weir of length 3.5 m are
300 mm and 150 mm respectively. 1f C, for free and drowned portion are 0.6 and 0.8 respectively, find the
discharge over the weir. [Ans. 1.0807 m?/s]
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