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Section (4)

Exponent and Arithmetic Operations:

N —

AW

w

)
)
)
)
)
)

6

a(b+c)=ab+ac 7) (xy)™ =x"y" 13) (x™)" = x™n

a c ad+bc 1 n X — —

bTd " ba 8) xn="x 14) a* =y = x =log,y
are_a,c 9) xM=— 15)e*=y=x=Iny
abcbabd ad n J‘fln InA

. —— L _-= X\ _X =
b Ta T be 10) (;) —n 16) logy A =7

XM X x™ = x™ 1) xn = Yo = (Yx)" 17) In% = Ina —Inb
ﬂzxm-n 12) %/x =’§/§’i/§ 18) Inab =Ina+Inb

Factoring. Inequalities and Absolut Value:

o=

x*=y*=(x+y)x—-y) 8) a<bandb<c =a<c
x}+y3=(x+y)x*—xy+y?) 9) a<b =a+c<b+c
=y =x—-y)E*+xy+y?) 10)a<bandc>0 = ca<ch
(x+y)?=x2+2xy +y? 1M)a<bandc<0 = ca>ch
(x—y)?> =x*=2xy +y* 12) |x|=a = x=a or x=—a
(x+y)% =x%+3x%y +3xy? +y3 13) Ix]<a = -a<x<a

(x —y)® =x3—-3x%y + 3xy? —y3 14) |x| >a = x>a or x<—a

Lines, Distance and Midpoint Formulas:

1)
2)
3)
4)

5)

Slope of line through p(xy,y1) = p(xy,v,) Is {m _ yz—y1}

X2—X1
Point-slope equation of line through p(x;, y;) with slope m Is {y — y; = m(x — x;)}
Slope-intercept equation of line with slope m and y-intercept b Is {y = mx + b}

Distance between two points p(xq, y1) = p(x3,v2) Is {\/(x2 —x1)%+ (v, — yl)z}

X1+X; J/1+J’2}

Midpoint of p;p; Is {T 5

Circumference, Area and Yolume Formulas:

1)
2)
3)
4)
5)
6)
7)
8)
?)

Circumference of Rectangle = 2{L(length ) + H (height)}

Circumference of Square = 4H = Fig(A — 3)

Circumference of Circle = 2nr = Fig(A—1)

Area of Rectangle = (H x L) H H
Area of Triangle = > LH

Area of Square = H? = Fig(A — 3)
Area of Cube = 6H? = Fig(A — 2)

Area of block = 6(H x L) ' _

Area of Circle = r?2 = Fig(A — 1) A-1) (A-2) (A-3)

10) Arec of Ball = 4nr? = Fig(A — 1)

11) Area of Cylinder = 2nr x H = Fig(A —5) ? -7
12) Arec of Cone = r Vi2 + h2 = Fig(A — 4) h ! h r
13) Length of Arc = 8r = Fig(A — 6) B - :9\

14) Area of Section Circle = 2 0r* = Fig(A — 6)

15) Volume of Cube = H3 = Fig(A — 2) (A-4) (4-5) (A-6)
16) Volume of Cylinder = nr?2 x H = Fig(A —5)
17) Volume of Ball = §HT3 = Fig(A—1)

18) Volume of Pyramid (Cone) = (A)base area x H
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Vectors and Dot, Cross Product;

1)

2)

3)

5|Page

If we have a line its start is 4, and its end is B then its vector is 4B.
If the start is B and end is 4, then its vector is BA. = Fig(A—7)

1. The Equivalent Vec’rors have the same Length and Direction of Vector.

2. Unit Vector [_? W’rho’r its ||,8|| is equal to one.

3. BA+ AB

4, If B = (x1:3’12 and @ = (xy,y,) then B + @ = (x; + x5, v + V)

5. B+a=a+p

6. Br@+p)=B+a)+y=B+a+7y

7. kB = (kx, ky) and k € R

8. if B =kaand k > 0 then (E \\ @) and have the same direction.

9. if B =kaand k < 0 then (E \\ @) and have opposite direction.

10. if AB act on f and CAact on @ thenAB +CA=fB +a = Fig(A—8)
11.if EF act on f and EG act on @ thenEG + EF =a — B = Fig(A—9)
12.ifa+B=0thenf=—a

13. if[? = (x,y) then || [?” == \/m it proportional to vector length.

If the angle between EF (E) and EG (@) is (8) so The dot product would be

E ® a = Pacosh, Where B = ||ﬁ|| and a = ||@|| = Fig(A —10)

(A=7)

uZ o

1. If 0°< @ < 90° then B ® @ is positive, but if 90° < 6 < 180° then B ® & is Negative.

If 68 = 90° then [§ ® a =0, they are perpendicular.

fO@a=a®Band B OF = B2

7O@+B8) =70a+70p

(cB) @a=c(B ®a)= (cB) ® (bd) =cb (B @&)

The projected AC = B cos@,It's a scaler value.

8. If B=ayx+byand @ = a,%+b,y, thenf @a = a;b; + ayb,

If the angle between A and B is (), 50 A x B = (ABsin8) Z = Fig(A — 11)

N ok~ oDd

Where z is a unit vector perpendicular to the plane which contain (AT, §).

A x B = —B x A using right hand base.
|4 B|| = ABsing
- AxB

AABsinG R L R . L
If Ais parallelto B,thenAXxB =0,50AXA=0

C x (A+B) =CxA+CxB
The geometrical meaning of cross product is equal to area
of parallelogram where B and A are two sides of it. i

A o

. . . ~ . . -~ a4y Ay . .
7. If A=a;x+byyand B = a,x + b,y, thenAxB=|b; bj z = (ayb, — a,by) z

8. Right hand group is a group of vectors where are all perpendicular
to each other’s and cross product from first vector to second
vector is equal to third vector. = Fig(A — 12)

9. (xxy=z),(yxz=x)and (zxXx=y)

10.(yxz=-2),zZxy=—-x)and (x xz=—y)

If 6 = 0° they are parallel with the same direction, but at 180° are opposite direction. 5
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Angels Rules:

rad _ 0 180°
1) - % qrad = 2%
T 180° T ] )
. Opposite(a 1 el@—_eg~la
2) sina=—22~ ) - = :
Hypotinuse(c) csca 21
1 el@pe-ia
3) cosa= _ = =
Hypotinuse(c) seca 2
_ Opposite(a) _ 1 _ el@_e-ia
4) tana = = =
cota i(el@+e—ia)

5) sinasinB = 0.5{cos(a — B) — cos(a + B)}
6) cosacosp = 0.5{cos(a + B) + cos(a — B)}
7) sinacos B = 0.5{sin(a + B) + sin(a — B)}
8) sin(a £ B) =sinacosP tsinf cosa
?) cos(a+B) =cosacosf Fsinasinf

tana ttan f
10) tan(a £ B) = 1Ftanatanp

11)sina +sinf = 2{sm( )cos(ﬂ)}
13)sina —sinf = 2{sm( )cos (M)}

2

15) sin(a + B) sin(a — B) = sin? a — sin? B

1-cosa
2

. . . a
17) sin2a = 25macosa=sm;= +

. . a
18) cos 2a = cos?a — sin*a = 2 cos?a —1 =1 — 2sin*a = cos—

19) tan 2a = 2282% — pan = 4 [1m€e
1-ta 2 1+cosa

20) sm( 9) = cos 0

22) tan( 9) = cot 6

24) sec ( 9) =csch

26) sin(—60) = —sin 6

28) tan(—0) = —tan 6

30) sec(—0) = secO

32) If sina = cos B $B+a=§+2nn

34)Iftana=cot,8=>ﬁ+a=§ or%ﬂ

36) sina = %(1 — cos 2a)
38) cot?a + 1 = cscla
40)sin"ta + cos ta = g
42)a? = b? + c¢? — 2bccosa
44) b? = a%? + ¢ — 2accos B
6) sin(a+p)+sin(a—-B)
cos(a+B)+cos(a—pB)

=tana

sin(a—B) _ .
8) Smasinp cotB —cota
a-b _ tan 0.5(a—-pB)
50) a+b tan 0.5(a+pB)
)ﬂ __tan0.5(a-y)
a+c  tan 0.5(a+y)
54)

6| Page

(Orl)“y
B ¢ (sin@,cscO)* »
a x <7 X
(-1,0) (1,0)
14 a (tan 8, cot8)*| (cos @,secH)*
b ©0,-1)y"Y
0 Radians sin@ cos 8 tan 0
0° 0 0 1 0
30° /6 1/2 V3/2 1/V3
45° /4 1/V2 1/v2 1
60° /3 V3/2 1/2 \3
90° /2 1 0 —
180° T 0 -1 0

12) cosa + cos ff = 2 {cos (a;ﬁ) cos (azﬁ)}
14) cosa — cos B = =2 {sin (a%ﬁ) sin (ﬂ)}

2
16)tana + tan B + tany = tana tanf tany

— + 1+cos a
- 2
2])COS(72T )=sin9
23) csc (n ) sec 6
25) cot (E — 0) =tan6

27) cos(—6) = cos 6

29) csc(—0) = —csc O

31) cot(—8) = —cot 0
33)Ifcsca=secp=p—a =%+2nﬂ
35) sina + cos?a =1

37) cos?a = %(1 + cos 2a)
39) tan®a + 1 = sec’a

A1) tan"ta + cot™ta = %
43)c? = b%+a%?—2abcosy

sina sina sina 1
45) = = p = ;
) tana+tanf | tana-tanf __ 2
tan(a+p) tan(a—pB) -
) sin(a+B) _ tana+tanf
sin(a-B)  tana-tan
51 ) ﬂ __c0s0.5(a=p)
T sin 0.5(y)
u tan 0.5(8-y)
53) b+c tan 0.5(8+y)

55)
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VIl.  Hyperbolic Functions;

]) eX—e™X 1
2)

3)
4)
5)
6)
7)
8)
?)

10) sinh 2x = 2 sinh x cosh x

sinhx =

tanhx =

eX+e™*
coshx + sinhx = e*
coshx —sinhx =e™*
cosh?x — sinh?x = 1
1 — tanh?x = sech?x
coth?x — 1 = csch®x

cosh x

sinh(x + y) = cosh(x ¥ y) = sinh x coshy + cosh x sinhy

11) cosh 2x = cosh?x + sinh?x = 2cosh?x — 1 = 1 + 2sinh®x

12) sinh™tx = In(x + V1 + x2)
13) cosh ™t x = In(x + V1 — x2)

V1+x2
-1, _
14) tanh™' x = In( m)

VIlIl,  Polar. Cylinder. Spherical Axis and Jacobin;

1) Polar axis = Fig(A — 13)

x =rcosf

y =rsinf

Cylinder axis = Fig(A — 14)
X =71 Cos@

y=rsing

z=z

Spherical axis = Fig(A — 15)

2)

rsin@

3)

sinh x

tanh x

csch x

rcosf

X =pcos@sinf
y = psingsinf
z=pcosH
Jacobin

If we have two functions f(x,y) and g(x,y),

4)

Then Jacobin J

1. Spherical coordinates Jacobin {p? sin 8}

(A—13)

of.9) _

a(xy)

> X

psin@sing

T

S
&

S
< (A—14) Yy

fx fy|
Ix 9y

2. Cylinder and polar coordinates Jacobin {r}

Geometry:

7 sin @ >y

N

y

& '0&//7
-4

(A —15)

1) The following theorems present conditions under which triangles are congruent.

SAS congruence requires
the congruence of two
sides and the angle
between those sides.

SSS congruence requires
the congruence of all
three sides.

7| Page

ASA congruence requires
the congruence of two
angles and the side
between those angles.

AAS congruence
requires the congruence
of two angles and a side
which is not between.
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2) The following theorems present conditions under which triangles are similar.

SAS similarity requires the
proportionality of  two SSS similarity requires the
. . / . sides and the proportionality  of  all

congruence of the angle. three sides.

3) Pythagorean theorem: c? = a? + b? = ¢ =+Va? + b2 = Fig(A — 16)

4) The ratio between the surface of two similar triangles is equal to
the ratfio between a square with two symmetrical sides.
= The ratio between the circumference of two similar triangles equals
the ratio between two symmetrical sides.

5) Euclid theorem = Fig(A — 17)

(A—16)
d

a’?=dx(d+c)
b2 =cx(d+c)
h? =dxc a
hx(d+c)=axbhb h
6) Height: The formula for the length of a height of a triangle is derived
from Heron's formula for the area of a triangle. b

= 2y/s(s—a)(s—b)(s—(d+c)) (A-17)
o d+c
7) Median: The formula for the length of a median of a triangle is m = %\/Za2 + 2b?% — 2

8) Angle Bisector: The formula for the length of an ongle bisector of a triangle supposed to be

m= \/ab (a+b)2

?) Exterior angle equality: The measure of an external angle is equal to the sum of the

measures of the two non-adjacent interior angles. = Fig(A — 18)
2dca = scba+ £cab

10) There is four ways to define a plane,
1. By three points are not in strait line. 2. By line and one point. b c d
3. By two intersecting lines. 4. By two parallel lines. (4—-18)

11)If two lines cut by a transversal have congruent corresponding angles, then the lines are
parallel. = Fig(A — 19)
= If two lines cut by a transversal have congruent alternate interior angles congruent, then
the lines are parallel. = Fig(A — 20)
= If two lines cut by a transversal have congruent alternate exterior angles, then the lines
are parallel. = Fig(A — 21)
= If two lines cut by a transversal have supplementary consecutive interior angles, then the
lines are parallel. = Fig(A — 22)

,Wheres:%(a+b+(d+c))

(A—19) (A —20) (A—21) (A-22)
12) Two lines are perpendicular if the product of their slopes is —1.

8|Page Istam Reda Ahmed
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Secftion (B)

I,  Second order and some shapes Equations:
ax? + 2hxy + by? + 2gx + 2fy +c =0
1) Aty =0and b = 2g then the equation (ax? + bx + ¢ = 0) Its solution would be like
) —b +Vb? + 4ac
Solutions(4,B) = >a
if b2+ 4ac =177
1. (Negative No) (4, B) must be Imaginary numbers.
2. (Positive No) (4, B) must be real numbers.
3. (Zero) (A4, B) must be equal real numbers.

A+B=%b and AB =<

a

2) Lline equationy =mx + ¢
r=secO(or)r=ccsch (or)f =c

3) Circle equation (x —a)?+ (y — B)? = a?, Wherea = /g2 + f2 —¢
r=a(or)r=cacosf (or)r=casinb

4) Parabola equation (x — a)? = 4a(y — B) Its Head is (a, B)

r= (14 cosh)
. . x?y? s b?
5) Ellipse equation Sta=1 Its eccentricityise = |1+ pe
2
r= L and L =2
1+ecos@ a

6) Hyperbola equation z—z - z—j =1

r? = a®sec20
7) Cardioid equation {r, = (1 £ cos8)}{n, = (1 £sin6)}
8) Four Leafed Rose Equation {r = a cos20}{r = asin26}

9) Lemniscate equation {r? = a?cos8}{ r;? = a? sin 6}

Il Partial Fraction:;

9 _ 9&) _ b
fx)  (x-ap(x-az)..(x-an) x-a; x-ap X—an

gx)=b;(x —ay)(x—a3)..(x —a,) + by(x —a)(x —a3) ...

For example:

2) 9 _ g9 __a b c e —
f)  (X-a))(x-az)"  (X-a1)  (X-az) (x—az)? (x—az)"
For example:

3) gx) _ g(x) _ _ bixtc byx+c,
Fx)  (ax2+bx+c)(ry2+sy+t) (ax?+bx+c)  (ry2+sy+t)

9| Page Istam Reda Ahmed
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For example:

4) Combination from (2) & (3)

For example:

Matrices and Determinate:

1)

2)

3)

4)

5)

A set of mn numbers (real or complex), arranged in a rectangular formation (array or table)
having m rows and n columns and enclosed by a square bracket [ ] is called m x n matrix
(read “m by n matrix”)

a;; Qi —— —p

a a ———a
A= 21 22 2n
An1 Amz — — —apn

The letters a;; stand for real numbers. Note that a;; is the element in the i*" row and ;"
column of the matrix. Thus the matrix A is sometimes denoted by simplified form as (aij) or
by {a;;}. A =(a;;). Matrices are usually denoted by capital letters A, B, C etc.

and its elements by small letters a, b, c etc.
Order of matrices is the ordered pair having as first component the number of rows and as

second component the number of columns in the matrix as 4 = [i é Z] is a matrix of
order (2 x 3).

The principal diagonal of a square matrix is the ordered set of elements a;; where i = j,

extending from the upper left-hand corner to the lower right-hand corner of the matrix like

5

A= 4 then the principal diagonalis 5, 4 and 8.

8
A square matrix in which all elements are zero except those in the main or principal

diagonal is called a diagonal matrix. Some elements of the principal diagonal may be zero

but not all.

Scaler Matrix is a diagonal matrix in which all the diagonal elements are same, is called a
5 0 0
0 50

0 0 5
1 00

010
0 0 1

= Adding or subtract operation if A = [‘Cl Z] and B = [; {l] then A+ B = [

scalar matrix like 4 =

= Unit matrix 4 =

ate btf
ctg d+th
axXa aXb
axXc axd

a
= Row X columnif A = [b]andB= [c d]thenAxB=(axc)+ (bxd)=ac+bd

= Multiplying if A = [‘Cl 2] then aA = [

g h
= Multiplying Matrices if Agxn) = [Z Z ]CC] and By = [i jl

ko1

10| Page Istam Reda Ahmed
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g h

(@ b c)<i> (@ b c)<j>
k !
g h

d e f)(i) d e f)<j>
k !

= Transpose of a matrix if A = [‘;‘ 2] then A* = [Z 2]

then( A X B)(mxn) =

b

= Matrix determinate if 4 = [‘Cl Z] then det(A) = |‘C‘ ¥

|=ad—bc

= Inverse of matrix for (2 x 2) if A = [Ccl b] thenA™! = [_dc _ab]/|ccl Z = [_dc _ab]/ad — bc

d

Leibniz was the first who create determinate to easily solving liner equations.

ai;
az,

X1

az3

by
b,
bs

1

1
1

if a;x + byy = ¢ and a;x + b,y = ¢, thenxz%"andy:%y
&1 b |a1 C1|
AA—ngzl—IZand %z%which |Ccl Z|=ad—bc
a; b, a, b,
Expansion of determinates
a1 Q12 Qg3
5. Using minor and cofactor (a1 a2 a3 =a11|Z22 ZZ3|—a21|Z“ Zl3| a31|
a a a 32 33 32 33
31 32 33
6. Sarrus method
a b ¢ ar- by cija, by
a, b, c;|=la; by cyiay- by =a;byc3 + bycya; + ciaybs — azbycq — bycy,a — c3a,bg
as bz ¢ az bz czlaz. by
7. Triangles method
a, by a, by ¢ a. by
a, by, c3|=ay by cy;—ay by ¢y = (aybyc3 + bic,as + ciazbs) — (asgbycq + bycyaq + cza,by)
as; by c3l ag by c3 as; by ¢y
Properties of determinate
a, b1 Cq1 a a; as
1. lay by c|=|[b1 by b3
as b3 C3 C1 Cy C3
a b ¢ a ¢ by a; by ¢
2. la; by c|=—|ay, ¢ b2=—’a1 b, ¢
as bz ¢ as ¢z bs as bz ¢
a; by ¢ a ¢ G
3. a, b2 C| = a, C2 C2 =0
a; b o as ¢z C3
ma, mb; mc a, by mcg a, by ¢ a, b, ¢ a, x nb; £ mc,;
4, | a, b, ¢ |=la, b, mcy=mxl|a, b, c,| (or) |a, b, c3|=|a,xnb, +mc,
as by C3 as; b; mcy as; bs; c3 as; bs; c3 as; + nb; + mey
nta b n b a, by
5. [nata; by, c|=|n; by c|xlaz by ¢
nytas by c3 ny by c; as; b; c3
a,
6. if a;x + by =cy,a,x + by = c, and azx + b3y = c53 are intersecting then |a,
as
x y 1
7. Line equation which passes through (xy,y,) and (x5, y,)is |x1 y1 1[=0
X2 Y2 1
8. If tfriangle heads are (x1,y;1), (x2,¥2) and (x3,y3) then friangle areais A = %

1M | Page
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V. Permutations and Combinafions;

1)

2)

3)

4)
5)

6)

7)

8)

The fundamental counting principle : If there are n, different objects in one set and n,
different objects in a second set, then the number of ways of choosing one object from
each setis ny; X n,.

And so on, for k sets, then the number of ways of choosing one object from each set is

Ny XNy X Ng X .. X Ny,

Factorial notation n! is read as n factorial. The factorial sign (1) means to take the product
of all natural numbers less than or equal to the given number.

n=nn—-1DnN-2)...... X3x2x1
The number of permutations of n distinct objects taken r at a time is
PP=n(n—1n-2)...... n—-r+1)

The number of permutations of n objects with r identical objects is :—:

In a set of n objects with n; objects of one kind, n, objects of another kind, n; objects of

another kind, and so on, for k kinds of objects, the number of permutations is
n!

wheren,; +n, +ng+-+n, =n
nylnylng!..ong! ! z 3 k

Properties
Snl=nxm-1D!'=nxn-1)x(n-2)!
n!
n _—
= P (n—r)" n=2r

=0=1and P} =1

The number of combinations of n different objects taken r at a time is C* = };—TT = (n_’l!)' -
Also could be written as (7) = M D@23, (ror+)
1.2.34.5.7r

Properties

( ) ( ) wheren >r

= ()= (o) =1

(Z) (Z) that meansk =r (or)r+k=n

) +1

__\r) _n-r

(21 7
=("7D=G2)+6)

V. Binomial Theorem:;

1)

2)

3)

At expansion of (x + y)™, the first power of x is x™ and the exponent of the power decreases
by 1 for each subsequent term, with the last power being x°. The first power of y is y° and
the exponent of the power increases by 1 for each subsequent term, with the last power
being y™. The sum of the exponents in each term is n.

Compare the expansion of the binomial power with Pascal’s friangle.

(x+y)°=1 1 0C,
(x+y)'=x+y 11 16, 16

(x + y)2 =x2 + 2xy + y2 1 2 1 2C, 2C; 26,
(x + y)3 =x3 4+ 3x2y + 3y2x + y3 1 3 3 1 3C, 3C; 3C, 3C;

(x+*=x*+4x3y+6x?y* +4y3x+y* 1 4 6 4 1 4G, 4C 4C, 4(C3 4G,
The coefficients of the expansion of (x + y)™ are the terms of row (n + 1) of Pascal’s triangle.
Summation of coefficient Y, co = 2™
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= (x+ )" =x" +nx" 1y + B2 (n D yn- 2y2 4 M D@2) 13),(n 2) yn- 3y3 4+ ...+ y* wheren > 0
= x+y)" = (n)x + (n)xn 1y + (")xn 2y2 L+ (Trl)x" Tyl + - (Z)y” wheren > 0
= (x—y)"= (g)x (Dx” ly + (g)x” 2y2 .+ (f)x"‘r(—y)r + et (Z)(—y)” wheren > 0
= A+0)"=1+Dx+ G)x?+ (G)x o+ (" + -+ (0)x™ wheren > 0
>1-x)"=1- (Dx + (;)xz - (g)x3 ot (Yr‘)(—x)r + (Z)(—x)" wheren > 0

4) The general term, or rt* term in the expansion of (x + y)™ is T,y = (=1)* (Z) X" Ty

if nis even then there is one mid term E +1

5) Mid-term of (x + y)™ n+1 n+3

if nis odd then there is two mid terms — =

6) The ratio between term and previous ferm at the expansion of (ax + by)™ is = TT“ = W
7) The ratio between coefficient of term and previous term coefficient is

coefficient Try; _ (n—7r+1)a

coefficient Ty r-b
8) To find the term which contain x™ we suppose that term is the general term after that we
simplifying the general term, then compare the power of general term with r to find r value.

For example:
10
Find the term which contain x8 at the expansion of (Zx2 + i)

= x+y)"=x"+nx""ly+ —n(n_l) x"2y2 4 nn-D®-2) ) 13),(n 2) yn- 3y3 + ... wheren € R
= (1—0) "= 1+nx + 202 M0 ,s wJH + o

wheren € Rand -1 <x <1
n(n+1) 2 n(n+13)'(n+2)x3 ot n(n+1).;|(n+r—1) (—X)T 4o

wheren€ Rand —1<x<1
9) The general term, or rtt term in the expansion of (x + y)® where n € R is

S 1+x)"=1-nx+

-1

nn-1)..(n-r+1)
Tr+1_ 7 — ”Tyr
10) Expansion of some important Infinite sequences
5 -1
I Slnx—x—_"‘x———‘i' (DA o< x <
(2n-1)!
2n
2. cosx—l——+———+ (- 1(’; )|+...;_oo<x<oo
5 xZn—l
3. sinhx=x+= +—|——+ -+ 4 —0 < x < 00
(2n-1)!
2n
4. coshx—1+ + + + -+ +; o< x <0
(Zn)'
S. ex=1+x+—+—+—+~-+—+~--;—00<x<oo
2! 3! 4! n!
3 5 7 2n-1
6. tan‘lx=x—x—+x——x—+---+(—1)”x 1+---;—1Sx§1
7. 1+—1+x+x +x34+xt+ -+ (D4 -1<x <1
8. ln|1+x|=x—x—+x——x—+---+(—1)n—1%+...;_1<x<1
5 2n1
9. ~In |1+"|_x+ +o St 1<x <
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Complex Numbers:

The Imaginary number i is a result solving equation x2 + 1 = 0 where i = V-1 and i> = -1
The complex number Z = a + ib consist of two parts (a) which is the real part and (b) which is
the Imaginary part.
1) The conjugate of complex number Z = a + ib is Z = a — ib.
2) The conjugate of real number is itself and opposite happens if z conjugate equal z then zis
a real Number.
3) Properties
IfZ=a+ib,Zy = a; +ib; and Z, = a, + ib, are complex numbers, then
= Z+4+7Z=2a=2R(2)
= Z —Z =2ib =2iIm(2)

— Z
:>Z1+ZZZZ1+ZZand (Z_l):
2

S|

=7=7
4) Operations
= (ay + iby) + (a, +ib,) = (a; + a,) + i(by + b,)
= (a +iby) — (ap + iby) = (ay — az) + i(by — by)
= (aq + iby)(a, + ib,) = (a;a, — b;b,) + i(a b, + a,by)
a; +ib; a; +iby a; —ib, (aya; + biby) +i(aib, —azby)
a, +ib, a,+ib, ay—ib, as + bs ;
5) The absolute value |Z| = |a + ib| = r = Va? + b2
6) Properties
= |Z|? =ZZ and |Z| = |Z] R
= 12:2,] = 1Z,12,] and [2] = 21 T
2 2
= |Z1 £ Z,| < |Z4] + 1Z,]
= |21 —Z,| 2 ||Z1| - |Zz||
7) Polar trigonometric form Z = r(cos 8 + i sin 8) where 6 = tan‘lg called argument arg(Z)
8) if Zy =r(cosB, +isinb,) and Z, = r,(cos 6, + isin6,) = Fig(B — 1)
then ZyZ, = ryry(cos(6; + 0,) + isin(6; + 6,))
r—;(cos(el —6,) +isin(6; —06,))

Z_z T ry(cos Op+isin€y) 7
10) De-Moiver theorem (cos 6 + i sin8)™ = cosné + i sinnb if nis positive

(B-1)

9) Z; _ 11(cosB,+isin6y)

P
H)(cos@+isin9)q=cosw+i5inpg+%;ngq—1
. in)2 i3 2 in3 2 4 6
12)Euler’sformulo=>e19=1+i9+ﬂ+ﬂ+--~=1+i9—9—+ﬂ—---=1—(9——9—+9—)+
2! 3! 20 3 2! 4 el
, 63 65 97 ..
1(9—;+E—;)=c059+15m9

13)Z = ret® ,(eie)n =e™and InZ = Inr + Inet®*+2™ = Inr 4 i(0 + 27n)
14) Cubic root for 1is 1 = cos 0 + i sin0 then Y1 = Vcos 6 + isinf = cosz%+ i sinZ2t

o 2n . 2m 1 3 4amr 4w
1=cos0+isin0 ,w =cos?+lsm?= —§+71andw2 =cos?+151n?=

=1l+w+w?=0,03"=1,03"" = wand W3"*? = w?

Sw—-—wl=wl-w=+V3i

N = »
b

1 2
> —=w and—2=w
w )
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Logical formula and connectives:

Proposition or statement: is a sentence could be true or false and couldn’t be both.
Negative of statement: —p is called negative of p if p  —p =(=p)

F T F
1\ CArnner +hv/Aac -|- F -|-
1. Conjunction 2. Disjunction 3. Conditionals 4. Bi Conditionals
(and) (or) (if then) (ff)
p q pAq p q pYq p q p—4q p qa Dp<q
T T T T T T T T T T T T
FoooT F F T T FooT T F T F
T F F T F T T F F T F F
FF F F F F F F T F F T
72 Proarner +ac
1. pAp=p 2. pAq=qAp 3. pA(@AT)=(@AqQ AT
4. pYyp=p 5. pYyq=qVYp 6. py(@vyr)=@(mvYqQVYr
7. pA@YTr)={@Aq) Y (AT) 8. a(prg)=-qY-p
9. pY(@Ar)=(@YqQA(pYT) 10. =(pYq)=—qA-p
1T.p->pvg 122.pAq—-p 13.p=>q==-pYq
14.p—>q==(A-q) 15.p=2>q==aq—->-p lbpog=@->9Arlqg—-p)
17.poq= (pYQA(=qYp) ={@AqQ) Y (=pA-q)
18.p Y =p = 7 (totology) 9.p-p=r1 20.pAg-op=1
2l.p->pYq=1 22.p Ap = 3 (contradiction)
W.peo-p=3 2. tAp=p 25.1Yp=1
26.IAp=3 27.3Yp=p
2 Proanf Te~rhniA iac

1. Using true or false tables
For example:
Proof thatp & q=(@Aq) Y (=p A —q)

2. Direct proof
For example:

a
Giving b
(avyb)-c

Result — c

3. Indirect proof
For example:
If n is natural no and n? is even proof that n is even to.
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4. Arithmetical method
If statement (a) is true we will use No 1 to call it, but if it was false we will use 0to call it.

We could change true or false symbols by 1 or 0 at table method. Now we could see
adding or multiplying 1,0 properties

04+40=0 1+1=0(carry1) 1-0=0 1-1=1
0+1=1 1+0=1 0-1=0 0-0=0
Now we will define connectives using this method
—a=1+a aYb=a+b+ab aAb=ab
a-b=1+a+ab aeob=1+a+b

O0if niseven

2 _p3 .. =
lif nisodd and p* = b* = b

Note that nb = {

For example:
a-b=1+a+ab

Set theory, Relations and Functions:

Set: It consist of finite or infinite things which all well-defined and have a special property. We
will use capital letters to refers to it. There is two ways to write a set First: to write all of set Elements
without repeat, separating them by *,” and all written between curled brackets { }.

Second: to write set properties in Mathematical way between curled brackets {}. Here's some
of important sets

Z =1{0,%+1,42,+3,+4,15, ...} Integers set N = {0,1,2,3,4,5, ...} Natural numbers Set
E = {0,1+2,+4,+6,18, ...} Even Integers Set R = {all sets} Real numbers set

Q= {x = g wherep,q €EZ,q + 0} Rational numbers

Also empty set ¢ this setis part from any other set. If it's not so there is Element is not exist at other
sets which is false because ¢ is empty.

Power set: A set of all particular sets from the main set. If A = {a, b, c}, then the power setis P(4) =
{¢,{a}, {b},{c}{a.b},{a,c},{b,c}, A}.

- .

Nnaratinne AN |eate

1) Union: The union of two sets Aand BisAUB = {x:x € Aor x € B} = Fig(B — 2)

AUB=BUA AU U = U Universal Set

AUuBuUC)=(AuB)uUC AcAUB&BcAUB A B A ¢ B

AUA=A AUB=B~ ACB

Augp =4 AUB ccAUB
2) Intersecting: The Intersecting of two sets (B -2)

Aand BisAUB ={x:x € Aand x € B} = Fig(B — 3)

ANB=BnNA ANBcA&ANnBCB

AnNn(BNCO)=ANB)NnC ANB=AoACB A B A ‘ B

ANA=A ANU=A

AN =0 ANB=Bo ACB ANB=g¢ AnB=c
Note that the complement of set AisA = A ={x:x e U Ax & A} (B—-13)
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3) Difference: The difference of twosets Aand BisAUB = {x:x € Aand x ¢ B}.= Fig(B — 4)

A-A=¢ A—B=A-(ANB)

A—p=A ANB-C)=(ANB)—-(ANC)

p—A=¢ A-B=¢p<ACB 4 B 4§ B
4) Symmetric deference: The symmetric deference of twosets g _ 4 A—B=A—c

Aand BisAAB=(AUB)—(ANB) (B —4)

AAB=BAA
Relation: If we have two sets Aand B the Operations (Union, Intersecting and Difference)
between sets result is a relation between A and B even Cartesian product. If A = {1,2}and B =
{3,4,5} then the relation A x B = {(1,3), (1,4), (1,5), (2,3),(2,4), (2,5)}.

AXB#BXA AXB=BXA< A=B
AXB=@po A=@orB=g¢ AX(BNC)=((AXxB)N(AxC(C)
(x,yJEAXBox€eAandy€B AX(BUC)=(AXB)UAXC(C)
AXB=AXCeB=C AxB)Nn({CxD)=AnC)x(BND)

Binary relation: If p is a particular set from A x B where element (a,b) € p we say that
(a) is on relation with (b) under ef fect of p.

The set D, ={a € A:(a,b) € p} is called the domain of relation. The Set R, ={b € B:(a,b) € p} is
called the range of relation.

Cramh A RPal~Atinn

1) Digraph 2) Coordinate Net 3) Using Matrix
A B B A and B contain m,n Elements and
a e -(ag, by) p is arelation from A - B so we
b f .(az, by) could write p as a Matrix M, =
C g 1 lf(al,bj) S P
A m::|l :m;; =
d h [ l]] ij {Oif(ai,bj) ¢p

Composition of relation: If p is a relation from A - B and p’is a relation from B - C then the
composition of relations p’ - p ={(a,c) EAXC: 3b e B; (a,b) e p A(b,c) Ep'}

Equivalence relation: If p is known for set A as an equivalent relation so

1. (apaVa € A) reflexive relation.

2. (apb - bpa) symmetric relation.

3. (apbandbpc — apc) transitive relation.

Equivalent classes: Let p is known for set A as an equivalent relation so the equivalent class is a €
Awritenas|[al] ={x € A:apx}.

Function: It is like relations but if S and T are sets which function f:S - T is a relation from Sto T
The condition is for every Element s € S there’s exist one image (one arrow) t € T. All elements
that t = f(s) for some s € S is called Image of f (Im f € T).

Composition of mapping: If g:T —» U and f:S - T which S,U and T are not empty sets, so

the composition (g - f) = g(f(x)) Vx € S.

Inverse Image: If 1:S - T the inverse image with respecttotist™1(t) ={s€S: ©(s) =t} c SVs €S.
Surjective or onto mapping: If 7:S - T is onto mapping that's meaning Vt ET3Is € S : t = f(s).
Injective function1 — 1:If 7:S - T is one to one that's meaning s; # s, = f(s1) # f(s3).
Correspondence bijective mapping: If it was onto and one to one.

git)y=s o f(s) =t AcB-fHA)cf(B)

Ac B~ f(A)cf(B) fHAUB) =Y A U fTH(B)
f(AUB) = f(A) U f(B) fHANnB) =Y (A) n f71(B)
f(AnB)=f(A)nf(B) frA-B)=fA—-fB)
f(A=B) = f(4) - f(B) AcfY(f(A))and fY(f(B)) c B
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Secftion (€)

Speed, Acceleration and Momentum:

1) The displacement vector is the shortest line from the start to end (d).
2) Position vector is line from (0,0) to the object (7).
3) The relation between displacement and position Vectorisd =7, — 75 = Fig(C—1)

4) The velocity is the displacement by unit Time v = % .

5) The speed is the distance by unit time v = % ‘

6) Mean (average) velocity v, = % =
274 —

7) Relative velocity v,z = v — v, with the same direction.
8) Relative velocity v, = vz + v, with the opposite direction. "

QU

_T2-T

?) The constant velocity (speed) means the object moves
equal displacements by equal Times.

10) The acceleration @ = ’;2—_1:1
27t

If the object is slowing down, then the acceleration has a negative sign.

If the object is going faster, then the acceleration has a positive sign.

If the object moves with constant velocity (speed), then the acceleration is zero.
11) Momentum is the velocity (speed) times mass P = mv

12) Kinetic energy it's the energy that the object has as a result of its motion KE = %mvz
PZ
but at the Momentum P = mv = KE = -

13) Potential energy it's the energy that the object has as a result of its height
PE = mgh = Pgt
Equations of Kinematic:
At the concept of velocity and acceleration v = % &a= % the equation of motion describe
the speed, acceleration, distance, and fime which body takes or have.

vr = v;t+at ve =y tat
1 . . - 1_
d = vt + Sat® at vectorial Form the equation would be { 7y =T + it + ;at?
v}?=vi2+2ad v_}?=v_12+2a(77—771)

The Acceleration (a) changes to (g) at Freely Falling Object Problems where (g) is the
Earth Gravity acceleration (9.8 :"—2)

Newton's Laws:

1) Inthe absence of external forces and when viewed from an inertial reference frame, an
object at rest remains at rest and an object in motion continues in motion with a constant
velocity (that is, with a constant speed in a straight line).

2) When viewed from an inertial reference frame, the acceleration of an object is directly
proportional to the net force acting on it and inversely proportional to its mass ¥, f = ma
orf = % (mv) where % (mv) is The rate of change for Momentum by Time.

3) If two objects interact, the force f;, exerted by object 1 on object 2 is equal in magnitude
and opposite in direction to the force f,; exerted by object 2 on object 1 fi, = —f51
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Projectile Mofion:;
At (X) Axis observer the Acceleration is Zero but at (Y) axis it has (—g) Value = Fig(C — 2)

e 0 l jo I l
== (Integrate 1) y=g="9 (Integrate 1)
X=0c y=—gt+c y
At the Initial Conditions 1
cp =ucosa ¢, =usina
x =ucosa(Integrate 1) y = —gt +usina (Integrate 1)

X =utcosa+ cs 1, .
y = —Egt +utsina +c,

At the Initial Conditions ,,1— TEeeo

| N
;=0 1C4=0 amg+h oy
nx=utcosa -'-y=—§gt2+utsina oo R &0
€-2)

1) Aty =0 the time to arrive at maximum Height is {t1 = “Si"“}.

2) Maximum Height by Substituting about t = t; at y Equation then {r = ; u? sin? a}.
3) Flying time by Substituting about t = T at y Equation then {r = 3” sina = 2t1}.
4) Horizontal Range by Substituting about t = 7 at x Equation then {R = éuz sin Za}.

5) Maximum Horizontal Range {R = guz}.
6) Equation of Projectile Motion by Substituting about t from x toy

y—u( ad )sinoz—g—xz—xtanoz—g—x2
ucosa 2u?cos?a 2u?cos?a

Projectile Mofion with Resistance:
From newton’slaw f = ma = —mgj — R(i +j) forR = kmv .Hence ~ a=X%i+Jj; v=xi + yj

L dx . L dx 9, . = Fig(C —3)
7{" == —k}zfx (Integrate 1) y{y == —k}?{(z + y) (Integrate 1)
Inx =—kt+c, ln(%+}'l>=—kt+cz y
At the Initial Conditions 1
¢ =Ilnucosa cz:ln(%+usina)
x = ucosae(Integrate 1) y = (%+usin a) ekt —%(lntegrate 1)) U (R )
—,h
1 -1/,g gt 2’
- —kt —_— (< . -kt _ I~ - - kmy
X _kucosae +c3 y X (k+usma)e k+c4 ,,¢ ?h ~~.
" " @y mg Ny
At the Inifial Conditions ©0 SRR >
.. ucosa _1(g _ : R (R,0)
3 Cyp =~ —+usma)
k k\k
'x=lucosa(1+e'kt) : =l(g+usina)(1—e'kt)—g—t =3
R Y=\ k

1) Aty =0 the time to arrive at maximum Height is {tl =~In (1 + ku;in“)}.

2) Max Height by Substituting about t = t; at y Equation then {h = us:'“ — %ln (1 + ku;#)}
1

3) Flying time by Substituting about t = 7 at y Equation then {r = (= + ”S%) (1 —e D)}

4) Horizontal Range by Substituting about t = t at x Equation then {R = %}
+—
g

5) By Substituting about t from x toy = {y =xtana+—2—+Zn (1 L )}

kucosa k2 ucosa
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Work, Power and Energy:

1)

2)

3)

Work done by any Force w = ff@ dr it's a scaler magnitude = Fig(C — 4)

Work units {Joule = Newton X Meter} and {Erg = Dine X cm} thus Joule = 10”Erg.

W:fcf-d‘r_'zjf-%dthszmdzmd_fgnd__=ﬁ
c

d dt
_ dv 21 1
=ff-dr:fma-vdt:>w:mf vdvzzmvz—imvl = KE, — KE,
P P1
Power is the ro’re of change for Work by Time P, = —t =— (f )

If fis constantThen B, = f'E =f-v
Power units {Erg/s}, {k watt} and {Horse = 0.735 k watt = 735 watt}.

1

L

The sum of Energy (KE, PE) at any point during the motion KE; + PE; = KE, + PE,

1 1 2
= Emv1 +mgh, = Emvz +mgh,

Circular and Central Motion:

1)
2)
3)

4)
5)

6)

7)

8)

20| Page

2
An acceleration of this nature is called a centripetal acceleration {ac = UT}

The period of a particle in uniform circular motion is {T = %}

21
The angular speed {a) = ?}.

Another form for acceleration {a, = rw?}.
Driving the acceleration of this kind in polar coordinates = Fig(C — 5)

fzcos@5'+sin9]_'and67=—sin9i+0039]_'
ar _ 5 ddé_ . _ af _df do _ .. dde dd do _ bs
ag " ae T " T ar de dt at ~ do dt r
dr

at the Position vector 7 = rt then Velocit vector v = Fri a (r?)

d dr -
5=d—7;r+rd—:—rr+r99 = v =724+ 1r202
_—dv—dr.“+ a7 dréé+ déé+ édg—"A+'é§+'99+'éé 27
a=—r=_f rdt 7 T ro— s =fr 47 T T 747
a=(F-r62)f+ (200 +76)0 = a= \/(f —762)" + (276 + rb)’
L o 1d . ..
a=a,f+agl fora, =¥ —rb6?and ag = oy r20)

The central motion is the motion where the object take to move under force

olwoys directed to constant point called half radius force.

=m(#—r6?)and fy = Ei r20) = 0 = 120 = constant = h

G
S
1
(€ -4
7
6
(€-=5)

{h = 2v, where (va =3 rZB) Areal Velocity} and {(h = rv) where (rv) is Moment of Velocity }

. .. dr dr du df8 -1d du\?
Velocity of central motion# =< =2.22. 2 - 2 g gnd r = - => 2 = h2 (ﬁ)

dao du do dt u? do
. 29)? .
(r29? = —(r %) _ p2u? but 7 = 72 + 1262 = K2 {uz + (—) }

-1du d*u h
Force of central motion 1 = —ZEG = —h— and # = —hﬁe —h—

7 = h%u 2 Ond 92—(Tr9) = h?u® but f = —(¥ — r6?) = h?u 2(u+ﬁ)
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Impulse and Collisions:
1) The Impulse acting on object is defined as T = [ fdt =m Or%dt = (mv), — (mv),

So that the Impulse is the rate of change for momentum by time.
2) Collisions are often classified according to whether the total kinetic energy changes during
the collision.
8. Elastic collision: One in which the total kinetic energy of the system after the collision is
equal to the total kinetic energy before the collision.
9. Inelastic collision: One in which the total kinetic energy of the system is not the same
before and after the collision; if the objects stick together after colliding, the collision is
said to be completely inelastic = Fig(C — 6)
We will describe only the first section.
= As the conservation of Momentum and Newton third law says t

—_— R d _ _ _ _
far = —fra then E(mlu +m,v) =0=mu+m,v=c
smurn+my-n=mu -n+myv’ n

Butu' -t=u-tand v’ -t=7-t the Momentum at t direction

|
<

a=m b =m,

’

doesn't change. m wo v m,
. - _ mlﬁ'fng

= Center of mass Velocity g = e .

= If w is the relative velocity for (b) to (a) thenw =7 — ¥ (-6

Sothatu=g+-Lwandv =g - wwhere = =~ + = and u called reduced mass
my m; u mq my
= The Kinetic energy KE = %mﬁ “u+ %mi V= %(m1 + my)q® + %uwz
Where %(m1 + m,)q? the center of mass Kinetic energy ¢ %uwz relative motion Kinetic energy.
= After collisiong=q' andw’ - t=w-t

So that the only variable after collidingis w-n so that —ew’ -7 =w-n where (e) is called
recoil coefficient.

=V n=q n-~w -n=¢n+—=w-n
m, m;
There is another way to describe collision using newton third law.

By adding (1) + (2) = myu’ + myv' = myii + m,v
Simple Harmonic Mofion:
If there is a spring attached with light mass and we pushing the mass up, we will see that the

mass will start to vibrating up and down under restoring force and potential energy stored on
the spring. = Fig(C —7)

1) Restoring force {fs =—kx =a, = —%x and w = \/% =2nf = 2—”}

T

Unstrained

2) The position of the particle as a function of time {x(t) = A cos(wt + ¢)}.

Restoring Force

= Fig(C —8) 2l
3) The Velocity {% = v = —wA sin(wt + (p)}. A
4) The Acceleration {% =a=—-w?Acos(wt + (p)}. Equilibrium

=7
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_l_e__1 [k
5) The period {T =—= Zn\/:} and Frequency {f =o == m}, - o\
6) Kinetic Energy stored {K = lmv2 = lmco2 A%sin®(wt + (p)} \.A
7) Potential Energy stored {U = —k 2 = kAzcosz(a)t + (p)}

8) The total energy of a simple harmonic {E = EkAZ].

Center of Mass:

Consider a system consisting of a pair of particles that have different masses and are connected
by a light, rigid rod. The position of the center of mass of a system can be described as being
the average position of the system’s mass. The center of mass of the system is located
somewhere on the line joining the two particles and is closer to the particle having the larger
mass. If a single force is applied at a point on the rod above the center of mass, the system
rotates clockwise. If the force is applied at a point on the rod below the center of mass, the
system rotates counterclockwise. If the force is applied at the center of mass, the system moves
in the direction of the force without rotating. The center of mass of an object can be located
with this procedure. = Fig(C — 9)

_ 11
Tom = Mf rdm
. __ Jxdm
1) X Axis Component X = Tam M m
Jydm cm
2) Y Axis Component y = [ am
3) Z Axis Component Z = ff d(i;n €-9)

At Length Sectiondm = A dl
(dm) could be replaced by one of three{ At Area Sectiondm =0 dA  Where 1,0 and p are the density
At Volume Sectiondm = p dV

Moment of Inertia Tensor:;
When the rotation of rigid object around the fixed axis the amount of angular momentum [
proportional to the angular speed @ is written as l_— IcB

-l

Where I depends on the body splndle and called Momen’r of Inertia Tensor

Lex xy Ixz

= . . . = | I
1) Moment of Inertia Tensor I = |lyx Iy, Ly,| butin tow dimension T= | ™
Iyx Iy
Ly Izy Izz

2) The components {I,, = [(y? +2z%) dm}, {I,, = [(x* + z?) dm} and {I,, = [(x? + y?)dm}
3) The components {L,, = I, = [ —xy dm}, {I,, = L, = [ —xzdm}and {I,, = I,, = [ —yz dm}
4) Intow dimensions {I,, = [ y? dm} , {I,,, = [ x? dm} and {I,, = I, = [ —xy dm}
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Secftion (D)

Infinite Series cgt or dgt test:
If Y a, is Seri and lim a, # 0 then Seriis dgt but if lim a, = 0 then Seriis cgt.

n—-oo n—oo

When adding, subtract or multiplying constant to Seri it doesn’t effect on its dgt or cgt.
1Y SArme imnrnortAant cariac

1
n(n+1)

. . 1 .
Harmonic series Z; dgt series

—_—

. Telescopic series Y.

cgt series and equal to 1

. . _ 1
Geometric series Y. ™1 cgt when 1 > |x| and equal to —

If ¥ a, is cgt and cgt is cgt then Y, a, + b, is cgt
If ¥ a, isdgt and ), b, is cgt then Y, a, + b, is dgt

2) Tect for cariec w th Nnocitive termec

2
3
4. P series Zn—lp cgt whenp > 1
5
6

1. Comparison test: If ¥, a, is cgt and Y’ b, need for test so that if Y a, = Y b, = X b, is cgt
But if  a,, is dgt and }; b,, need for test so that if ¥ a, <Y b, = X b, is dgt.
2. Quotient test: If ¥ a,, and Y. b,, are series which lim % = A # 0 or oo then both are dgt or

n—oo Un

both cgt butif A= o and }; b, isdgt so }, a, is dgt if else test fails.

3. Integral test: Suppose that function a,, = f(x) is defined for x = 1 so if the function is
positive, continues and decreasing function then if f1°° f(x) is exist so Y. a,, is cgt but if
J” f(x) is not exist so ¥ ay, is dgt.

4. n'" Root test: If the series ¥ a, need for test and has positive terms Where lim %/a,, = N so

n—-oo

that if N < 1 the series is cgt but if N > 1 the series is dgt and test fails if N = 1.
5. Ratio test: If the series ¥ a,, need for test and has positive terms Where lim 22 = K so

n-oco an

that if K < 1 the series is cgt but if K > 1 the series is dgt and test fails if K = 1.
6. Raabe’s test: If the series }; a,, need for test and has positive terms Where

lim n (1 — %) = R so that if R > 1 the series is cgt but if R < 1 the series is dgt and test

n—-oo
fails if K = 1.
7. Morgan'’s test: : If the series Y. a,, need for test and has positive terms Where

lim In {1 —-n (1 - %)} = M so that if M > 1 the series is cgt but if M < 1 the series is dgt

n—oo

and test fails if M = 1.

2 Teact fAr AternAatinA cariac

Leibniz test: The series X7 (—1)" 1a,, is cgtif axyq < ai : Vk =1 and lim a, = 0.
n—oo

Limits Rules:
1) limc=c= limcf(x) =clim f(x) 2) lime* =0 = lim e* =
xX—-a xX—-a x—a X—00 X—>—00
3) limlnx =oc0 = limlnx = — 4) lim{g(x) £ f(x)} = lim g(x) *+ lim f(x)
xX—00 x—0 x—-a x—-a x—-a
. T . n
5 Jim f(x)g(0) = lim f(x) fing 6 () 6) lim{f ey = {lim fG0} = lim VFG) =" tim £ (o)
xX—a xX—a xX—a x—a
7) lim L2 = LR 8) lim o4 a1l = lim xm"—a; = Zgnm
x—ag()  limg(o) x—>a x-a x>axM-a™ T m
9) lim (x+a)t—x" — 1 ]O) lim sinx _ 1 = lim s%nax _a — lim tanx 1
a—0 a x>0 X x—0 Sin bx b x—0 X

11)If lim f(x) = 0, lim g(x) = o then lim{1 + f(x)}9™ = e¥ where k = lim f(x)g(x)
xX—a xX—-a x—-a xX—a
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Some Important Infegrations and Derivatives:

. +h)—
1) f'(x) = lim fOAn)—f(x) 2)
h—oo h
’ I_ gl
g g
r 14 li
S) (fg) =f'g+fg 6)
Function Derivatives Function Derivatives
sinx cos x sin"lx E
1-x2
cos x —sinx cos 1x -1
1-x2
tan x sec?x tan lx E
1+x2
cot x —csc?x sec™lx 1
xVx2-1
secx secxtanx G =L
xVx2—1
cscx —csc x cot x cot lx -1
1+x2
sinh x cosh x sinh~1x E
V1+x2
cosh x sinh x cosh™1x 1
x2—1
tanh x sech?x tanh™ 1 x £
1—x2
coth x —csch?x sech™1x -1
xV1-x2
sechx —csch x coth x csch™1x i S
|x|Vx2-1
cschx —sechxtanhx coth™lx 1 .
1-x
o a*lna x" nx™1
e* ate® Inx 1
X
log, x 1 log x 1
xlna xIln10
sec™10sind n-—2 5
sec™dl = fsec"‘ 0do
n—1 n—1

n—2
cotOcsc™ 20 + —f csc™20do
-1 n—1

csc0dl =
n

cot™0do =

-1
T cot™ 19 — f cot™20do
1
shﬁ@dG=;ﬂ—sm"*9am9+(n—1)fsm”“9d9}

1
cos™0do = ;{cos"‘l fsinf+(n—1) f cos™ 26 dH}

—_— e e

QO = nf (D O3

d _
Elnf(x) =7

L {F(900)} = F1g(}g' )

Function
dx

aZ—x2
dx

a?+x?
x

:

5

;

X2—q2
dx
a?+x?
dx
aZ—x2

dx

xva?+x
dx

xVx2—a?
dx

]

tan x
cotx
secx
csCcx
secxtanx
cscxcotx
sinh x
coshx
sech?x

csch?x

sech x tanh x

1
tan™ 0 df = — I tan™ 10 — f tan™ 26 do csch x coth x
] cos™19sin®'0 n—-1( 1
sin™0 cos™Odo = — + sin™ %0 cos™0 do x
m+n m+n
m—1 inn+1 xn
cos™ G sin™0 m-—1( . 5
= fsm" 6 cos™ %0 do
m+n m+n a*
Inx
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Integrations
sin‘i(g) +c
sinh‘l(z) +c
cosh‘l(g) +c
1% tan‘l(gj +c
Etanh‘l(g) +c
ZfSCh_l(E) +c
1;sec‘l(g) +c
Esech‘l(z) +c
—cosx+c¢
sinx +c¢
tanx + ¢
—cotx +c
In{cosx}+c

—In{sinx}+c

In{secx + tanx}+c

In{cscx —cotx}+c

secx +c
—cscx+c
coshx +c
sinhx + ¢
tanhx + ¢
—cothx +c
—sechx +c
—cschx +c

Inx +c

xn+1

n+1+C

ax

+c
Ina

—x+xlnx+c
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IV, Definite Intfegral.

1) AAvAantAaoac

1. f;g(X) + f(x)dx = f;g(x)dx + f;f(x)dx
cf, f)dx = [} f)dx + [ fGdx

f: cf (x)dx = cf:f(x)dx

[ f()dx =0 if f(x)is odd

S. f_aaf(x)dx = Zfoaf(x)dx if f(x)iseven

2 Wallace Firet Riile

MWD

s

T
2 _ff.n _
focos 0do = . sin Hdﬁ—n(n_z)(n_4) ...... 20r1

2 WaAllAace fReconAd Riile

n—-1Mm-3)....20r1 {0_571 if niseven
lif nisodd

s

fg G e0snOdl — {m-1D(m-3)....20r1}{(n—1)(n—3) ....2 0r 1} {0.5n if m,niseven
, Sareos - (m+n)m+n—2)(m+n—4)....20r1} Lif mnis odd

V. Integration Techniques:

1) Intearation by nAarte

judv=uv—jvdu

For example:
2 Intearal by SvibhetitnitinAa

At this technique we choose a simpler variable to substitute on function.
For example:

2 Triconometric Svibetitiition

Function Substitution Identity
a2 — x2 x=asinfg —<g<Z 1 —sin%6 = cos?6
Vaz +x2 x=atan® %<9<Zg 1+ tan®0 = sec®6
Vx? —a? x =asech OSH<% sec?6 —1 = tan’6
1. JVa?=xZdx = {xva? = x7 + a’sin" 4+
1

2. [Va?+x%dx = Z{x\/az + x% + a’sinh™? g} +c
3. [Vx?—a2dx = %{x x2—a? — a’cosh™! g} +c

A Intearation by PAartial Fractionce

To integrate any rational function by expressing it as a sum of simpler fractions.
For example:

Y Niimar~tar ic DarnvAativve Af DencmMminAatAr
dx Inx+ dx +
—=Inx+c or| ==x+c¢
X Vx
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VI,  Laplace Transform:

LIFOO} = F(p) = fo fG) e~*dx and s> 0

Function Transform Function Transform
c 1 sinh at _*
s 52 — (ZZ
tn n! cosh at _S
Sn+1 52 — az
et 1 e f(t) fls—a)
S—a
sinat _* t™ f(t) (=D"f"(s)
SZ *S_ (12
_1 T
cos at a7 2 .
VII,  Partial Differentiation and Taylor Expansion:

1) Total Differentiation df = g—idx + Z—f/dy + ‘;—idz

I __ . f(x+Ax,y,Z)—f(x,y,Z)
2) f'= lim yo

1 e fy+Ay,z)—f(xy.2)
3 4= Alglero Ay

r_ f(xy,z+Az)—f (x,y,2)
4) fZ Alz—>0 Az

For example:

if u=x>+43x%y —3xy? — 23 find uy Juy, [uyy /Uy

0% L O L O _
T oyt 32=0

6) Taylor expansion for function f(x,y) o’r point f(xq, ) as Infinity power series Is

5) Laplace (Harmonic) equation

) = £t 70 + (B by ) £ 30) 0 (85 8y 2) 000+ (4 By ) £y + oy (32 e a9 2) 2030

++ R,
VIIl.  Differential Vector:
1Y NAKlA (T
1. (gradient)Vf(x,y,z) = —l + f] + a—i@
afx ofy | 9fz
2. (divergent)V- f(x,y,2) = ay -t
i J_' k
v =2 2 2
3. (curDVAf(x,y,2) = % 3y 92
fx fy fz
4. (laplace)V?f(x,y,z) = + —f + a_f = (gradient)(divergent)f(x,y, z)
2 Proner Hac
1. Vr=?=>Vrn=nr"‘1f‘=Vlnr=§and7%=;—f
2. VoA = @VA + AVgp
3. Vir=3=V-pA=¢V-A+AV-gpand (A-V)Fr = A
4. V/\((pA)—V<p/\A+(V/\A)(p
5. V-(AAB) =B (V/\A) A-(VAB)
6. @VZB— BV =V (BVp — ¢Vp)
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Improper Infegral;

There are three kinds of Improper Integral

- If the boundaries for integral f;f(x)dx (a = w0 or — o and b = o or — ©) or once.

- If function is undefined for point s which called singular point lcl_rg f(x) doesn't exist.

- 37 kind is combination between (1) and (2).
1Y Eirct ~~co

Special Improper Integrations from first kind like

- Geometric or Exponential: faoo e "dx which t is constant is cgt if t > 0and dgtif t <0

- The p integration: faooxipdx iscgtifp>landdgtifp<1

dgt or cgt test for this kind

1. Comparison test: If g(x) = 0;V x = aand faoog(x)dx is cgt which f(x) < g(x)
so faoof(x)dx is cgt to.but if g(x) =0;Vx = aand famg(x)dx is dgt which f(x) = g(x) so
faoo f(x)dx is dgt to

2. Quotient test: Suppose faoof(x)dx is an Improper Integral where f(x) = 0 and g(x) = 0. If
lim £ = 4 so that if A# 0oroothen faoo f(x)dx and faoog(x)dx both cgt or dgt but if A=0

x—00 g(x)

and faoog(x)dx is cgt so faoof(x)dx is cgt. Also if A = o and faoog(x)dx is dgt
so faoof(x)dx is dgt.
3. Series test: faoof(x)dx isdgtorcgtif Y a, isdgt or cgt where f(n) = a,
7)Y arnnAd —~Ace
Special Improper Integrations from second kind like
ff *_dx and ff :

(b—x)P (x—a)P

dgt or cgt test for this kind
1. Comparison test: If g(x) =2 0;Va <x <band f;g(x)dx is cgt which 0 < f(x) < g(x)

dx bothcgtif 0 <p <landdgtifp = 1alsononimproperifp<0

S0 f;f(x)dx iscgtto.butif g(x) 20;Va<x<band f;g(x)dx is dgt which flx) =
g(x) so f;f(x)dx is dgt to
2. Quotient test: Suppose f(x) = 0and g(x) =0Va<x <b.If lim % = A sothatif A #
x—a

0 or oo then f:f(x)dx and f; g(x)dx both cgt or dgt butif A=0
and fabg(x)dx is cgt so f;f(x)dx is cgt.Also if A = o and ffg(x)dx is dgt
so f;f(x)dx is dgt.

2 Third kinA

This kind is a Combination between first and second kind and could tested by them tests.

Double, Triple and liner Integral:

We consider a Function of two variables defined on a closed Rectangle R =[a,b] X [c,d] =
{(x,y) ER|a<x<b,c<y<d}andwe first suppose that f(x,y) = 0 The graph of (f) is a surface
Let (S) be the solid that lies above and under the graph of (f) that is S={f(x,y,2) €
R310<z<f(x,v),(x,y) ER} = Fig(D —1)

1) Double integral equal the volume between surface (§) and Panelz =0 (or) y =0 (or) x =0

[ ryyaa = yim Zf(xk,m s = | d | 'Fy) dxdy

R
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2) To change from Cartesian to Polar coordinates we use z
B (b -
f flx,y) dA=f f f(rcos@,rsinf) rdrdo s fey)
R a a s .
3) The surface (S) area by double Integral & ;
2 |
4) = [[ ey + (5} +1 as M .,
D a < i Il v
For example: ®)
2 f2x Dfremmmmeees !
findf f (x3 + 4y) dydx
0 Jx2 X (D-1)
4) Triple Integral also like double Integral but for three variables and if region (B) as a
rectangular box B = {(x,y,2)l[a < x < b,c <y <d,r <z < s} then ,
s rd b y
J:U- flx,y,z)dV = f f f f(x,y,z) dxdydz —z=u (%)
B r C a v
5) Triple Integral at cylinder coordinates e uy(x,y)

If Eis defined as E = {(x,y,2)|(x,y) € D,u;(x,y) <z < u,(x,y)} then
Triple Integral for this region = Fig(D — 2)

B ~hy(0) ru,(rcosO,rsinf) T =hy(9) ; i - ; > YV
ffff(x,y,z)dvzf f f(rcos@,rsin6,z)r dzdrdd =0
fa a “hi(0) Yuy(rcosb,rsinbh) ‘9\\&@

6) Triple Integral at spherical coordinates
If Eisdefinedas E={(p,0,p)la<p<ba<0<Bc<ep<d} «

(D-2)
Then Triple Integral for this region = Fig(D — 3)
d B rb
-U flx,y,z)dV = f f f f(psingcos@,psingsin,pcos@)p?sing dpdfde
E Cc a a 7
For example: 1 R
Find the Volume of Paraboloid z = 4 — x? — y2
e
/:’ - > y
7) Liner Integral gives the curve or line length
[, pCey)dx + qCe,y)dy (o) [0 p dx + q dy " (D-3)

For example:

find f(Zx —y+4)dx + (3x + 5y — 6)dy from (3,2) to (3,0) at counterclockwise direction
Cc

8) Green's theorem in the plane ¢ pdx + qdy = [[, (Z_Z B Z_Z) a4
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XlI.  Reference for some Integrations:

A) Intearations involvina Vaz + x2 .a > 0

1. fo\/aZ+x2dx=§(a2+2x2)\/a2+x2—%ln(x+\/a2+x2)+c

2. f\/mdx=f\/m+a—zln(x+\/m)+c 3. [Var+x?/xdx =vVaZ+x2+aln|(a+Va+x2)/x|+c
2 2

4. [1/VaZ+xZdx =In(x +VaZ +x2) +c 5. [VaZ+x2/x?dx = —Va + x%/x + aln|a + VaZ + x%| + ¢

6. [1/(Va?+x?)dx =~ n|(VaZ + 2 +a)/x[+c 7. [x/NaZFxPdx=IVaT+x% - Sin(x +Va + 22) +c
8. [1/(x*Va%+x%)dx =—(VaZ +x2)/(a*x) + ¢ 9. [1/(a® +x?)3¥?dx = x/a*Va? + x2 + ¢

RY Inteaar~tinnce invalh/inA - ﬂ') 2 a ~ N

10. [x*Va? — x%dx =§(2x2 —a*)Va? — x? —%sin_l (g) +c
1. [Va? —xZdx = 2VaZ — 22 +a—zsin‘1(f)+c 12. [Va2z —x2/xdx =Va? —x2 — aln|(a +Va? + x%)/x| + ¢
2 2 a

13. [Va? —x2/x?dx = (—1/x)Va? + x% — sin™? (2) +c 4. [x?/Va%—x%dx = _?x\/az — x2 —a?zsin‘1 (x) +c

15. [1/(x*Va? —x%) dx = —(Va? — x2)/(ax) + ¢ 16. [1/(xVa? = x2)dx = (-1/a) In|(VaZ —xZ + a)/x| + ¢
17. [1/(a? —x?)3/?dx = x/a*Va? —x2 + ¢
18. [(a? —x¥)3/2dx = _B—X(sz —5a*)Vaz —x% + %sin‘1 G) +c

) InteAaraticne invalv/inA A/y’) n” aS0N
y

19. [x*Vx2 —a?dx = §(2x2 —a®)Vx2 —qa? — %ln(x +Vx2—a?)+c
20. f,/xz_azdxzf,/xz_az_a_zln(x+,/x2_a2)+c 21. fvxz—az/xdx=\/x2—az—acos‘11+c
2

2 x|

22. [1/Vx2 —a?2dx = ln(x +Vx2 — az) +c 23. [Vx%2 —a?/x?*dx = —Vx2 —a?/x + a1n|a +Vx2 — a2| +c
24. [1/(x*Vx? —a?)dx = (Vx? — a?)/(a*x) + ¢ 25. [x?/Na? + x2dx = ;—Cm+a;ln(x +VxZ—a?)+c

26. [1/(x? —a?)*/?dx = —x/a’>VxZ —a% +c

D) Intearation< involvinA v\/20y — ¥2 Ao > 1

27. [ xV2ax — xZdx = Mm+a§cos‘l (%) +c

28. [V2ax —x%Zdx = xz;am+a;cos_1 (?) +c  29. [V2ax —x?/xdx = V2ax — x% + acos™? (%) +c

30. [1/V2ax — x2dx = cos™? (%) +c 31. [V2ax —x2/x*dx = —2Va? + x2/x —acos™! (?) +c
32. [x/V2ax —x?dx = —Va? + x2 + acos™* (?) +c 33 [1/(xV2ax —x%)dx = —(V2ax —x?)/(ax) + ¢

34. [x?/N2ax —x%dx = _(%Sa)m+ 3;chos‘1 (?) +c
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F) INntearatione involvinAa o 4+ hy

35. [x™Va + bx dx = —

b(2n+3)

1
2b3

36. [x?/(a+ bx)dx =
37. [ x/(a+ bx) dx =bi2{a+bx—aln(a+bx)}+c

2 _ -1 b a+bx
39. [1/x (a+bx)dx—a+a—1n(7)+c

2

1
a(a+bx)

4

—_—

. J1/x(a+ bx)?dx = —al—zln{(a+ bx)/x}+c
43. [xVa + bx dx = 1527(3bx —2a)(a+bx)¥? +¢

45. [ x/Va + bx dx = 327(bx— 2a)Va+bx +c

_ 2 Va+bx—/a
47. fl/x\/a+bxdx—\/aln T Teata>0

49. [Va+ bx/x*dx = - a+bx+§f1/x\/a + bx dx

X

51. [x"/va+bx dx = 2xWatbx  _2na

X1
b(2n+1) - b(2n+1) f Va+bx dx +c

EY Triconometric Forme

52. fsinzxdx=%x—isin2x+c

54. [tan®*xdx = tanx —x + ¢

56. fsin3xdx=%1(2+sin2x)cosx+c
58. [tan®xdx = %tanzx + In|cos x| + ¢

60. [sec®6do = %secxtanx +%ln|secx +tanx| + ¢

62. [x"sinxdx = —x"cosx+n[x" cosxdx+c

sin(a—b)x _ sin(a+b)x
2(a-b) 2(a+b)

64. [ sinaxsinbxdx = +c

_ cos(a—b)x _ cos(a+b)x
2(a-b) 2(a+b)

66. [ sinaxcosbxdx = +c

) Invere Tridonometric Forme

67. [sintxdx =xsin'x+V1—-x2+c

69. [tan"lxdx = xtan"lx — %ln(l +x%) +c

n -1 —__1 ) on+1 -1 xntl
71. [ x™cos xdx—nH{x cos x+fmdx +c
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{x™(a+ bx)*? —na [ x"Wa+bx dx}+c

{(a + bx)? — 4a(a + bx) —2a%In(a + bx)} + ¢

38. fl/x(a+bx)dx=%ln( ad )+c

a+bx

a 1
+ =
b2(a+bx) b2

40. [x/(a + bx)?dx = In|a + bx| + ¢

2
42. [x?/(a + bx)*dx =b—13{a+bx—aim—2aln(a+bx)}+c

44. [x?/Na+ bx dx = 2

e (8a® + 3b%x? — 4abx)Va + bx + ¢

=2 tqn-1 [P
46. fl/x\/a+bxdx—\/__atan / —+cata<0
48. [Va+bx/xdx =2Va+bx+a[1/xVa+bxdx+c

50. [1/x"Ja+ bx dx = —L2tbx ___ b@n=3)

1
(an-1)x""1  2a(n-1) f x"~1J/a+bx dx +c

53. fcoszxdx=§x+isin2x+c

55. [cot?’xdx = —cotx—x+c

57. fcos3xdx=§(2+coszx)sinx+c

59. [cot*xdx = —%Cotzx—lnlsinxl +c

61. fcsc39d9=—%cscxcotx+%ln|cscx—cotx|+c

63. [x™cosxdx = x"sinx —n [ x" Lsinxdx +c

__ sin(a=b)x | sin(a+b)x
65. [ cos ax cos bx dx = o) T 2@ TC

68. [costxdx =xcos'x—V1—-x%2+c

Nein—1 1 N+l qin=1 ., _ [ X

70. [x"sin"txdx = n+1{x sin"!x fmdx +c
_ 1 _ n+1

72. [ x™tan" x dx =—{x"+1tan Ix—[X 2dx}+c
n+1 1+x
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H)Y Fxponential and | oaarithmic Forms

73. [xe¥dx = a—lz(ax —1De%* +¢ 74. [ e% cosbx dx = asi; {acos bx + bsinbx}+c
75. [ x"edx = ~x"e™ — 2 [ xnleaxdy 4 ¢ 76. [Inxdx=xInx—x+c
a a
77. [ e“ sinbxdx = a§+b2 {asinbx —bcosbx} +c 78. [x™Inxdx = (z+1)2 {m+1)Inx—1}+c¢
79. [——dx=Inlnx+c
xlnx
XIl.  Some Function's Curyes:
y y y
4 y = ex A A
— 6
=X
Y=X 4
y=x y=x
y = x*
1 / y=inx (-11) @y
1
(-1,-1
y y y
y==
X y =cscx
y =+x y = cosx/ 1 yfsinx Kw E
> X — > > X E — E o > X
—1 -1 i
y= sech ' '
y y y
1 1 t Horizontal Four
y =cotx y = tanx Vertical Cardioid Leafed Rose

Horizontal Lemniscate

Vertical Four

1
1
1
|
/ A
1
1
]
]

Leafed Rose
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