Physics/Engineering Equation Sheet

1 Fluid Dynamics Conservation Equations

1.1 Integral Form

Mass: Vorticity:
0Q VpxV
%ﬁ@pdv+#pu.dszo E+Vx(QXu)=VxF+ pp2 P
Momentum: +IV2Q + (V) X [3V/(V - u) - V2Q]
d
5 pudV+ P p(u-dS)u Vx(Qxu)=QV-u)+u-V)Q-(Q-V)u
Q=Vxu and v=uy/p
= ﬁ deV - #\pds + Foiscous
Energy:
Energy:
9 (per)
z95669(6"’l“'u)dV+S€6p(6+lu.u)u.dS g = Vo lprpe)-Tousg] (total energy)
ot 2 2 De .
. p—=-V-q-pV-u+t:Vu (internal energy)
= ﬁquv + Qviscous - ﬁpu -dS Dt
Dh Dp -
. Por = -V.q+ TR Vu (specific enthalpy)
+ P (f ' u) dv + inscous
DT Dp
P = -V.-q+ ﬁTﬁ +7:Vu (temperature)
1.2 Differential Form Ds (ﬂ) _a T:Vu o
Por = \% ) T2 VT + T (specific entropy)
Mass: DT Dp ' .
5 P F = V(AVT) + ﬁTﬁ +T:Vu (Fourier conduction)
P Lv. (pu) =0
ot
Momentum: T Vu = {2(Vo)ly + 2 (V) + 2 (Vu)j,

+[(Va)y, + (V) |
+[(Vu)y3 + (Vu)31]2
+[(Va)ys + (V)]

p(g—ltl+u-Vu):pF—Vp+V-T

= pF = Vp + uV?u + 1uv(V-u)
+xV(V-u)+2(Vu) - Vu+ (V) X (VX u)
-1V (7w + (V) (V- w) + (1= 3p) (7w’
K=+ 3u (bulk viscosity) Thermodynamic Relations:

= p[Vu+ (Vu)]+ (k= 3p) (V- u) 1

3
1=Y Y o

3
i=1 j=1

g=e+iu-u+y (total energy)

Constant Specific Heat:

= fcvdT ~ ¢, T + const



2  Vector Identities

2.1 Algebraic Identities

sin@ = 12 X Bl
ALl 1B
_lAxB||
Al B
A x B + (A - B)’ = | A|Y|[B|?
A+B=B+A
A-B=B-A

AxXxB=-BxA

= e (AB3 — A3B;) + e; (A3B,
c(A+B)=cA+cB
(A+B)-C=A-C+B-C
(A+B)xC=AxC+BxC
A-BxC)=B-(CxA)=C-(AxB)
AX(BXxC)=(A-C)B—(A-B)C
AXBXC+Cx(AxXxB)+Bx(CxA)=0
(AxB)-(CxD)=(A-C)(B-D)-(B-C)(A-D)
JAXBP?=(A-A)(B-B)—(A-B)

— A1B3) + e3(A1By — AyBy)

2.2 Differentiation of vectors

dA dA1 dAz dAS

dt TR ATl

(A B)—dA (ji]f
) e
Sap- ‘zA Bra S
jt(A X B) = i—?xB+Axi—?
%(AxB-C) i—?xB C+A><Cc11—B C+AXxB- i—f

2.3 First Derivative Identities

2.3.1 Distributive Properties

V(p+¢)=Vy+ Ve
V(A+B)=VA+VB
V-(A+B)=V-A+V-B
VX(A+B)=VXA+VXxB

2.3.2 Product rule for multiplication by a Scalar

V(Y9) = oy + 9V

V(@A) = (V) AT + VA = VY ® A + YVA
V-(YA) = yV-A+(VY)-A
VX (WA)=yVx A+ (V) x A

V3 (fg) = fVPg+2Vf-Vg+gV’f

2.3.3 Quotient rule for division by a scalar

o[ oV s
7 R
A\ ¢VA-Vo®A
V(qb)‘ =
(A)_oV-A-Vo-A
v (cf>) =
A VXA-Vpx A
V"(E) = = :

2.3.4 Dot Product Rule

V(A-B) =
iV(A-A)=

(A-V) B+(B-VVA+AX(VXB)+Bx(VxA)
(A-VVA+AXx(VxA)

2.3.5 Cross product rule

V- (AXB)=(VxA)-B-A-(VxB)
VXx(AXB)=A(V-B)—B(V-A)+(B-V)A—(A-V)B
= V. (BAT — AB")
AX(VXB)=(VB)-A—(A-V)B
(AXV)xB=(VB)-A-A(V-B)
=AX(VXB)+(A-V)B-A(V-B)

2.4 Second Derivative Identities

V- (VXA)=

Ay =V =V (Vy)
V- (V-A) is undefined

v x (Vo) =
VX(VXA)=V(V-A)—
V x (V- A) is undefined

In the 2nd to last identity, V? is the vector Laplacian operating
on the vector field A.

2.5 Third Derivative Identities

V2 (V) = V[V (Vy)] = V(V2p)
VA(V-A)=V-[V(V-A)] =V (VA)

VZ(VxA)=-Vx[Vx(VxA)=Vx(VA)



3 Vector Differential Invariants

n 2
hi = 2 (3—:'() (scale factors for orthogonal coordinate systems)
k=1 \ T

i; oY
VY =grady = i 9a;

1 [3(141h2h3) N d (uzh3hy) +8(u3h1h2)]

V-u=divu =

hhohs Inm 992 g3
_ _ i1 |d(ushs)  d(uhy)
VXU_Curlu—h2h3[ 905 . ]Jr

V=V L |9 (lhs oY)
V-Vp=viy= hyhyhs [3111 hi dq "

ip d 1 [d(uihohs) 3(u2h3h1) 3(M3h1h2)]}
ViV-u) = —— +
( Ll) ]’ll 8q1 {]’l1h2h3 [ 8(]1 ath &qg,
d [ h3 |d(uzhy) 9(M1h1)]} d { ho [3(M1h1) 3(M3h3)]}>
V x (V x - -z - n
(Vxu)= hzhs <3Q2 {hlhz [ on P dqs \hshi| 9g3 oq
Vzu = 11 [V u; — u1h1V2 1
hy
mh 9 oo\ ala 9 (op y tshs 9 op
hy aq (V 1) - I aq (V 2) h 3q1 (V 3>
2 d(1/h) 8 ( = 2 8(1/?11)1( ) - 2 3(1/711) 8 ( )
h% . u1hy %—8[1 £ ushy h2 “on uzhs
a(1/K? a(1/h? a(1/h?
1 ( 1)i( 1 +l ( 2)i(uzhz +l ( 3)i(u3h3) +
hy 5171 a171 hy 9171 3172 hy f9¢71 (9173

- i qj ‘71 qj k Ok qj koqk M oq
:@%Mwml] e o _uh ) i fom o
]/ll 8q1 hz &q2 h3 8q3 8q1 hz 8qZ ]
+§Qﬂ4ﬁ%z&ph@%¢Mng@Lﬁ%"
hy |99  hidq 992 h3dqs M dp ]

. iy [dur us 8h3] . iziy [&uz Uz 8h3] isis [% N iy Oh L ohs |
hs 8q3 h1 aq dqs  hidqi  hy dgs |

dqs  hy I

ijir ik (Dyadic)

ijigQy; (Dyadic transpose)



4 Cylindrical/Spherical Vector Identities
4.1 Cylindrical

d 1 d
V¢_"_¢+ o7 &lg Za¢
Y\ 1%y Py
2 — — —
V¢_r8r( 8r)+r2&62+822
10 1(%19 u,

Vous 2o )+ S50t 5,
Vxu=1i (18uz a£)+i9(%—%)+iz[ia(r 0) — 1%]

20 oz dz  or 20
. 2 dug U\ . 20u, wu .
V2u=17(vzu’_ﬁa_96_r_z)+19 (V M6+—2%—r—29) IZV2MZ
L ou, .. dug .. du,
Vu = lylry + 1, QW + 1, ZW
+ 1 —ug | + ipi E ? +u, |+ 1%
o\ G0 T M) T G0 T T G0
+11&u + i 8u9+ii%
z ra z16 0z z1z oz

4.2 Spherical

Loy 1y 1 oy
Vv = 1R9R+‘¢Ra¢ ' Rsing 90

L0 1 9 Y 1 %
V3 = [BR(R _)+Sm¢>5¢( ¢9¢) smz(i)%]

_ 1 0 2 . 1 8u3
V-u= ﬁﬁ(R MR)+—Rsin¢%(51n¢)u¢)+—Rsm¢%
| d /. dug] . 1[ 1 our @ 1[0
qu—lRm [% (smqbug)—%]+ (bﬁ[m%—ﬁa{ug)]-l-leﬁ[ﬁ
2 =i V2 — 2 e+ 2% s oty — LMo
Vu—1R[V UR Rz(uR+ 3¢) +u@cotd) Snd 30
1y Ho _2C°S¢%)]
RZ\" d$ sin’¢p sin*¢ 90
s 1 ( 2 dug cos ¢ Juy Ug
+13[Vu9+ ngb&@ +Zsm¢&6 )
+igi 8”¢ + IRIH 8u@
8R ?9R dR

.. 1 [dug 5% 1 dug
+1¢1RE %—u(p +1¢1¢R (9(]5 + URr +1(§19R a(P

+118uR +119M¢t+11&u9
101R R\sin¢ 90 tolo R\sin¢ 90 cotgug ) +lolo sin¢g 90

Vu = igip—

d
(Ru¢) - &LJ:]

+ ug + cot Puy



5 Vector Integral Theorems

5.1 Gauss’s Divergence Theorem

fpras- dfpv-sav

5.2 Green’s Theorems

5.2.1 Green’s First Theorem

P)
#cpa—fds = 95@5(@24) + V¢ - Vy)dV

5.2.2 Green’s Second Theorem

#(¢3—f B l’bg_(nb)ds - 9§§6(¢V2¢ - YV2p)dV

5.2.3 Special Cases

# (¢V)-dS = 9%@5 |6v2 + (Vo) | av
5@5 g—fds = 95@6 VZpdV

5.3 Stokes’ Theorem

Let a simple closed curve C be spanned by a surface S. De-
fine the positive normal n to S, and the positive sense of
description of the curve C with line element dr, such that the
positive sense of the contour C is clockwise when we look
through the surface S in the direction of the normal. Then, if
f is continuously differentiable vector field defined on S and
C with vector element S = ndS

‘(ﬁf-dr:#fo-dS

where the line integral around Cis taken in the positive sense.

5.4 Integral rate of change theorems

5.4.1 Rate of change of volume integral bounded by a
moving closed surface.

Let f be a continuous scalar function of position and time t
defined throughout the volume V(t), which is itself bounded
by a simple closed surface S(t) moving with velocity v. Then
the rate of change of the volume integral of f is given by

b de:f Lave+

v-dS
V(t) at f

S(t)

where dS is the outward drawn vector element of area, and

5.4.2 Rate of change of flux through a surface.

Let q be a vector function that may also depend on the time
t, and n be the unit outward drawn normal to the surface S
that moves with velocity v. Defining the flux of q through S

as
m:qu-ndS
S

+V(V-q)+Vx(qxv)]-ndS

then

Dm _ 5{5 29

Dt J | ot

5.4.3 Rate of change of the circulation around a given mov-
ing curve.

Let C be a closed curve, moving with velocity v, on which
is defined a vector field q. Defining the circulation C of q

around C by
(: = éq . dr

99
ot

then

D¢ _
Dt

+(qu)xv]-dr



6 Ideal Flow (irrotational/inviscid/incompressible)

6.1 Governing equations

(continuity)

(momentum)

6.2 Fundamentals
6.2.1 Streamfunction

May be defined when continuity eq. reduces to two terms.
For cartesian coordinates:

wu_
ox  dy

The streamfunction may be defined as:

Iy
ox

U= — and V=

while vorticity may be defined as
w, = -V

6.2.2 Velocity potential

_9¢
Y=o

6.2.3 Bernoulli’s equation
If flow is irrotational throughout:
p+ 2pV? = const.

else, only valid along streamlines.

6.2.4 Incompressible pressure coefficient



7 Viscous Flow

7.1 Governing Equatinos

V-u=0
p(u-Vu) = pF - Vp + uV?u

(continuity)

(momentum)

7.2 Boundary layer terms
721 Reynolds Numbers

ui
Re =2
u

7.2.2 Skin criction coefficient

Cf(x) =7

7.2.3 Drag coefficient

Fp
3pU2A
TE

=b (—pusin 6 + t, cos 0) dS,
LE
TE

+b (p1sin 6 + 7, cos 0) dS;
LE

Where ”u”, I/l//, and I/b/l

denote “upper”, “lower”, and "width”

Cp =

7.2.4 Separation point

u
(5)4=0

7.2.5 Displacement thickness

. u
5 = f (1 - —)dy
ol U
7.2.6 Momentum thickness
< u u
L—() ue ue

7.2.7 Shape factor

7.3 Blasius equation

Assumptions:

e Incompressible
e Laminar
e Steady

P _
% =0

7.3.1 Equation

"+ 1ff"=0  where

n=+vx/U
7.3.2 Shear stress

Ty = y(j—;l) = 0.332pU?/ y/Re,
y=0

7.3.3 Skin friction coefficient

coo Tw _ 0664
Tl VR

7.3.4 Drag on plate

v fL q 0.664pU>L
= X=——————————
D ; Tw \/I?L

(drag force per unit width)

7.3.5 Drag coefficient

Fp 1.33

Cph = =
T 102l T \Rep

7.4 Pohlhausen’s Polynomial

MO (o ) 37 + (322 + (1- )
where: n=y/6 A= ‘%2%



7.5 Von Karman momentum integral equation

Tw=p [% (u20) + ueé*ddli"}
Ty = ou
¢ Iy y—0
solve for 6 (x) (boundary layer thickness)
Cy= 1& (skin friction coefficient)
2P
_plt pUx

Re="— and Re,=
u

(Reynolds number and x-Reynolds number)

7.6 Thwaites’ method

For solving Von Karmar mom. int. eq.:

2 0B xllf(x’)dx’+%
Uz (x) Jo ug (x)
A= %zcgie (solve for 6)
T= y%l(/\)
HA) = %

(use table to find surface shear stress and

displacement thickness)



8 Compressible Flow

8.1

8.2
8.2.1

8.2.2

8.2.3

8.2.4

8.3
8.3.1

8.3.2

8.3.3

Governing equations

%gg@gpdV+g§Epu~dS:0
s

d
p+V (pu) =0

ﬁpudv+5@§p(u ds) u—S@ngFdV #pds

p(§+u Vu) pF—Vp

General Definitions

Mach number
M=Ujc
d
where  ¢* = (_p)
dp),
Compressibility
__ldv
Vdp
_1dp
pdp
Isothermal compressibility
oL Vv
T= 3;0
Isentropic compressibility
= L v
s — ap

Perfect Gas Thermodynamic Relations

Internal Energy/Enthalpy/Thermal eq. of state

e=c¢,T (internal energy)

h=c,T (enthalpy)

p = pRT (thermal equation of state)
Specific heats

__R _ R _
CV_)/Tl Cp_y—l y—cp/cV

Speed of sound

= YRT = «/yp/p

(continuity)

(momentum)

8.3.4 Entropy change

P1

T2 Pz

=c,1 (—)—Rl (—)
Cy INn T1 n p1

8.3.6 Important air properties

R =287 m?/ (SZK)
¢y = 717m?/ (sZK)

cp = 1004m?/ (sK)
y =140

8.4 One-dimensional isentropic flow

8.4.1 Continuity
p1u1Ar = paurA;

8.4.2 Stagnation enthalpy

ho=h+ > u = const.



8.4.3 Stagnation property relations

To y-1,
T—1+ > M
Po _ Y~ 2’f1
_(1+—2 M)
L
@:(M_Mz)'
P 2

8.4.4 Nozzle area relation

|

y+1

y=1_,\|0D
(1+—2 M)J

1
M

2

y+1

8.4.5 Velocity-area differential relationship
du___1 A
u  1-M?2A

8.5 Normal shock waves

8.5.1 Mach number, pressure, temperature, and density
relations across a shock

Mzz(y—1)M§+2

2T yMi 41—y

P2_q. 2 (e

o =1 y+1(M1 1)

&_ ()/+1)M%

pr (y-1)M+2
2(y-1)yM? +1

L, 20 z)y L— (M} -1)

h r+1)° M

8.5.2 Entropy change
P2 (P

G5}

2
:ln{[1+ Y
y-1

2759 g,
ey
y-1HM+2

(y+ 1)M%

}

()|

8.6 Wind Tunnel equations

8.6.1 Mass flow rate

8.6.2 Nozzle/Diffuser area ratio

2_Po

A1 P
2 H(y-1)M2 +2]7
+ (y+1)M;

where A3, A}, po, p;, and M; are the diffuser throat area, in-
flow nozzle throat area, stagnation pressure behind the shock,
stagnation pressure after the shock, and Mach number up-
stream of the shock

8.7 Two-dimensional compressible flow

8.7.1 Definitions

0 = deflection angle

0 = wave angle
M; = upstream Mach number
M, = downstream Mach number

8.7.2 Mach wave angle

siny =1/M

8.7.3 Mach number relation

.2
(y —1)M2sin’c +2
2)/M%sin20+1—y

M% sin (0 = 0) =

8.7.4 Oblique shockwave angle

M? sin?0 —1

M3 (y — cos20) +2

tano = 2 coto

8.7.5 Prandtl-Meyer function (expansion fans)

01 +v(My) = O + v (M,) = const.

+1 -1
v(M) = 4 /7/ arctan 4 {)/_ (M2 —1) — arctan VM2 -1
y—1 y+1

10



8.8 Thin-airfoil theory 8.9 Velocity Potential

8.8.1 Lift and Drag coefficient
Vi = 3MG[(y = 1) V26 (Ve V) + VoV (Vo V)|

where

L
3P UD

-1
U L

VME -1 2

D
3P UAD
402

M2, -1

CL=

y -

1
szaé— (u2+vz+w2)

Cp =

11



9 Rocket Propulsion Equations

9.1 Definitions and Fundamentals

9.1.1 Total impulse

t
It:fpdt
0

= Ft (for constant thrust)

9.1.2 Specific impulse

Is =1/ (mpgo)

= F/ (1mgo)
=F/w
=Ij/w

9.1.3 Effective exhaust velocity

c=1Lgo=F/m

9.1.4 Mass ratio MR

mg[mg

9.1.5 Propellant mass fraction C

C:mp/mo
= (mo - mf) =mp/ (mp + mf)

where my = my, + my
9.1.6 Impulse-to-weight Ratio

I I, L
(mf+mp)g0 mf/mp+1

wWo

9.1.7 ThrustF

F= M =nmv, atsealevel = zvz
dt 30
= mvuy + (p2 - p3)A2
= ri1c
= 1i1v; + ppAp  (in vacuum of space)
P2 P3
=Fopt + p1As|— — — €
Pt P t(Pl Pl)
Avv
= %2 +(p2 —p3) Az
t
y+1 y-1
22 (2 V7 Pz)”
=A —— 1-(= + —p3)A
tP1 )/—1()/+1) [ (p1 (p2 —p3) Az
= CrAm
= mc*Cr

12

9.1.8 Thrust Coefficient

_ F
P1A;

) )|
y-1\y+1 pi P A

9.1.9 Exhaust velocity c

Cr

¢ =02+ (p2 — p3) Az /1it = ;o
9.1.10 Characteristic velocity c*

¢ = piAs/mi
— Ing

9.1.11 Power of the jet Pje
Pjet = $1iv5 = swgols = 1Fgol; = 1Fv,
9.1.12 Power input to a chemical engine

Pchem = mQR

where Qg is the heat of combustion per unit of propellant

mass.

9.1.13 Power transmitted to vehicle

Pyenicte = Fu (where u is vehicle velocity)

9.1.14 Internal efficiency 7,

kinetic power in jet %mvz

lint = 7 vailable chemical power

ﬂcomppchem
9.1.15 Propulsive efficiency

vehicle power

" = Vehicle power + residual kinetic jet power

B Fu _ 2ujc
Fu + %m(c +u)? 1+ w/c)




9.1.16 Multiple propulsion systems

Foa:ZF:F1+F2+F3+“-
moa=Zm=m1+m2+m3+---

(Is)oa =Foa/ (gomoa)

9.2 Nozzle theory and thermodynamic relations

9.2.1 Stagnation enthalpy

ho—h+20 = const.

9.2.2 Perfect gas law
vax = RT,
9.2.3 Specific heats c and their y
k=cy/co
p—C =R
¢ =yR/(y-1)

9.2.4 Isentropic flow between x and y in nozzle

=1
Y

Tx/Ty (Px /Py) (Vy/Vx)y7

9.2.5 Stagnation temperature

To=T+ %Uz/cp

9.2.6 Speed of sound & Mach number

YRT

M =v/a=v/+yRT

Isentropic relations (temperature, Mach number,
pressure)

9.2.7

To=T[1+1(y-1)M]

_ |2 (To _
M= y—l(T 1)
po=p[l+i@-DM|"

9.2.8 General area ratio

A, M, [[1+M(y-1)/2]
A, M 1+M2(y-1)/2

9.2.9 Exit velocity

= ,[2(’11 —h2)+’0%

2 -1y
= —VRTl 1- (pZ) + U%
\r-1 p1
27/ P2 -1y
= A|——=RT1|1-|—= (when v; = 0(chamber))
\ y-1 1
_ | 2 R (@ )(H)/ ’
\y-1 ™M P

where M is molecular mass.

9.2.10 Critical/Throat velocity

VVRTt = a;

2y
v = —RT1
v+

9.2.11 Mass flow rate

Atvt
iy}
v, 1y

9.2.12 Ratio between throat and downstream area with
pressure p,

=)
y-1 p1

Ay _ Vﬂ)y _ ()/ + 1)”11 (@)1/)/

Ay Vo 2 p1

—_—

9.2.13 Velocity of downstream point from throat
vy fy+1
(N - Y- 1

9.2.14 Cone-shaped nozzle correction factor for exhaust
velocity

y =2(1+cosa) a = 15° cone is accepted standard

where «a is the cone angle.

9.2.15 Rocket Equation

M = 1/MR = mo /1y

9.3 Chemical Rocket Performance Analysis

9.3.1 Mol fraction

m
X]-=— and n=Zn]

j=1



9.3.2 Effective average molecular mass

9.3.3 Molar specific heat and specific heat ratio

(C ) _ Z]mzl nj (Cp)]
P Jmix Z]’il 1
)/ = (Cp)mix
(Cp>mix -

9.3.4 Heat of reaction

A=Y [y (AO)] = X [ (),
9.3.5 Gibbs free energy
G= i I’ZjG]'
j=1
Gj=Uj+p;V;=T;5;j=hj=T;S;
86" = ) 1 (A6 g = Do |1 (269),

11
—_

] j=1

]reactants

]reactants

14

9.3.6 Heat of reaction

T

m T: m
AH=Y n]-j; CpdT = ) nyAh;
ref

1 1

Tref

9.4 Solid Propellant Rocket Motor Fundamen-

tals
9.4.1 Mass flow rate
1t = Aptpp
_d(p1V1)  Ap
T dt c*
= Appoapy

where Ay, r, and pj are the burn area, burn rate, and density
of solid propellant before burning

9.4.2 Pressure in steady burning
p1 = Kpprc® where K = Ap/A;

9.4.3 Burning rate approximation

r = ap]



10 Aeroacoustics

10.1 Governing Equations

& ’
&Z +poV-u' =0 (continuity)
Qo &; =-Vp’ (momentum)
10.2 General definitions
2
k= 2771 = % Z:Of 61207;, (waves/distance)
2n  w _ay _ .
A= K oma f agT (distance/wave)
2mag 271 .
w = apk = — = 2nf = T (radians/second)
1) 2nf  2n . .
ag i Af - =T (distance/time)
Llok ap _w 1 .
f= Crl Wl T (wavelength/time)
= aok = i = m_1 (time/wavelength)

10.2.1 D’Alembert Solution (plane wave)
f(x,t) = F(x — apt) + G(x + apt)

10.2.2 Fourier Series
) (2]
T
2
ag = Tfo f()dt

2 (T 2nnt
an—T‘J; f(t)cos( T )dt

|\.7|O

f)

2 (T . (2mint
b= = fo ) sm(T)dt
fOy =) cue™
n=—oo
]. it
Cn f F(HeT dt
a_, + zb_,,; <1
ap 2
Cp = E n=20
ay 2ib,, 0> 1

10.2.3 Fourier Transform

\/—_ [ e

fltty= — f f(w)e'dw  (inverse fourier transform)

\/_

flw) =

(fourier transform)

10.2.4 Acoustic Intensity
I - p/u/
A? \
(I) = Units: [—2]
2poag m
10.2.5 Acoustic Energy
2
14 1 72
e=——+ -pou
zpoa% 2p0
: J
ey = Units: [—] densit
(e) 2007 nits: |~ (energy density)

10.2.6 Root of Square Average (RMS)

Pl = \/ [

= (for p(t)’ = Acost)

Sl

10.2.7 Decibel

Power )

101og,g (Ref power

10.2.8 Acoustic Power Level

APL = 10log,, (P}C;’“Sﬁc) [dB]
ref

IP = P, 10APL/10
where Pres = 1072[W] and P=()A
where A is the area the sound is going through

10.2.9 Sound Pressure Level

SPL = 1010g,, (p "“S]

ref

=20log,, (i;rms)

ef

Pref = 2 X 107° [Pa]

10.2.10 RMS pressure summation

(Prms)1+2 = (p%ms)l + (p%ms)z (1)

10.2.11 SPL summation

SPLis2r..n = 1010g;, (105P11/10 4 105P2/10 4 .. 4 105FL/10)

@)



10.2.12 Impedence

Z =iow
Poao
= P’

w
m/A =0 (mass/area)

10.2.13 Planar wave transmission & reflection

B (transmission)
Pr= 2pofg +i0wpl
icw .
pr = Wpi (reflection)

where o =m/A

10.2.14 Reflection/Transmission coefficient

LD
RO
L

t =
Iy

10.2.15 Composite surface transmission coefficient
Z?=1 ayAj .
U = — where A is surface area
T

10.2.16 Transmission loss

T.L. =10log (ocl)
t

(0w)’ (2pao)’
=101 1
10log {(29000)2} +10log [1 + (aw)z ]

10.2.17 Spherical wave equation

éei(wtfkr)

P=7

10.2.18 Spherical Sound Pressure Level

SPL = 2010 g(p”“s)
Pref

=20 log( ] —20log (1)

2pref
Agpr. = SPL; — SPL, = 20 log(:—z)
1

10.2.19 Spherical acoustic velocity

u;:p’(t)(1+ 1)

Podo %’
— A (1 + 1 ) i(wt—kr)
Podo? ikr

10.2.20 Reverberant Field energy density

ATt s
poa;
_ 27tA?

2
Pody

(@)rr =

10.2.21 Reverberant field intensity

A2
I =
(Drr 2000
_ (e)rr 0
4

10.2.22 Absorption

P(1-ay) P
I —_ -\ YA _
< >RF aAAwall R

Do _ Dy =D
@~ D

ap =
10.2.23 Reverberant Field SPL

Pons) ]

SPLRF = 1010g10 [( 5

ref

4poaolP
:1010g( IP{MO ]

2
ref

— AwallaA
(1-aa)
10.2.24 Direct field and Total SPL
Podo 1 4
SPLiotal = 1010g10( - ) + lOlogw( + E)

ref

10.2.25 Average absorption coefficient

Y anA;
YA

ap =

10.2.26 Average SPL or "equivalent level”

N
1
SPLavG = L = 101og,, [17 Z 1OSPL"/10At,«]
i=1

10.2.27 Day/Night level

LDN =10 IOglo

Zzi) SPL Y700 SP! L(l[] +1O
105PLO/10A + )" 107 0

0700 2200

16



10.2.28 Permissible time & dose

N A; 1 N L;=90
D_Zl?_§ZAt,2 =<1
1=

i=1
A; is the actual time

T is the permissible time (8 hours at 90 dB)

17



11 Flight Dynamics

11.1 Introduction and Notation

Particle kinematics in rotating frame

A=A

dA OSA

= A

ar ot 9%

2A ZA A

%=%+2wx%—t+%xA+wxwa

—daA—é3—A+36—wx%+wx62—A+wxwx%

ds o ot © ot o2 ot
2
+6—wa+wx6—wa+wxwxwa
o2 ot

where A and w are the vector and angular velocity vector in
the rotating frame.

Rigid body equations of motion (body-fixed frame)

1t =Fy/m—gsin0+rv—quw
0=F,/m+ gsin¢cosO —ru+ pw
W =Fz/m+ gcosdcosO + qu—pv

LM+ LM + L (L — Ly + L) pg — (B = Iy Lz + 12 gr

s Il - I
My = Lep® + (I: — L) pr + Lor?
- I]/!/
. LMy + LM + (B, + I2, - IXXIW) P — L (Lex = Iy + Lz) qr

Ixxlzz - Igzcz

Where u, v, w, p, q, v, ¢, 6, and ¢ are the velocities in the x, v,
and z directions and the angular accelerations in x, y, and z
directions.

Aerodynamic Forces and Moments:

Cp = drag coefficient =

3P0 V3S
Cy = lift coefficient = ———
' 3P=V3S
. .. A
C4 = axial force coefficient = — =
.. N
Cyn = normal force coefficient = =
Epoo VooS
C,» = pitching moment coefficient = ———
m=P & 1peVESc
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Aerodynamic Forces and Moments per unit span (2-D):

Cp = drag coefficient =

3P Vi

% . L
Cr, = lift coefficient = —

Ep‘” VOOC
~ . . A
Ca = axial force coefficient = —

2P Vic
Cy = normal force coefficient = T >
2P Vioc

= m
Cy = pitching moment coefficient = ————

3o Vauc?

Angle of attack relations:

a = the angle from V., to the chord line (positive nose up)

C; =Cycosa—Cysina
Cp =Cucosa + Cysina
Cn =Crcosa+ Cpsina

C4=Cpcosa—Cpsina



11.2 Aircraft Performance

11.2.1 Thrust required

4%

Tr = Th
R (L/D) cos at + sinar (Thrust)
D = Tgcosar (Total Drag)
= %pVZSwCD
1 L
_ 1 g2
= sz Sw CD() + CDU,LCL + R,
CZ
Cp, = —= (Induced Drag)
Po ™ TeR,
L=W —-Tgsinar (Lift)
L W — Tgsi
CL= 1 = — BRI (Lift Coefficient)
§pV25w EpVZSW
W 1 }
%pVZSW 1+ (D/L)tanar
L W-=Tgsinar . .
== Lift-D
D Tr cos ar (Lift-Drag ratio)
_CL Cr
== = =
€0 Cp, + CpyrCL+ i
(L/D)max = meRa (MaX Llft/Drag)
2 \/CDU + CDU,L V1eR 4
V2 W/Sw
Vmp = 1
(RERACDO) p

CD[) -
X 1+|24/—— +Cp,.| tanar
TteR4

(Minimum drag airspeed)

19

Small-angle approximation aircraft performance

(Thrust)

(Lift)

(Lift Coefficient)

1/4
Vmp = ( ) \ /W/p Sw (Minimum drag airspeed)

11.3 Longitudinal Static Stability and Trim
11.3.1 Pitch Stability of a Cambered Wing

4
HERACDO

T=D
L=W

(Thrust)
(Lift)

Pitching moment about center of gravity

m=my —L,L=0

Cm = Cm,,c - lch =0
C

Pitch Stability
dCp

I =Cpua <0

11.3.2 Simplified Pitch Stability Analysis for a Wing-Tail
Combination



12 Classical Mechanics

12.1 Newton’s Laws
12.1.1 First Law

In the absence of forces, a particle moves with constant ve-
locity V.

12.1.2 Second Law

12.1.3 Third Law

If object 1 exerts a force Fy, on object 2, then object 2 always
exerts a reaction force Fy, on object 1 given by

Fip = -Fy
12.2 Angular Momentum for a single particle

I=rxp

I=(@Exp)+(xxp)

12.3 Kinetic Energy and Work
12.3.1 Kinetic Energy

dT
— =mv-v=F-v

dt
dT =F-dr

12.3.2 Work

2
W1_>2:f F-dr
1

12.4 Rotational Motion of rigid bodies
12.4.1 Center of Mass

R = ]\l/l SgprdV
dV = dxdydz

12.4.2 Momentum

12.4.3 Angular Momentum

20

L=1w

Ly = Lywy + Lywy + L@,

Ly = Iywy + Lywy + 1,0,

L; = Lywy + Lywy + [, ;

12.4.4 Inertia tensor

Iy = Sgp [(r-1) 6 — xixi ] AV

fp(yz +22) v - [pxydV - [ pxzdV
=| - [pyxdV fp(x2 +z2) v - [pyzdv
- [ pzxdv - [ pzydVv fp(xz + yz) dv
dV = dxdydz
12.5 Special Relativity
() = -
Relativistic values
m =y
P = ymov
E = ymyc®
K= moC2 ()/ - 1)
Lorentz-Einstein transformations
¥ =y(x—ot) x=y +ot)
y=y y=y
7' =z z=7
t'=y (t - vx/cz) t=y (t’ + vx’/cz)
Lorentz contraction
l= lo/]/
Velocity transformation
3 u, +o , | Uy—0
e = 1+ vul,/c? e = 1 — vty /2
B Ll;, +v ,  Uuy-—v
y = 1+ ouy/c? Hy = 1-ou,/c?
Relativistic doppler shift
p=v/c
A

’

- y(1+ Bcosb)
A=Ay(1—-BcosO)



13

13.1 Quantum Effects
Electrical Charge:

e=1.602x1-"" C

Wavelength of particle waves:

h h 2m
P=1% 2272
Uncertainty Principle:
AxApy =h
AyAp, =h
AzAp, =h
AOBAL = h
Area of accessible states:
number of accessible states = ftotal area = 1l ]
area of one state h

In three dimensions:

V)V,  dxdydzdp.dp,dp:

number of accessible states = 3 e

Density of states for system of noninteracting particles:

2V (2m)3/2

_ —(h3 " e
Y4

gle) = Wez

g(€)

nonrelativistic gas
massless or relativistic gas

Angular momentum:
J=L+S

whereJ, L, and S is the total angular momentum, orbital spin,
and that due to intrinsic spin. Orbital angular momentum

IL| = V(I + Dn

where [ is the “angular momentum quantum number.”
z-angular momentum

L, =LA, ,=0,%1,%2,.., %I

Intrinsic spin angular momentum S:

IS| = /s(s+ 1)i

S, = s,k s, =—-s5,-14+1,...,+s

Those with integer spin are “bosons.” Those with half-integer
spins are fermions

Thermodynamics & Statistical Mechanics

Magnetic moment .

-l

(L) )
Uz = (2m Lz/ Lz = (0/ il, 12,..., il)h

where g is the charge of the particle and m is its mass.
Spin angular momentum S:

e e
weslam)s wemslz)e
where e is the fundamental charge and g is the “gyromagnetic

ratio.”
Gyromagnetic moment g values

g=-2.00 electron
g =+5.58 proton
g =-3.82 neutron

Interaction of y with B:
U=-u-B
Harmonic oscillator potential:

E=(n+{how, n=0,12,..

W= % (3-D harmonic oscillator)

13.2 Probabilities for various configurations
13.2.1 One criterion
Probability of n of N particles satisfying 1 criterion:

N!

P(n) = n! (N - n)!anN_n

Number of such configurations:

|
number of such configurations = TN =) (I\Z;] — )]

13.2.2 Handling factorials

Stirling’s approximation

m m
m! ~ 2nm(—)
e

Inm! ~ mInm —m + % In (2rm)

13.2.3 Many criteria

Propability 1y, n,..., n,, particles will satisfy m criteria from
N particles:

mn1_,np n
PPy

T F e, a—
T gy,

Pyn(ny,ny, ...



13.3 Systems with many elements
13.3.1 Mean value and standard deviation
Average number of particle 7 satisfying 1 criterion

1 =pN
where p is the probability for any given element to satisfy the
criterion.

Standard deviation

SRS

13.3.2 The random walk

Total distance travelled:

Standard deviation after N steps:
ON = \/NG

where ¢ is the standard deviation of a single step.

13.4 Internal energy
Potential well u:
ug = up(T,p, N)
Energy in solids:
€ = €potential T Ekinetic
12,12, 1.2, L o 1 , 1,
= Uy + EK.X' + EK]/ + EKZ + %px + %py + %r)x
Energy in liquids:
€ = €potential T Ekinetic
1, 1T, 15
Mo 2P T 2Py ™ P
Energy in gases:
€ = €kinetic

1 2
=—pi+
zmpx

1, N 1,
TTATTIE
Quantum effects:

€ = €pot T €rot T Evib
Average energy of a particle in any system:

€=1uy+ %VkT

13.5 Interactions between systems
13.5.1 Work - the mechanical interaction
Change in internal energy

AE =AQ - AW (thermal and mechanical interactions)
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13.5.2 Particle transfer
Chemical potential
AE = AQ = uAN

where p is the chemical potential, and N is the number of
particles transferring

13.5.3 First law of thermodynamics
dE =dQ —dW + udN

13.6 Internal energy and the number of accessi-
ble states
Probability of being in any 1 state
Pany one state = 1/€2
Number of states available for N particles:
N

Q=zwXwoXwX...=w

Number of states available for N indistinguishable parti-

cles:
(5

Corrected number of states available for particles:

N

_ ew
_m -

N

w. = w (distinguishable particles)

We = % (indistinguishable particles)

States available to each independent particle
4

v/2
]
[ ;kT]V/Z .
w.=C (solid)

Density of states

W N

N

1

v N (kT Nv/2
8B~ C () [ZW) (529)
lkT NV/Z
g(E) ~ C(ZW] (solid)

13.7 Entropy and the second law

Number of states for combined system
Qo =),
Second law of thermodynamics
AQy >0
Entropy
S=kInQ



13.8 Entropy and thermal interactions

Temperature:

1_(3s
T \0E),y

where S is entropy, E is internal energy, V is volume, and N

is the number of particles
First law rewritten:

dE =TdS - pdV + udN
= lapsPav -k (_ 1 )
ds = TdE + TdV TdN = TdQ

Intrinsic/Extrinsic properties

intrinsic: T=T=T, p=p1=
extrinsic: S=51+85, V=Vi+V,

Definitions in terms of entropy change

1_(28 p_(25 u_(2s
T \0E),y T \oV)y T 0N

Energy per degree of freedom:
Etherm = NVKT

Change in states from entropy:

Q
2SIk

i

= o(AE+pAV-uAN) /KT

Entropy at finite temperatures:

. fT C,dT’
/}/ - 0 T,

Heat capacities:

C,—0 T—0

13.9 Constraints

Thermodynamic potentials

p2

)E,N

Helmholtz free energy F=E-TS;
Enthalpy, H =TS + uN;
Gibbs free energy G=E-TS+pV

Thermodynamic potentials

dE =TdS - pdV + udN
dF = -5dT - pdV + udN
dH = TdSVdp + udN

dG = -5dT + Vdp + udN

13.10 Models
13.10.1 Equations of state

Ideal gases

E = INvkT
pV = NkT
Nu = NkT(V ; 2 _ lna)c)
=E+pV - NkTIhw,
Solids
E = Nug + 1NvkT
= N5,
Nu = Nug + NkT(%v - lna),;)
= E - NkTIn w,
Van der Waals

a
(p+ ;)(v—b) =RT
Differential equations of state

dov = —Edp + ng ideal gas

1R
dov = —E;;dp + E?dT van der Waals gas
with A=(1—?), B=(1_L2+@)
v pe po

Molar Heat capacities

_1(% _1(%
Cv-z(ﬁ)pf CV_n(BT)V

Isothermal compressibility

_1(v
TV p |z

1
=- ideal gas

Al
=== van der Waals gas
Bp

Coefficient of volume expansion

1(JV
ﬁﬂﬁ)p

= % ideal gas
1R

=—— van der Waals gas
Bpv

Difference of heat capacities
C, —Cy = pop
=R ideal gas
1

= ER van der Waals gas

23



Change in internal energy

AE = (C, = pVB) AT + (pxc — TB) VAp

Change in entropy
_ CvK Cp
AS = S A+ gV
%

13.11 Special processes

Isobaric
dE = (C, - pVB)dT
Isothermal
dE = (% - p) dv
Adiabatic
dE = —pdV
pdV + Vdp = NkdT
dE = INvkdT
v
Cy = ER
C,=Cy+R
B=1/T
x=1/p
Adiabatic ideal gas

TV~ ! = constant

Tp"! (1) = constant

pV? = constant

13.11.1 Nonequilibrium processes

Throttling

Free expansion

13.12 Engines

Efficiency

_@-nv
AT—C—pA
B px—=Tp
AT—(K—CV)AV
_ Qh_Qc
T

Work done or heat added

Hy —Hi = Qext = Wexe  any fluid
H; - Hy = ncp (T2 = T1) = Qext = Wext

Carnot efficiency

Tc
€cammot = 1 — T_h

13.13 Diffusive interactions

Gibbs free energy

AG=)" wAN;=0 atequilibrium

13.14 Classical statistics
Probability system is in state s

AE + pAV — uAN
kT

Py = Cexp (—

Excitation temperature

RMS speed

ms —

13.15 Kinetic Theory

Velocity distribution

3/2
m 2
P(v)d’v = (i—n) e Pm 25243y

B \2 i
P(v)dv = 4n (E) e P22 dy

kT
J=p N 2mtm

Uc = \/Epoz")

Particle flux

Collision frequency

where ¢ = 4tR? and R is the effective molecular radius
Mean free path

U = \/ipoz‘J

Average relative speed of colliding particles

i= V20
Diffusion constant
nlo
D=
6
Thermal conductivity
nlo nu
K=—p—k
6 2
Coefficient of viscosity
="
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14 Numerical Analysis

14.1 Second Order PDEs classification
14.1.1 General Form

?*¢ ¢ % dp _dp
Aﬁ+38xa +(?&2+D E—+f¢+G 0
¢ *¢ P
AW-F m+ 8_]/2_H

H=—(D§—2+Eg—q;+f¢+c)

14.1.2 Characteristics in physical space

dy\ _ B+ VB2-4AC
dx),; 2A

14.1.3 Equation characteristics

elliptic if -4AC<0
parabolic if -4AC=0
hyperbolic if —-4AC>0

14.2 Finite Difference Schemes

14.2.1 First derivative

1
ulf = o (—ui—q +u;) + %Axu”

1
= (=t + gs1) — 3 Axu]

_ 2u(3)

( Uj—1 + u1+1) - —AX

Ax

1

Ax
1

A_( —uiq + %u,-) + %szul@

( 2u; + Ui — ;um) + %szuz(.s)

14.3 Stability Analysis

14.3.1 Discrete Perturbation Stability analysis

Consider the parabolic model equation

du_ ou

ot ox

Using a first order time and second order spatial derivative,
this equation may be written as:

utl — gy ul = 2ul +ul

i i _ i

At (Ax)?
If a disturbance € at node i and time level n is introduced and
we search for solution at time level n + 1 for all i nodes, the
finite difference eq. becomes:
i+1 i-1

urtt — (uf + e) u”
=a
At (Ax)

Z(u +e)+u”

If u" = 0 for all i the equation reduces to:
u?+1 —€ —2¢

=a
At (Ax)?

ultt = {1+2a[ Atz]}
(Ax)

=e(1-2d)

or equivalently

n+1
—

= (1-2d)

where d = aAt/ (Ax)* is known as the diffusion number. It's
required that,

or

1-2d<1 and 1-2d>-1

14.3.2 Von Neumann Stability Analysis

Solution of finite difference equation is expanded in a Fourier
series. The decay or growth of the amplification factor deter-
mines the stability.

Assume a Fourier component for u!' as

U = uneIP(Ax)l

where I = V-1, U" is the amplitude at time n, and P is the
wave number in the x-direction, i.e., A, = 21t/P, where A, is
the wavelength. Similarly,

un+1

n+1 IP(Ax)z
; u

_ IP(Ax)(i£1
and ul, =U"e (Ax)(ix1)

If phase angle 0 = PAx is defined, then

un = U"e 10i

u;1+1

n
ui+1

un+1 10i

— unele(ztl)

Consider again

e+l gy u’
i LN i+

or in terms of the diffusion number

1—214 +u

( _n n n n
un+1)=uj + d(um - 2u! + ul-_l)

Substituting the Fourier component and cancelling out terms
of el%, we get
)

Using the relation cos 6 = (eI6 + e‘le) /2, we get

umt = Ut [1+d (e
Ut = U™ [1 + 2d (cos 6 — 1)]

Introducing the amplification factor U"*!

G=1-2d(1 - cosb).

= GU", we get
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Stability requires,
Gl <1 and [1-2d(1-cosB) <1
so that
1-2d(1—-cosb) <1
and
1-2d(1-cos0) > -1

must be valid for all values of 6. With a maximum value
of (1 — cos 0) = 2, the LHS becomes 1 — 4d. Solving the new
equation gives us a final condition

d< 3)

N~

14.3.3 Scheme Requirements

o Consistency: A finite difference approximation of a PDE
is consistent if the finite difference equation approaches
the PDE as the grid size approaches zero.

e Stability: A numerical scheme is said to be stable if any
error introduced in the finite difference equation does
not grow with the solution of the finite difference equa-
tion.

e Convergence: A finite difference scheme is convergent if
the solution of the finite difference scheme approaches
that of the PDE as the grid size approaches zero.

26

o Lax’s equivalence theorem: For a FDE which approxi-
mates a well-posed, linear initial value problem, the
necessary and sufficient condition for convergence is
that the FDE must be stable and consistent.

e The conservative (divergent) form ofa PDE: In this formula-
tion of a physical law, the coefficients of the derivatives
are either constant or, if variable, their derivatives do
not appear anywhere in the equation.

o Conservative property of a FDE: If the finite difference ap-
proximation of a PDE maintains the integral property
of the conservation law over an arbitrary region con-
taining any number of grid points, it is said to possess
a conservative property.

14.4 Classification of equations

. PP PP
Elllpth. W + 8_y2 =0
. aT ’T
Parabolic: E = (Xﬁ
. Pp _ ,P%¢
Hyperbohc: ﬁ =a ﬁ



15 General Mathematics
15.1 Arithmetic and Elementary Algebra

15.1.1 Powers and Logarithms:

Powers and roots:
Forreala, b, q, and p where a,b > 0

P
i = l, =gt L
aP a9
a\1 af
(ab)f = al?, (5) = @) = a™.
Logarithms:
Definition:

log,.b=ce—a=b
alogab =b

wherea > 0,a# 1,and b > 0.
Properties of logarithms:

log, (bc) =log,b+1log, c log, (g) =log,b—log,c

log, (¢*) = klog, b log . b = %loga b (k#0)
log, b = be1)  log b= & 1
087 = log, a Gb#D 087 = log, a 1)

15.1.2 Binomial Theorem and Related Formulas

Binomial coefficients:

Binomial theorem:
n n
n o_ _ k n—kik
(a+b)" = (k) = kz_o C,a" b

15.2 Elementary Functions

Exponential function e:

1 n
e = lim (1 + —) a* = e

n—o0 n

15.2.1 Trigonometric Functions

Definition of trigonometric functions:

sina cosa
tana = cota = — ,
cos o sin
1 1
seca = csca = —
cos o sin «

Properties of Trigonometric Functions
Simplest relations

sinx +cos’x =1,

sin (—x) = —sinx,
sinx
cosx’

tan (—x) = —tanx,

tanx =

1+tan’x = ——,
cos? x

Reduction formulas
sin (x + 2nm) = sinx

sin (x + nm) = + (=1)" sinx
2n+1

sin (x+ n) =+(-1)"cosx

. T\ V2
sm(xi Z) = (sin x + cos x)

tanxcotx =1,
cos (—x) = cosx,

cos x
cotx =

sinx’
cot (x) = —cotx

1=cot?x=

sin? x

cos (x + 2nm) = cosx
cos (x + nm) = ¥(-1)" cos x
2n+1

cos (x + 7'() =F(-1)"sinx

V2 .
cos(xi —) = — (cosx F sinx)

4 2
tan (x £ nm) = tanx cot (x = nm) = cotx
+1
tan(xi n) = —cotx cot(xJ_r n) = —tanx
T tanx +1 m\cotxF1
tanjxt - )= — cot|x— )| ———
4 1 Ftanx 4/ 1+ cotx
Relations between trigonometric functions of a single argument
. tan x 1
sinx =+ V1l —cos?x =+ =+
V1 + tan? x V1 + cot2 x
1 cotx
cosx=+V1—sin®x =+ =+
V1 + tan? x V1 + cot? x
sinx 1—cos?x 1
tanx = + =+ =
‘/1 —sinZx Ccos Xx cotx
V1 —sin’x COS X 1
cotx ==+ =4

sin x

1-cos?x tanx

Addition and subtraction of trigonometric functions

. . . (XtY
smx+s1ny:2s1n( )cos(

2

sinx —siny = 25in(

COSX +Cosy = 2cos(

2

=)

x—y) (x+y)
2 Ccos >
xX+y

> )COS

(Xt YN
cosx—cosy=—251n( )sm(

(")
=)

sin’ x — sin? y = cos? y — cos? x = sin (x + y) sin (x — y)

sin’ x — cos? y = cos? y — cos? x = sin (x + ) sin(x — y)

sin (x +
tanx +tany = ﬁcos}/j

sin(y £x
COtXiCOt]/ = #Slny)

acosx —bsinx = rsin(x+¢) =rcos(x — 1)

Here, r = Va? + b2, sin¢ = a/r, cos¢p = b/r, siny = b/r, and

cosy =ajr.
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Products of trigonometric functions

1 [cos (x — y) — cos (x + )]
cosxcosy = 1 [cos (x — y) + cos (x + )]
1
2

[sin (x — y) + sin (x + y)]

sinxsiny =

sinxcosy =

Powers of trigonometric functions

cos’x = 3cos2x + 3

cos® x = ic053x+ ?Icosx

cos®x = § cos4x +  cos2x + 3

5, - L 5 5
cos’x = 5¢ cos bx + T3 cos 3x + 3 Ccosx
sin®x = —1 cos 2x + 1
sin’x = —1sin3x + 2 sinx

sintx = %COS4X— %c052x+ 3

s 5. 1 s _ 5
sin”x = 1¢ sin 5x % sin3x + 2 3 sin x

cos™ x = 2211 - Z Ck cos[2(n—k)x] + 22n] —=C3,

cos2 = Z C2n+1 cos[(2n — 2k + 1) x]

1 _
s 21 . _q\r—k ~k _ n
sin“" x = ] kzzo (-1)"" G5, cos[2(n —k)x] + —C

1 n
sin”! = Y (1) Gk, sin[@n - 2k + 1) 4]
k=0

Here,n = 1,2,...and C¥, k,(m k), are the binomial coefficients

o = 1).

Addition formulas

sin(x + y) = sinx cos y + cos x sin y
cos (x £ y) = cosxcos y F sinxsiny

tan ( ) tanx + tany
an(x+y)= ———
Y 1¥tanxtany

; 1+tanxtany
+ =
cot(x £ ) tanx + tany

Trigonometric functions of multiple arquments

cos2x =2cos’x—1=1-2sin’x
cos3x = =3 cosx +4cos® x
cosdx =1 —8cos®x + 8cos* x

cos5x = 5cosx —2 — cos® x + 16 cos* x
sin2x = 2sin x cos x

sin3x = 3sinx — 4sin® x
sindx = 4cosx (sinx —2sin® x)

sin5x = 5sinx = 5sinx — 20sin® x + 16 sin® x

2tanx
tan2x = —
1-tan”x
3tanx — tan® x
tan3x = —
1-3tan“x
4tanx — 4tan’ x
tan4x =

1 - 6tan®x + tan*x

15.3 Elementary Geometry
15.3.1 Plane Geometry

Triangles
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Plane triangle relations:

a+p+y=180° (Sum of angles of a triangle)
a b c

(Law of sines)

sina¢ sinf  siny

a
¢ =a* + b* - 2abcos Y (Law of cosines) 0>
o+ _tan[j@+p]  cot(3y) z
= - = - (Law of tangents)
a tan[i(oz—ﬁ)] tan[i(a—ﬁ)] . o incirel
c=acosf+bcosa (Theorem on projections) ITCHTICITCRe anet thetrete
p=i@+b+o) (Semi-perimeter) \/ (p—a)(p—b)(p—c)
r =
[(p- -b
sin % = % (Trigonometric angle formulas) ﬁP
a Y )4

=ptan-tan - tan = = (p —c)tan =

o Y _ (p—o) 2 2 2 2
2 ab __a _ b __¢
2sina 2sinf  2siny
enl =[PP9 p
) PP 4cos<%a)cos(%ﬁ)cos(%y)
siny = = \p(p—a) (p ~ b) (p - ) d= VRE2Rs
csina csin

tany = = P (Law of tangents) e, of a triangle, S

b-ccosa a-—ccosf

a+b_cos[3@—p) cos[}a-p)

a1y,
(Mollweide’s) S= o sabsiny = rp

© sin(hy)  cos[hap) = JPr-)@-b (-0
a-b = sin[% (a—ﬁ)] = sin[% (a—ﬁ)] = @ = 2R%sina sin B sin
¢ cos (%y) sin [% (o + [3)] C 4R psiny

_ Czsinasinﬁ _2 sina sin 8
2siny 2sin(a + B)

Medians, angle bisectors, and altitudes of triangle ) . .
Right (right-angled) triangles.

My =120 +2)—a2 =13 \/az +4b? — 4abcosy (Median) a+p=90°

. a .
,bc b+ —a o= 5e sma:cosﬁzz sinf = cosa =
l, = [ ] = plp—abe (Angle bisector) a
b+c b+c tana:cotﬁ:E tanf = cota =
_ 2¢cb ;os (%a) _oR sinlﬁ siny L=
e cos [5 (B~ 7/)] W = mn, a? = mc b? = nc
= —sin (%ﬁ) sin (%7/) Polygons
sinf + siny e
hy, =bsiny =csinf = Zb_ICQ (Altitude) 5 c
=2( —a)cosgcosécosZ @ m d
=<V 292, 2
— 2 —b)sin L sin P cos l d
=2(p b)smzsmzcos2 a
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Aveas of quadrilaterals
p=L1@+b+c+d
S= %dldz sinqb

= \/p(p_a)@_b)(p_c)(p_d)_abcdcosz(ﬁ”

154 Algebra
15.4.1 Polynomials and Algebraic Equations

Linear and Quadratic Equations
Linear equations

ax+b=0

x=-=
a

Quadratic equations

ax®+bx+c=0

—b+ Vb? - dac
X2 =~
2a
Cubic Equations
Incomplete cubic equation
Y +py+q=0

y1=A+B, y2,3:—%(A+B)ii§(A—B)

e S A

Complete cubic equation

ax +bx? +ex+d=0

o= Y= 3 VA+py+q=0, k=123

_ LY e o2 () ke, d

~ 3\a a’ 1= 27\a 32 a’

Quartic Equations
ax* + b+ e +dx+e=0 (6)
b

X=y-i @)
v Hpy +qy+r=0 8)
Z° +2p2 + (p2 - 4r)z -¢#=0 )]
n=1(Va+ Vo + Vo) (10)
(4) v2 =} (Ve - Va2 - V) (11)
(5) yS = %<_\/Z+ \/Z__ \/Z_S) (12)
ya =1 (-VE - VE + V) (13)

Algebraic Equations of Arbitrary Degree and Their Proper-
ties

Bounds for the roots of algebraic equations with real coefficients All
roots of polynomials in absolute value do not exceed

A
N=1+

m (14)

where A is the largest of the coefficients |ag|, |a1], ..., [an-1]
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16 Useful Identities

16.1 Series

16.1.1 Expansion of asymptotic series to a power

n
(x0+ex1 +ezx2+e3x3+---) = x

n-1

+enxy  xq
+é VWXS_%C? + 1 (n = 1) x5 70122 + nxg ' x
iy o n-1) (n4!— 2)(n-23) o W%ﬁﬁxz + %%’—2 (x§ + 2x1x3) + nx8—1x4]
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Important Series Expansions

1" " n
Taylor:  f(z) = f(a) + f'(a)(z —a) + f2_(|a)($ a)® + f3—('a)(:1: —a)P+.. 4 / ('a) (z—a)"+..
N aloe—1 alo—1)a—2) .
(I+z) =14ax+ ( )x2 ( X )$5+
2! 3!
A+z)yt=1l—-z+22-22+..; —-l<z<l1
2 3 4 5
(l+x)1/2:1+§_$_+$__5i T +.5 —l<z<l
2 8 16 128 256
3 4 5
(o) P o= By 3, 5o 3% 63 o o
2 8 16 128 256
2 3
lnar::fv_l—kl r-1 —|—l r-1 +o; T>1;
z 2\ =z 3\ =z
1 1
lnx:(x—l)—§($—1)2+§($—1)3—...; |J;—1|§1, z =0
2 3 4 n
nl+a)=2——4+ -2 4 1)L lff <1 2z=-1
2 3 4 n
2 3 n
ln(l—x)z—x—x——x——...—x; |w|<1
2 3 n
n 1
:1+1:+x2+...+x"+x—;|x|<1; 5 :1+2$+3x2+...+m:"+R;|1:|<1; R —0
$2 3 n . $3 .'I/'5 x7 I2 l,4 IG
ef=1+z+—+—+..+—+...;sinz=2——+———...; cosc=1——4+———+...
21 3! n! 31 51 7! 21 4! 6!
220 1 =z 2 22
tanz =r+—+—+...; cotr=—————-— —+
3 15 x 3 45 245
2?2 5zt 61z° 1 z T, 31
secz=1+—+—+ +.os cscr=—+—+—2 +——2x
2 24 720 x 6 360 15120
3 1- 5 1-3- 7 3 5 7
sin‘la::m—i—x——i— 37 + 3:57 4. |:v|<1; tan‘lx:x—x——&—x——x——k...; |a:|§l;
23 2-4-5 2-4-6-7 3 5 7
Lo 111 » T 1 1 1
tan'r=———4+———+...; x>1; tantr=————4———-+...; <-1
2 1 3z 51 2 ¢ 3r3 b1t
cot™' z = tan"!(z7'); sec™! x = cos!(z7!); csctz=sin!(z7); -1<2x<1;
3 5 2 4
sinh:z:::c+x—+x +...; coshle—l—m——l—z——%—...
Y 2! 4!
4 2r% 1717 T 1 z 23 22°
tanhz=0——+———F++...; |m|<—; cothr =—+———+—+...
3 15 315 2 xr 3 45 945
z?2 bzt  61af 1 z 72 312°
sechr=1-—+—— e cschr=———4+——
2 24 720 xr 6 360 15120
_ 1 . 1 1-3-
sinh™ z=2——2a% + 3 z° — 39 T4 |:1:|<1
2-3 2-4.5 2:4-6-7
1 1. 1.3-
=In2z+ - 3 — + 35 +.. |:1:|>1
2:22> 2-4-4z* 2-4-6-62°
1 1-3 1-3-5
cosh 'z =1n2z — — — +... |:v|>1
2-2x2 2-4-4z" 2-4.-6-64°
3 b 7 1 1 1 1
tanh‘lx:a;—&—x——&—x —|—$—+...; |;v|<1; coth*z=—4—+—"—+—+.. |:6|>1
3 5 7 x  3z®  bxd T’

6 . 1 1
cos® z = I—EIQ —|—Zx"1 —x——i—...; sin®z = 2% ——2° +§$7 ——2+...
2 8 8 2 4 216



Useful Trigonometric Identities

FORMULAS FOR ADDITION AND SUBTRACTION

sin(a + b) = sina cosb+ cosa sinb;  cos(a = b) = cosa cosb F sina sinb
t + tanb tacotbT1 1+ tanb cosb + sinb
tan(a £ b) = JAna = and cot(a £b) = oracoor tan (% +b) = = .
1F tanatanb cotb+ cota 1F tanb cosb F sinb

WERNER'S FORMULAS
sinasinb = §[cos(a —b) —cos(a+b)];  sinacosb = %[sin(a + b) + sin(a — b)]

cosacosb = [cos(a 4 b) + cos(a — b)]

INVERSE OF WERNER'S FORMULAS

sina + sinb = 2sin(“3%) cos(42) ; sina — sinb = 2 cos(“3%) sin(%2)

cosa + cosb = 2 cos(“32) cos(45L) ; cosa — cosh = —2sin(*$)sin(*52)

OTHER FORMULAS TRANSFORMING SUMS INTO PRODUCTS OF FUNCTIONS
tana + tanb = sin(a + b) / (cosa cosb) ; tana — tanb = sin(a — b) / (cosa cosb)

cota + cotb = sin(a + b) / (sinasinbd) ; cota — cotb = —sin(a —b) / (sinasinb)

DUPLICATION FORMULAS
sin2a = 2sina cosa; cos2a =2cos’a—1=1-2sin’a = cos?a —sin’a

tan2a = 2tana /(1 —tan?a);  cot2a = (cot?’a—1)/(2cota)

TRIPLICATION FORMULAS
sin3a = 3sina —4sin*a; cos3a =4cos®a —3cosa

tan3a = (3tana — tan®a) / (1—3tan?a);  cot3a = (cot® a — 3cota)/(3cot’> a—1)

BISECTION FORMULAS

sin4 = +,/3(1—cosa); cost==+,1(1+ cosa)
a ' (1—cosa) o (14-cosa)

tan? == %(1+cosa) ’ COtE ==x % (1—cosa)

FORMULAS FOR CONVERTING POWERS INTO MULTIPLE ANGLES

sin?a = $(1—cos2a); cos®a =+ (14 cos2a)

sin®a = 1 (3sina —sin3a); cos® a = (3 cosa + cos3a)
sin' a = +(cosda —4cos2a+3); cos'a =+ (cosda+4cos2a+ 3)
sin® a = & (10sina — 5sin3a 4 sinba) ;  cos® a = ;- (10 cosa + 5cos 3a + cos 5a)

sin® a = 35 (10 —15co0s2a + 6 cos4a — cos6a);  cos® a = 55 (10 4 15 cos2a + 6 cos 4a + cos6a)



