Fluid Dynamics Equation Sheet

1 Conservation Equations

1.1 Integral Form

%ﬁ@gpdv+#‘pu'd5=0

1.1.2 Momentum

%ﬁggpudv+566p(u-d8)u
= ﬁdev - #\pds + Foiscous

1.1.1 Mass

1.1.3 Energy

5 poler tuavs ghofertu)u-as
= ﬁqu‘/‘F Qm‘scous - Eﬁpuds
+ ﬁp(f -u)dV + Woiscous

1.2 Differential Form
1.2.1 Mass

d
E+V-(pu)=0

1.2.2 Momentum

p(g—?+u-Vu)=pF—Vp+V-'r

= pF—Vp+uViu+ 1uV(V-u)
+xV(V-u)+2(Vu) - Vu+ (Vu) x (VX u)
=3 (Vi) (V- u) + (Vi) (V- w)
K=A+32u (bulk viscosity)
T=p[Vu+(Vu)T] +(1<— %y)(V‘u)I

i=1 j

3
57‘]‘
=1

1.2.3 Energy

p%:—p(V-u)+V'(kVT)+T:Vu

1.2.4 Vorticity Transport

VpxV
a—Q+VX(QXu)=VXF+ pxTp
ot p?

+IV2Q + (V) X [3V/(V - u) - V2Q]

VxQxu)=QWV-u)+u-V)Q-(Q-V)u
Q=Vxu and v=ulp



2 Vector Calculus Identities

2.1 Properties of vector product

AXB=-BxA

AX(BxC)=-Ax(CxB)=—-(BxC)x A

2.2 Differentiation of vectors

dA _dAi, dAy. dds
dt Todr dt dt
dA dB
(A B) = dt
$(¢A) TR qbdt
dA dB

(AB)——B tA

dA dB
EXB‘FAXE
dcC

dA dB
_tXB C+Axd— C+AXB- E

—k

d(P

—(AxB)

(A B-C) =

2.3 First Derivative Identities

2.3.1 Distributive Properties

V(p+¢)=Vy+ Ve
V(A+B)=VA+VB
V.-(A+B)=V-A+V-B
VX(A+B)=VXA+VxB

2.3.2 Product Rule for Multiplication by a Scalar

V(o) = oV + Vo

V(yA) =
V- (A) =
VX (yA) =

V3 (fg) =

(VY)AT + VA = VY ® A + VA
YV-A+ (Vi) A
YVX A+ (V) x A
fV?g+2Vf-Vg+ gV f

2.3.3 Quotient rule for division by a scalar

<

<
X

<

<

Y\ _ VY -V
A

-V
(%)Z ZV Aqbz; R
Al_¢V-A-Ve-a
Ei;(va:)ZV(PXA
¢ ¢*

2.3.4 Dot Product Rule

V(A-B) =
IV(A-A) =

(A-V) B+(B-VVA+AX(VXB)+Bx(VxA)
(A-VVA+Ax(VXA)

2.3.5 Cross Product Rule

V- (AxB)=(VxA)-B-A-(VxB)
VXx(AxB)=A(V-B)-B(V-A)+(B-V)A -
=V-(BAT - ABT)
Ax(VxB)=(VB)-A-(A-V)B
(AxV)xB=(VB)-A-A(V-B)
=Ax(VxB)+(A-V)B-A(V-B)

(A-V)B

2.4 Second Derivative Identities

2.4.1 Divergence of curl is zero
V- (VxA)=
2.4.2 Divergence of gradient is Laplacian
Ay = V2 = V- (VY)
2.4.3 Divergence of divergence is not defined
V- (V-A) is undefined
2.4.4 Curl of gradient is zero
X (V$) =0
2.4.5 Curl of curl

VX (VXA)=V(V-A)-

Here V? is the vector Laplacian operating on the vector field
A.

2.4.6 Curl of divergence is not defined
V x (V- A) is undefined
2.5 Third Derivative Identities

V2 (V) = V[V (Vy)] = V(V?9)
VZ(V-A)=V-[V(V-A)] =V (V?A)
VZ(VXA)=-VX[Vx(VxA)]=Vx(V’A)



3 Vector Differential Invariants

i; 9y
VY =grad ¢ = i 90,
1

Ik

_k M
hk &qk

. [0 (u1hahz) | 9 (uzhshy) 9(“3h1h2)]
V-u=divus= + +
u=dvu= hihohs | dq g g3
_ _ i1 |d(ushs)  d(uohy)
VXu_curlu—h2h3[ 0 905 ]+
VoV L[ 9 (lhoy)
V-V = hihohs | g1 \ h dq "
_bh 9 [ 1 |9uhahs) 9 (uahsh) 9 (ushiha)
VVu = hl 3‘71 {h1h2h3 [ 3‘71 9¢h 3113 *
Vx(Vxu)= d [ hs |d(uzhy) J(uhy) || 9 [ hy |d(uh1) 9 (ushs)
hzhs 3112 hihy | 9q g2 dqs \hshh | 9gq3 on
V = 11 [V up — ulhlehll
tah 0 (ga el 9 gy Mahs O g
h1 8q (V ql)+ hy 8q (V q2)+ hy 86]1 (V qB)
2 d(1/h) 3 2 9(1/h1) 0 B 2 d(1/h) (9
hz alh ( 1 1) h% aq aql (u2h2) hg aq ( 3 3)
1 (9(1/h%) P 1 a(l/hé) P 1 (9(1//’1%) J
+— — +—— + — — (ushs) | +
m om om (1l mon om (u2hy o o (uzh3)
&, (. du oi diy  ij oh; 0i;
Vu = —]i-(i k k) Te_ 17T (i¢k), ==
;;‘ Vg ) g T VT gy
hiy [Ou | 1z ol &%] @[%_ﬂ%] @[%_ﬂ%
h1 aql h2 qu h3 8q3 hl 841 hz 8q2 hl Bql h3 8Q3
@'%_2%]+@[%+&%+ﬂ%]+mz[%_ﬂ%]
hy »3Q2 hy 3111 (9112 h3 9% hy 3111 hy 9112 hs 3113
iﬂ%_@%] @[%_@%]+@[%+ﬂ%+&%]
hs |9dq3 i Iq hs | 993 hy dqp hs |d93  hidqi  hydgn
3 3
¢ = Z Z iiiox  (Dyadic)
=1 k=1
3 3
= Z ijiggy; (Dyadic transpose)
=1 k=1

iy Ihj

~hog



4 Cylindrical/Spherical Vector Identities

4.1 Cylindrical

dp . 1d¢y Iy
Vo=l tio 5ty
W\ 1Py
2
le_r&r( &r)+r2892+822
V. (7 r) 1&”9 &uz

82

20 0z 0z or

qu_lr(lguz 8ﬂ)-&-le(%—%) i [ (7‘ 3) 18ur:|

+ii1%—u +ii1 I +u, | +ipl
Grr &6 0 0lo (96 r er

dug u,
+lzlra +26(9 +zza

4.2 Spherical

M 19 1
8R+1‘7’Rc94)+ Rsing 90

1 1 Py, 1 Py
" R2|0 ( _) sm¢8¢( ¢aq>) sin® ¢ 90
1

V-u—R——(R2 R)+

Vl,[J_lR

2

. 1 au(,
29R Rsin¢ 9 (singu) + Rsing 90
Vxu= R 11n¢ [82) (smgbue) 86‘7"] ‘P%[ﬁ%__
V’u = ig [VZuR - 132 (uR + %L(;) + ug cotp — ﬁ%)]
+ig [Vzu(,) + % (2%? - S:l—f(i) - 2%%)]

1( 2 ou cos¢p duy  u
. 2 L R ____9
+19[Vu9+ (HNP 30 +251n2¢ 90 sl

JuR 31/[(, dug
Vu = igig—=—— IR +1R1¢, 3R +igig—— IR

.. 1[dug duy 10
+I¢IRE ﬁ—uq) +l¢1¢,R 8q> + UR +1¢,19R &¢

1 1 0 1 1 Ju 1
+igig = ( “R ug) + i@iqﬁﬁ (— d COtgbug) +igig—= (

R \sin¢ 90 sin¢g J0

_Ug
) + 1zV2uZ
r2

1 (9143
ng 90

+ ug + cot ¢u¢



5 Vector Integral Theorems

5.1 Gauss’s Divergence Theorem

5.2 Green’s Theorems

5.2.1 Green’s First Theorem

)
#¢£ds = 5@§§(¢vz¢ + V¢ - Vip)dV

5.2.2 Green’s Second Theorem

ﬁ(qbg_f B lpg_f)ds - ﬁgg(ww — pV2p)dV

5.2.3 Special Cases

956 (¢vg)-ds = 9%6 |6v20 + (Vo) | av
956 g—fds = 9@@5 VZpdV

5.3 Stokes’ Theorem

Let a simple closed curve C be spanned by a surface S. De-
fine the positive normal n to S, and the positive sense of
description of the curve C with line element dr, such that the
positive sense of the contour C is clockwise when we look
through the surface S in the direction of the normal. Then, if
f is continuously differentiable vector field defined on S and
C with vector element S = ndS

éf-dr:#fo-dS

where the line integral around C is taken in the positive sense.

5.4 Integral rate of change theorems

5.4.1 Rate of change of volume integral bounded by a
moving closed surface.

Let f be a continuous scalar function of position and time t
defined throughout the volume V(t), which is itself bounded
by a simple closed surface S(t) moving with velocity v. Then
the rate of change of the volume integral of f is given by

D of
— dV = —dV +
Dt V(t)f

v-dS
V() 8t f

S(t)

where dS is the outward drawn vector element of area, and
D 0
_— = — + . V
pi-at VY

5.4.2 Rate of change of flux through a surface.

Let q be a vector function that may also depend on the time
t, and n be the unit outward drawn normal to the surface S
that moves with velocity v. Defining the flux of q through S

as
mzsgq-nds
s

Dm aq
ﬁ—é[E'FV(Vq)ﬁ'VX(qXV)}ndS

then

5.4.3 Rate of change of the circulation around a given mov-
ing curve.

Let C be a closed curve, moving with velocity v, on which
is defined a vector field q. Defining the circulation C of q

around C by
C= qu -dr

9q
E+(VXq)xv}-dr

then

o=
Dt ~




6 Ideal Flow (irrotational/inviscid/incompressible)

6.1 Governing equations

V.-u=0 (continuity)

(momentum)

p

Jdu
§+u-Vu]——Vp

6.2 Fundamentals

6.2.1 Streamfunction

May be defined when continuity eq. reduces to two terms.
For cartesian coordinates:

wu_
dx  dy

The streamfunction may be defined as:

0
U= — and vz——¢

Y ox

6.2.2 Velocity potential

I¢
ox

u=

6.2.3 Bernoulli’s equation

If flow is irrotational throughout:
p+ 3pV? = const.

else, only valid along streamlines.

6.2.4 Incompressible pressure coefficient



7 Viscous Flow

7.1 Governing Equatinos

V.-u=0 (continuity)

p(u-Vu) = pF — Vp + uV?u (momentum)

7.2 Boundary layer terms
721 Reynolds Numbers

ui
Re = =
u

7.2.2 Skin criction coefficient

Cr () = Ty (X)

1
2

2
2 (814*)
VRe \ 97 /,,

7.2.3 Drag coefficient

Fp
3pU2A
TE
=b (—pusin 6 + 1, cos 0) dS,
LE
TE
+b (p1sin 6 + 7, cos 0) dS;
LE

Where ”u”, //1//[ and //b/l

denote “upper”, “lower”, and "width”

Cp =

7.2.4 Separation point

Ju
(@)-y-(’

7.2.5 Displacement thickness

° u
5 = f (1- —)d
y=0 U !
7.2.6 Momentum thickness
< u u
o= [T (1)
fyzo TR

7.2.7 Shape factor

|

7.3 Blasius equation

Assumptions:

e Incompressible
e Laminar
e Steady

P _
% =0

7.3.1 Equation

"+ 31ff"=0  where

n=+vx/U

7.3.2 Shear stress

Ty = y(j—;) =0.332pU%/ y/Re,
y=0

7.3.3 Skin friction coefficient

Coo Tw _ 0664
7T T VRe;

7.3.4 Drag on plate

r fL q 0.664p UL
= TpdX = ———
° 0 vrer

(drag force per unit width)

7.3.5 Drag coefficient

Frb 133

Cp = =
v IpUPL  VRep

7.4 Pohlhausen’s Polynomial

— = (2+ %A)n— 1A + (%/\—2)1}3 +(1 -1IA
- p_éz_du
where n=y/o A o dx



7.5 Von Karman momentum integral equation 7.6 Thwaites’ method

For solving Von Karmar mom. int. eq.:

d /o LdU,
Tw=p [a (ue 6) * uea dx ] 2 0.45v * 5 [ ’ 9(2)u8
0" =— u; (x)dx’ + .
Ju U (x) Jo U, (x)
Tw=H 5 2
1,0 & C}iue (solve for 0)
solve for 6 (x) (boundary layer thickness) VU X
v . . . . =u—1
Cs =1 L > (skin friction coefficient) T=HY @
2pU Hon< o
pue pUx )= 0

Re=— d Rey=——
© u an e u (use table to find surface shear stress and

(Reynolds number and x-Reynolds number) displacement thickness)



8 Compressible Flow

8.1 Governing equations

d
Eg@ggpdv+#pu~d8—0
14 S

+V (pu) =0

ﬁpudV+S@p(u ds) u—S@SdeV S@pds

(E+u Vu) pF—Vp

8.2 General Definitions

8.2.1

8.2.2

8.2.3

8.2.4

Mach number

Compressibility

_1dv
Vdp

_1dp

Cpdp

Isothermal compressibility

__L(ov
7 ap)r

Isentropic compressibility

__L(v
Ty ap ),

8.3 Perfect Gas Thermodynamic Relations

8.3.1

8.3.2

8.3.3

Internal Energy/Enthalpy/Thermal eq. of state

(continuity)

(momentum)

8.3.4 Entropy change

8.3.6 Important air properties

R = 287 m?/ (s’K)
¢y = 717m?2/ (521()

¢p = 1004m?/ (SZK)
y =140

e=¢T (internal energy)
h=c,T (enthalpy)
p = pRT (thermal equation of state)
Specific heats
__R _ IR -
Cv_y—l Cp_)/—l y =cpley
Speed of sound

= VYRT = vyplp

8.4

One-dimensional isentropic flow

8.4.1 Continuity

p1u1A1 = paurA;

8.4.2 Stagnation enthalpy

ho=h+ u = const.



8.4.3 Stagnation property relations
TO Vi 1 >
D1+
T ot M
Po y=1 .\
Uy
[1+252)
—_ y-1
- (1 T Mz)
P 2
8.4.4 Nozzle area relation
1 y+1
A 1 2 Y- N EG
A*_M[y+1(1+ 2 M)}

8.4.5 Velocity-area differential relationship
du___1 dA
u  1-M?2A

8.5 Normal shock waves
8.5.1 Mach number, pressure, temperature, and density

relations across a shock

, _(y-DM;+2
2 yM 41—y

2_1,. % (e
pl—l erl(M1 1)
p2_ (r+)M
pr (y-1M+2

2(y -1 yM? +1
1,20 2)7/ L (M2 -1)
I r+1)° M

8.5.2 Entropy change

e (0]
Z 2 _IndEE
Cy P1\p2
2 -)M: +27
=In{[1+ L (M2 1) =DM, +2
y-1 (y+1)M:

8.6 Wind Tunnel equations

8.6.1 Mass flow rate

8.6.2 Nozzle/Diffuser area ratio

A;:@
Al P
1 2
2 7 [ (y = 1) M2 +2]77
=1+ 2L (v 1) o DM, +2
y+1 (y+1)M:

where A}, A}, po, p;, and M; are the diffuser throat area, in-
flow nozzle throat area, stagnation pressure behind the shock,
stagnation pressure after the shock, and Mach number up-
stream of the shock

8.7 Two-dimensional compressible flow

8.7.1 Definitions

0 = deflection angle

0 = wave angle
M; = upstream Mach number
M, = downstream Mach number

8.7.2 Mach wave angle

sinu =1/M

8.7.3 Mach number relation

L2
(y -1 M2sin’*c +2
2yM?sinc+1-y

M% sin? (0 - 0) =

8.7.4 Oblique shockwave angle

M2 sino -1

M3 (y — cos20) +2

tand = 2coto

8.7.5 Prandtl-Meyer function (expansion fans)

01 +v(My) = 0, + v(M>) = const.

+1 -1
v(M) = \/V arctan 4 ’_7/ (M2 —1) — arctan VM2 -1
y -1 y+1

10



8.8 Thin-airfoil theory 8.9 Velocity Potential

8.8.1 Lift and Drag coefficient
V2o = IMG [(r =) V2$ (Vo - Vo) + V- V (Vo - Voo )|
L
CL= m where
E oo U oo

-1 -1
~ da azzaé——yz szaé——y

VM2Z -1

_D

3P USb

402

M2z -1

Cp =

~
=~

11



9 Rocket Propulsion Equations

9.1 Definitions and Fundamentals

9.1.1 Total impulse
¢
It = f th
0
=Ft (for constant thrust)

9.1.2 Specific impulse

Is =1/ (mpSO)
= F/ (ri1go)
=F/w
=Ii/w

9.1.3 Effective exhaust velocity
c= Ing = F/m
9.1.4 Mass ratio MR
mg/mo

9.1.5 Propellant mass fraction C

C =my/myg
= (mo — mf) = mp/ (m,, + mf)
where mg = m, + my

9.1.6 Impulse-to-weight Ratio

I I L

wo (mf+mp)g0 - mpg[my, +1

9.1.7 ThrustF

F= d (1102 =rmv, atsealevel = ﬂvz
dt 80
= 1oy + (pz — p3)A2
= nic

= 1i1v, + ppA,  (in vacuum of space)

P2 P3
=Fopt + MA|— — —|€
opt T P t(Pl Pl)

_ Aﬂ)tvz

vt (P2 —p3) Az

22 (2 \F 5
= A y ( ) [1—(&) }+(P2—P3)Az

y=-1\y+1
= CrAm

= mc*Cr

P1

9.1.8 Thrust Coefficient

F

Cr=——
F A

2y? ( 2 )‘_1 (Pz); P2 —p3 A
y—1\y+1 P1 A

9.1.9 Exhaust velocity c
c =0y + (p2 — p3) Az/rit = Qo
9.1.10 Characteristic velocity c*

¢ =piAs/mi

9.1.11 Power of the jet Pje
Pjer = 31inv] = Lagol? = 1Fgols = 1Fv,
9.1.12 Power input to a chemical engine

Pchem = mQR

where Qg is the heat of combustion per unit of propellant

mass.
9.1.13 Power transmitted to vehicle
Pvehicle =Fu

9.1.14 Internal efficiency 7,

kinetic power in jet rio?

(where u is vehicle velocity)

Nint =

9.1.15 Propulsive efficiency

vehicle power

available chemical power B Ncomp Pchem

My
_ Fu . 2ujc
Fu+ %m(c +u) 1+ w/c)?

12

~ vehicle power + residual kinetic jet power



9.1.16 Multiple propulsion systems

Foa= ) F=Fi+F+F+-
tioa = Y 1it = tity + tity + tity + -
(Is)oa :Foa/(gomoa)

9.2 Nozzle theory and thermodynamic relations

9.2.1 Stagnation enthalpy

L,

ho=h+ EU = const.
9.2.2 Perfect gas law
pxVyx = RT,
9.2.3 Specific heats c and their y
k=cp/cy
p—C =R
o =yR/(y-1

9.2.4 Isentropic flow between x and y in nozzle
5 y-1
To/Ty = (pe/py) " = (Vy/Vs)

9.2.5 Stagnation temperature

To =T+ 3v*/c,

9.2.6 Speed of sound & Mach number

YRT

M =v/a=v/+yRT

Isentropic relations (temperature, Mach number,
pressure)

9.2.7

To=T[1+1(-1)M|

y -1 1)

po=p[1+ %(y—l)Mz]”)Tll

To

(__

M= T

9.2.8 General area ratio

51

Ay

A

1+M2(y-1)/2
1+ M (y-1)/2

|

X

13

9.2.9 Exit velocity

Uy = 1[2(”11 —]’12)+U%

2 (7/_1)/7"
= | =L RrTy|1- (p 2) + 0
\r-1 pi
2 -1y
= —yRTl (P—2) (when v; = 0(chamber))
\r-1 P
_ 2)/ R/Tl ~ (p_z)()’—l)/)/
\y-1 M p1

where M is molecular mass.

9.2.10 Critical/Throat velocity

V)/RTt = a

v = —RT1
v+

9.2.11 Mass flow rate

. AtUt
m =

Vv, = Aipry

9.2.12 Ratio between throat and downstream area with
pressure p,

A _ Vi (V + 1)Ll (Py)w i P (7”_y)yT
A, Vo 2 1 y-1 P
9.2.13 Velocity of downstream point from throat
vy |y + 1
v \y-1

9.2.14 Cone-shaped nozzle correction factor for exhaust
velocity

=1(1+cosa)

where «a is the cone angle.

9.2.15 Rocket Equation

M =1/MR = mo /1

9.3 Chemical Rocket Performance Analysis

9.3.1 Mol fraction



9.3.2 Effective average molecular mass 9.3.6 Heat of reaction

m
Zj:l anj m m T

Th
M=="" _ _
Y AH =) n,f CpidT = Y mjAl;

1 Tref 1

Trcf

9.3.3 Molar specific heat and specific heat ratio
9.4 Solid Propellant Rocket Motor Fundamen-

Y n; (c,,)j tals

(Cﬁ)mix = Zjn:z T, 9.4.1 Mass flow rate
Vinix = (Cp)mix 1 = Abrpb
mix —
(Cp)mix -R _d@eV)  Ap
T c*
9.3.4 Heat of reaction = Apppap”

AH = 1w (AHO _ [ (A H° ] where Ay, r, and py, are the burn area, burn rate, and density
Z‘[ ! ( / )]P“’ducts Z " ( / )f reactants of solid propellant before burning

9:3.5 Gibbs free energy 9.4.2 Pressure in steady burning

m
G= Z n;G; p1 = Kpprc® where K = A,/A;
j=1
Gj=Uj+p;jVi=T;5; = hj = T;5; 9.4.3 Burning rate approximation
0_ , 0 _ , 0
AG = Z [n] (AfG )]products Z [7’1] (AfG )]]reactants r= ap'i’

Il
—_

j j=1

14



10 Aeroacoustics

10.1 Governing Equations

ap o
o +poV-u' =0 (continuity)
Po 85; =-Vp (momentum)
10.2 General definitions
10.2.1 Frequency
w 1 1
f=0m =T 79T
f = frequency
@ = angular rate
T = period
10.2.2 Fourier Series
ft) = 24 Z [an cos( ) + b, sin(zzﬂnt )]

n=1

I
== tyel F dt
Tfo fles

a_y, +ib_,1; <_1
2
ao
=17 n=0
a, — ib,
- > 1
> n>

10.2.3 Fourier Transform

(fourier transform)

o 1 * —iwt
f(w)—ﬁl; f(e

1 RN
() = — f (w)e'dw  (inverse fourier transform)
f =)t

10.2.4 Acoustic Intensity

I=p'u
2
(= A Units: [%]
2poag m

10.2.5 Acoustic Energy

2

P 1 72
= + —
e 2poﬂé 5 pou
(e) = A Units: [L] (energy density)
2pa3 m?

10.2.6 Root of Square Average (RMS)

1 T
/ — - 7”2
pims = \|7 | 07

= % (for p(t)’ = Acost)

10.2.7 Decibel

Power )

10logyq (Ref power

10.2.8 Acoustic Power Level

APL = 10log,, (P}‘;"“Sﬁc) [dB]
ref

]P — ]Prefl()APL/lo
where Pres = 1072[W] and P=()A
where A is the area the sound is going through

10.2.9 Sound Pressure Level

p/Z
SPL = 10log,,, [%]

ref

Prms
=201lo
810 ( Dret )

Pref = 2 X 107° [Pa]

10.2.10 RMS pressure summation
(Prm5)1+2 = p%ms + P%ms (1)
1 2

10.2.11 SPL summation

SPL1s2+.n = 1010gy, (10SP11/10 4+ 105P2/10 4 ... 4 105PLe/10)
2)

10.2.12 Impedence

Z =iow
_P

u/
m/A =0 (mass/area)

’



10.2.13 Planar wave transmission & reflection 10.2.21 Reverberant field intensity

2pofg

__2p0m0 " .
P Spoao + iowpl (transmission) (Dgs = A%
iow : hoto
L ey (reflection) _ {errao
where o =m/A !
10.2.14 Reflection/Transmission coefficient 10.2.22 Absorption
. = <I>r (1 P
=0 (e = DA=0) _ P
a0, aAAwal R
o= g _Da _ D =D
(D aa =
o Iy

10.2.15 Composite surface transmission coefficient

Z?ﬂ ayAj 10.2.23 Reverberant Field SPL

a where A is surface area

eff = AT
2
10.2.16 Transmission loss SPLs = 1010g, (prn;s)RF
1 ref
T.L. =101 (—) 4 P
0og @ _ 1010g[ Poazo )
2 2 2 pref

_ 1010g[ (0w) 2} +10log [1 L @ ”OZ } 2 = Awanaa
(2p0a0) (Ow) - (1 _ aA)

10.2.17 Spherical wave equation
10.2.24 Direct field and Total SPL

A .
p= ? ez(wt—kr)
i Po olP 1 4
10.2.18 Spherical Sound Pressure Level SPLiotal = 1010g;, +10 log10 — + R
p—
ref
Pret 10.2.25 Average absorption coefficient
A
=20 log[ ) —20log (r)
\/Epref
Z (XA,'AI
T =
1

10.2.19 Spherical acoustic velocity 10.2.26 Average SPL or “equivalent level”

u, = P (1 + i)

- N
Podo ikr 1 SPL;/10
SPLavG = Leq = 10log,,| = Y  10°PL/10A
Podor 1kr
10.2.20 Reverberant Field energy density 10.2.27 Day/Night level
2
<6>RF = 4nprr2ns 2200 SPL (10>+10
pody Lox = 10log;, | = Z 105PLO/0AE, + Z 1070 Ab
21tA2? 0700 2200
= v
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10.2.28 Permissible time & dose

8
T =

2"
N N
Al' 1 Li—%0
D—ZT—§ZAti2 =<1
i=1 =1
Aj is the actual time
T is the permissible time (8 hours at 90 dB)
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11 Numerical Analysis

11.1 Second Order PDEs classification
11.1.1 General Form

82¢ 92¢
ox2 " oxdy

82qb

At

*¢
8y2

9
g +
B
+c29
Ixdy

Iy’
a—¢+E3—¢y)+fcp+G)

d
A E—(P

+C +D

¢

+fo+G=0

+B H

H:_(D8x

11.1.2 Characteristics in physical space

) _ B+ VB2 _4AC
ap

2A
11.1.3 Equation characteristics

dy

(_

dx

-4AC<0
—-4AC=0
—4AC>0

elliptic if
parabolic if B?

hyperbolic if

11.2 Finite Difference Schemes

11.2.1 First derivative

4

1
D= — (—uio1 + 1) + 2Axu”

Ax

( u; + u1+1) - _Axu

(3)

T Ax
1
A_( Ui +ul+1) - 'AX
1
= A—( 2141;1 + %ui) + %AXZMSS)

1 1A.2,0
——u, + 22U — zu,-+2) + gAx uf )

11.3 Stability Analysis
11.3.1 Discrete Perturbation Stability analysis

Consider the parabolic model equation

ou  du

T
Using a first order time and second order spatial derivative,
this equation may be written as:

M’.Hl —u
i i

At

+1 - 2u + u”
(Ax)*

If a disturbance € at node i and time level 7 is introduced and
we search for solution at time level n + 1 for all i nodes, the
finite difference eq. becomes:

- (u:.’ + e)

At

l

u;1+l

n

ui+1—2(u +e)+u

(Ax)?

i-1
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If u" = 0 for all i the equation reduces to:

n+1
U;

At

—-€ 2

~ Yy

=e{1+2a[ At

(Ax)
=e(1-2d)

or equivalently

uln+1

)

uf’”
H

= (1-2d)

where d = aAt/ (Ax)* is known as the diffusion number. It's
required that,

or

1-2d<1 and 1-2d>-1

11.3.2 Von Neumann Stability Analysis

Solution of finite difference equation is expanded in a Fourier
series. The decay or growth of the amplification factor deter-
mines the stability.

Assume a Fourier component for u! as

u = uneIP(Ax)t

where I = V-1, U" is the amplitude at time 1, and P is the
wave number in the x-direction, i.e., A, = 27t/P, where A, is
the wavelength. Similarly,

ul1+1

n+1 IP(Ax)l
; u

_ IP(Ax)(i+1
and ul,, =U"e (Ax)(ix1)

If phase angle 6 = PAx is defined, then

=U"e 10i

n+1 Un+l 10i

ul

_ 1m I0(ix1)
1+1 U'e

Consider again

ur'1+l —y"
i i _

At

+1 - 2u + u”
(Ax)®

or in terms of the diffusion number

l

un+1)—u +d( l+1—2u7+u;’_1)

Substituting the Fourier component and cancelling out terms
of e!%, we get
_ 3_19 _ 2)]

Using the relation cos 6 = (e’e + 3‘1‘9) /2, we get

umt = Ut [1+d (e

U™t = U1+ 2d (cos 6 — 1)]
Introducing the amplification factor U"*! = GU", we get

G=1-2d(1-cosB).



Stability requires,
Gl <1 and [1-2d(1-cosB) <1
so that
1-2d(1—-cosB) <1
and
1-2d(1-cosB) > -1

must be valid for all values of 8. With a maximum value
of (1 — cos 0) = 2, the LHS becomes 1 — 4d. Solving the new
equation gives us a final condition

d< 3)

NI

11.3.3 Scheme Requirements

e Consistency: A finite difference approximation of a PDE
is consistent if the finite difference equation approaches
the PDE as the grid size approaches zero.

e Stability: A numerical scheme is said to be stable if any
error introduced in the finite difference equation does
not grow with the solution of the finite difference equa-
tion.

o Convergence: A finite difference scheme is convergent if
the solution of the finite difference scheme approaches
that of the PDE as the grid size approaches zero.
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e Lax’s equivalence theorem: For a FDE which approxi-
mates a well-posed, linear initial value problem, the
necessary and sufficient condition for convergence is
that the FDE must be stable and consistent.

o The conservative (divergent) form ofa PDE: In this formula-
tion of a physical law, the coefficients of the derivatives
are either constant or, if variable, their derivatives do
not appear anywhere in the equation.

o Conservative property of a FDE: If the finite difference ap-
proximation of a PDE maintains the integral property
of the conservation law over an arbitrary region con-
taining any number of grid points, it is said to possess
a conservative property.

11.4 Classification of equations

L Pp PP
ElllptICZ ﬁ + a—yz =0
. oT T
Parabolic: i aﬁ
. YA
Hyperbolic: 2 T3



12 Useful Identities

12.1 Series

12.1.1 Expansion of asymptotic series to a power

n
(x0+6x1 +62x2+e3x3+-~) =X

+ enxg’lxl
[(n(n-1
+é? —( o )xg_zxf + nxg‘lxz
g nm-1))m-2) , .53
3!
+€ 2 0

1

20

2!

X oxy +n(n—1) xg’lexz + nxg’1x3

4:n(n—1)(71—2)(11—3)3{,,_4 4y nm-1)m-2) ,_4

0

xfxz +

2!

n(mn— 1)xn_2

0

(x% + 2x1x3)

+ nx8‘1x4

|



